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A NOTE ON ITERATIVE PROCESS FOR SOLVING 
LINEAR SYSTEMS OF EQUATIONS 


Dragoslav Herceg! 
Institute of Mathematics, University of Novi Sad 
Trg Dositeja Obradovića 4, 21000 Novi Sad, Yugoslavia 


Abstract 


À. simple modification of an algorithm from (3] for numerical solu- 
tion of linear system of equations is considered. The numerical examples 
show that introducing a parameter the basic method can be acceler- 
ated. 


AMS Mathematics Subject Classification (1980): 65F10 
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1. Introduction 


Research in the area of economic models is concentrated on determining the 
convergence conditions for some solution tehniques applied to systems of 
equations which have none of the usual features of physical systems, such 
as symmetry, diagonal dominance, or nonnegativity, Fisher, Hallet, [1]. In 
Kudrinskii, Ostapchuk, [3], an algorithm for the iterative solution of the 
System Ax=b, assuming only that matrix A is nonsingular, is given. This 
algorithm is nonstationary and can be applied without the user's interven- 
tions. Some numerical experiments show that by introducing a parameter, 
the basic method can be accelerated. 


In this paper we shall prove the convergence of our modification of the 
basic method assuming that the introduced parameter satisfies a condition. 


"This research was partly supported by NSF and SMCI for Research of SAP Vojvo- 
dina through funds made available to the U.S.- Yugoslav Joint Board on Scientific and 


"Technological Cooperation (Grant JF 799). 
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2. Preliminaries 


We shall consider a system of linear eguations 

Az =b 
where A = [a;] € R^ is a nonsingular matrix and b = [b,,...,b,]T is a 
known vector. 


Before describing our modification of the basic method from Kudrinskii, 
Ostapchuk, [3], we shall give some notations. 


Let zT be the transpose of vector z € R^ and let (z,y) = zTy be 
the inner product of z,y € R". We denote by ||x|| the Euclidean norm: 


|Ix|| = J(zT,z) and by ||z|;; and ||Al|.o the maximum vector norm 
(\Izllo = maz(| z; |: i 2 1,2,...,n)) and the corresponding matrix norm. 
Let a; =[aj,...,@in],i=1,2,...,n be row vectors. 


We shall use the following notations (for A € R"" and z € R” ): 


AY {No ne 


r(a*) =b- Az" = ET e RU 


Now, we are going to describe our method. With arbitrary z? € R" we 
form the iterations by 


(1) LED Grt, EIU d er 
where 
(2) GT =T+ Ls ra! 
laž 
(8) | ri |=|Ir(z)lloo and 
(4) 0co«2. 


Bs 
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3. Convergence theorem 


The proof of the following theorem is based on Kudrinskii, Ostapchuk, [3], 
and More [4]. 


Theorem 1. Let A be a nonsingular matriz. Then for any z? € R^ the 
iterations (1)-(4) converge to the unique solution z* of the system Az = b. 


Proof. The nonsingularity of A ensures that the sequence (z^) is well 
defined and that the unique solution z* of the system Az — b exists. It is 
easy to see that is continuous for z € R”. Let us define 


1 c 
k = Ti’ 

lla; |l? 
From (1)-(3) we obtain 

gi T k k 
no a: lez? as. ai, |i, |= llr(z5)lloo, 
and 
z*— kt! = g* _ gk ok Ti al, 


le? — 2k HP = (st — 2k — og ri, ai)" (a^ — 2k — ak rk, ag, 


= ||z* — z*|? — 20k TE a;,(1" — z^) + (ox TE lla, I??. 


From the definition of r(z^) we have r(r")= b- Az" = Az* — Az* 
and, thus 
TE =a, (z* — 2"). 


So, we now have 


le" — z+]? = lje" — z*l? — ox (c5? (2 — orll eZ 12). 
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If r = 0, then, (3), \|Az* — bllo =0 and follows immediately that z^ 
is the solution of the system Az = b, and the Theorem is proved. 
If rE #0, then because of (4):0 < ap, 2— cy |[a7, |? = 0, we obtain 


le" — «***l| < let z^. 


So, €p = ||z* —z^|| is a decreasing sequence of Donnegative numbers and 
hence convergent. Thus (z^) is bounded, and if (z") is any convergent 
subsequence such that 

lim gi = y* Z r” 
1—00 


then 
lim erii = |Gy"—2"|x lly" —2"|= lim €k, 
1200 1—00 
which is in contradiction with the fact that (ex) is convergent. Therefore, 


lim z*5 = 2", 
1—00 


and consequently, lim, z^ = z*. O 


In Kudrinskii, Ostapchuk, [3], a = 1 in each iteration. Now, we are 
going to consider the following modification of method (1)-(4): 


(5) v sh k= O 
6) ie a ea 

(7) | ri |= lir) and 

(8) F(E) € (0,2), lim. f(k) = o € (0,2). 


Theorem 2. Let A be a nonsingular matriz. Then for any 2" € R the 
iterations (5)-(8) converge to the unique solution z* of the system Az = b. 
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pe 


Proof. Let us denote o, = eae From (5)-(7) we obtain 
!k 


ko 
Ti, Qj, > | 7$ |= ||r(z")||. 


As in the proof of the Theorem 1 we obtain 


| 
! le? — zl < lje" — z^]. 
So, ep = ||r* — z^|| is a decreasing sequence of nonnegative numbers 
and hence convergent. Thus (z^) is bounded and, since 
1 
k vk 
Gy z* — Gz = 00-0) VT 4 a), 
ik 
| we have for arbitrary small € > 0 
U 
k 
(9) |G, 1" — Gz^|| <| f(k) - o | epis < € for k > K(e). 
aj. 
If (z^) is any convergent subsequence such that 
li KC. ck x 
e im 2* =y 42", 
1—+00 
then for arbitrary € » 0 from (9) and the continuity of G it follows that 
Ga, z^ — Gy" || < ||Gr; z^ — Ga*|| + ||Gz* — Gy"|| < € for i > I(e), 
i.e. 
lim G4, z^ = Gy". 
1—00 
Now we have 
lim egg: = 164 z^ — 2l = (Gy = ll ly" =z" = lim eg, 
i—co ; i—oo 
which is in contradiction with the fact that {e4} is convergent. Therefore 
\ 
lim z" = pes 
100 
€ 


and consequently, lim; z^ = z". a 
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4. Numerical examples 


In this section we shall describe the results of numerical experiments which 
were designed to illustrate the effectiveness of the method discussed in the 
previous section. To do this we solve the test problem Az = b, where 


3 -1 2 
-1 3 —1 1 
Aes -1 3-1 € R1010. b= 1 c RV. 


| 
m= 
wo - 
| 
pa 
m 


For this problem the solution Z is known and is unity everywhere. We 
define the iteration error vector by 


and always let Er denote the true error measure 


p. [El 
E 
-legygEr l 


Figure 1. 
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In Fig. 1 graphs of — logio Er versus k are given for different values of o 
in solving the problem Az = b. We used the null vector as the initial guess 
for z. 


Table 1 gives for each o the number of iterations needed to reduce the 
norm of the error vector by a factor 1073, as compared with the norm of 
the initial error vector, i.e., when  [|e^||/]|e?]| < 1073. 


In order to illustrate the behaviour of the adaptive procedure (1)-(3) 
with z? = 0, 


(10) f(1) = 1.999, f(k)=2—w+ 0,2), k = 2,3,..., 


Be FE € ( 
In(1 +k)?” 


as a function of w, we are giving again for each w the number of iterations 
( needed to have |le*||/|[e°|] < 107%. As a start value we use f(0) = 1.999 
> for each w. 


Table 2. 


"04375 | 86] 
0.5625 | 0| 
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Numerical examples show that, very often, our methods (1)-(3) with 
parametar ø € (0,2), and its adaptive version given by (5)-(8), converge 
faster than the basic method from [3], i.e. method (1)-(3) with a = 1. 
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a f REZIME 
NOTA NA ITERATIVNI PROCES ZA REŠAVANJE LINEARNOG 

SISTEMA JEDNAČINA 

Posmatra se jedna modifikacija poznatog postupka za rešavanje sistema lin- 
earnih jednačina. Numerički primeri pokazuju da se uvodjenjem parametra 
osnovni postupak može ubrzati. 

t- 
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Abstract 
In order to solve systems of linear eguations a modification of the 
Accelerated Overrelaxation (AOR) method is used, introduced in (8). 
By using a technigue similar to Sassenfeld's criteria, criteria of conver- 
gence are obtained which do not demand additional properties of the 
matrix of the linear system. 
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1. Introduction 


There are a lot of iterative methods for solving systems of linear equations. 
Among them, the so-called relaxation methods play a very important role. 
The iteration matrices of these methods depend on several real parameters, 
so it is possible to accelerate the rate of convergence by using a proper choice 
of these parameters. For example, some well known methods of such a type 
are the Jacobi, Gauss-Seidel, SOR and AOR method. 

In this paper we shall consider a more general method, introduced by 
James, [8] . As we shall see, it is a special case of the MAOR (Modified Accel- 
erated Overrelaxation) method, which we have introduced for the nonlinear 
case in paper [2] and investigated in [3],[4]. 

We shal obtain criteria of convergence, which do not demand additional 
properties of the matrix of our linear system (such as SDD or something 
else). 
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2. Preliminaries 
In order to solve a system of linear eguations 
(1) Az =), 


where A = [a;;] € C^", b € C^, ai; £ 0, i € N := {1,2,...,n}, we shall use 
the following iterative method 


(2) z^ = M(o,0)2* +d, k =0,1,..., 
where 
M(o,) = (E - cQL)((E — Q) + (1 — e)QOL + QU), 


d= (E— cQL)-QD-!5, 


A = D(E — L — U) is the standard splitting, o is a real parameter and 
N = drag(w1,W2,...,Wn) is a real regular diagonal relaxation matrix. 
If we choose à; = w = ... = Wn = w, we obtain the AOR method with 


the parameters wo and w, and if, in addition, a = 1, the method reduced 
to the SOR method with the parameter w. 


Also, we can compare this method to the MAOR one. It is obvious that 
M(e, €) = H (Qa, 1), 


where H denotes the MAOR iteration matrix (cf.[2], [3], [4] ). 


3. An upper bound for the maximum norm of 
iteration matrix 
Theorem 1. Let 
1-1 
i |a;;| n ^E 
| ni = X pij -o+ lolose) + Y il, sew. 


jan lail pea: 


| Then 
| [M (g, Allo < max{|1 — wil + |wilp;}. 
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Proof. Let y be a vector with the following property: 
lolo = 1, IM (o, Ylle = |IM (o, 9l: 
If we denote M(c,))y = z, we shall obtain 
(E— oAL)z = ((E - 0) + (1-0) QL + QU))y, 
or, written by components 


1—1 di i-1 a; E a:: 
2 ; ` I a :4: j ) 1J ) 3 
Zi cui PU = yi — «iyi — (1 - o)w; —.4j — Wi — Vj. 
j=1 11 j=l aij j=itl 


From the last equality we obtain 


1-1 n 
Qi; Qi; 
(3) z-(l-w)yi- Wi 2 qn + (1 e) ) een ) a à 
j=1 j=i+1 


from which, by using mathematical induction, we can prove that 
(4) Iz; — (1 —wi)yil < |w;|pi, i € N. 
Indeed, for i = 1 it is obvious that 
la — (17 «1)nl < lin. 
Now, we suppose that 
(5) |zk — (1 — ex)yk| < |wk|px, k=1,2,..,1—1. 


From (3) we obtain 


; aij| 
Iz: — (1— oi)yi| < |w;| ie Flos) + (1- o)y;l + » i: Bl. 
j= jzigi dii 
and it is sufficient to show that 
lez; + (1— o)y;l € lelle;lp; + |1 — ow;|, 3 = 1,2,..,i— 1. 
Because of (5), it follows that for j = 1,2,...,i— 1 


loz; + (1 — e)yjl = le (zj — (1 — ej)uj) + (1 — e«;)u;l 
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< lellz; — (1 7 w;)y;|+|1 — ow, 
< lelle;lp; + |1 — owl. 
Hence, relation (4) is proved. Now, it is obvious that 
lal € I - wil + |wi|pi, i EN, 
which completes the proof. 
O 


The result of Theorem 1 is a generalization of the Sassenfeld's criteria. 
One can see that Theorem 1 gives a sufficient condition for the convergence 
of method (2) without extra properties of matrix A. It is sufficient to choose 
a parameter c and a matrix €), so that 


— wil + leilp;) < 1. 
max{|1 — wil + leilpi) < 
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REZIME 


O JEDNOM ITERATIVNOM POSTUPKU ZA SISTEM 
JEDNACINA 


Za reSavanje sistema linearnih jednačina koristi se jedna modifikacija AOR 
postupka, definisana u [8]. Korišćenjem tehnike slične Sassenfeldovom kriter- 
ijumu, dobijeno je jedno gornje ograničenje za maksimum normu iterativne 
matrice i kriterijum za konvergenciju, koji ne zahteva dodatne pretpostavke 
o matrici posmatranog linearnog sistema (SDD ili nešto drugo). 
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Abstract 


Using a spline in tension for the problem: —ey” + p(z)y = 
f(z), 0 £ z < 1, y(0) = oo, y(1) =a, 0 £ € << 1, a family 
of difference schemes is derived. The schemes have a second order of 
uniform convergence. Some of them converge with respect to €. 
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1. Introduction 


We shall consider the problem 


| -ey" +p(r)y= f(z), 0 « z « L, 


(1) y(0) = ag, y(1) = Q], 


where 0< z « 1, p(x) and f(x) are smooth functions and p(x) > p » 0. 


It is known that problem (1) has a unique solution y, which in 
general displays boundary layers at z = 0 and z= 1. The follownig 
lemma describes some properties of the exact solution y = y(z). 


This research was supported partly Ly NSF and SCI for Scientific Research of SAP 
Vojvodina through funds made available to the U.S.-Yugoslav Joint Board on Scientific 
and Technological Cooperation (Graut JF 799). 
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Lemma 1 ([1]). Let y(z) € C*[0,1] and p'(0) = p'1) = 0. The the 
solution of (1) can be written in the form 


r 


y(z) = u(z) + w(x) + g(x), 


where 


u(z) = qoexp(—x(p(0)/e)'/”) 
w(z) = qexp(-(1- z)(p(1)/e)"/?) 


90,91 are bounded functions of € independent of x and 


| af(x)| < M1 270/75, i = o(14, 


M is a constant independent of €. o 


According to Lemma 1 we have 


_) u(2)+g(z), 0< 2 < 1/2, 
y(z) = i w(z) EA 1/2 « z € 1, 


where ‘ 
E (s)] < MQ +£1-0/2), iz 0(1)4, 5 = 1,2. 


Taking into account thisin [3] the collocation method via the spline in 
tension for problem (1) id derived. A boundary layer functions u(z) and 
w(z) are introduced into the base of the spline. The uniform convergence 
of the second order is achived. In [4] the corresponding difference scheme 
is analysed. The optimal order of the convergence in the sense of [1] is 


proved. In this paper we formed differnt difference schemes via a spline in 
tension which satisfies diffe 


rent collocation conditions. They are consequence of a different appro* 
iamation of functions p(x) and f(z) (piecewise constant and piecewise 


linear). Some of them heve the optimal error estimate in the sense of [I^ 
i.e. 


(2) | Vii; | < Mh min(h, ve), 


where y; = y(zi), u is the approximate value for Yi, Ti = ih, {7 
0(1)n+1,h=1/n+1, M is a constant independent of € and h- 
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r The corresponding results for the cubic spline are given in [6]. 


Throughout the paper M denotes the positive constants that may take 
different values in different formulas, but are always independent of g and 
h. All the constants in the asymptotic equalities are independent of £ and 
h. 


2. Derivation of the schemes 


We seek the solution of problem (1) in the form of the spline in tension 
e(z), on the mesh z;=ih,i=0(1)n+1,h=1/n+1. On each interval 
[z;,7;41], e(z) has the form 


nt Ee ; dja1, shujt 
(3) e(z) = ej(z) = vj41t + vj(1 — t) + pl ( shy; —t)+ 
d; shu;(1— t) 
ei E VE 


where u; = pjh, t= =, z € (17,25+41). 


n The function e(z) belong to C?[0,1] and 
d ej(z) € span (1, z, exp(—pjz), exp(p;z)). 
e The values p; are tension paramenters wich wil be detemined. The 
e unknown coefficients d; and dj+ı will be determined so that the function 
5 e(z) satisfies the "comparison" problem: 
n 
-ee"(z) + &(z)e(z) = f(z), 
; (4) ^ = 
( e(0) = ap, e(1) A1, 
e 
|; at the grid points. Here p(z) a f(z) are piecewise polinomial approxi- 


mations to p(x) and f(z). 


Let index j be fixed. Starting with piecewise constant approxiamtions 
we denote the approximate value for p(z) by pt when z € [zj,7j41] 
and by p- when z € [zj,2;-i]- Analogously we denote the approximation 
for f(z). According to (3) and (4) we put 
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dish d. 
diii: = di = Mir MUTET : JE for ze (2;, 2341) and 
d = d; = ri for x cese 


Using p; =p = vo [e for z€[zj-1,z;] and pj = pt = Vp*]Je 


for z € (1;,1;+41), from equation 


(5) eji(2;) = e5(2;) 


and the boundary conditions, we obtain the scheme 
(6) Ro; = Of;, j= 1(1)n, 
where 


Ro; = Ro vj + R^vj + Rfv;41, 
0f; = me Oe fame 


= 1 p- p^ 1 
RT = — ME UM 
h ura shu= h 
1 pt pt 1 

Rt = — 
h + psp shut u h) 


c — 


ED (ns cthu- — 5) + Eat Cut = Lyg 2 
E ) h^ elpt} hh 


1 - 
= = D E 
Q Ta) (p7cthu mo 
roma $5 
Q eU cthu* — SE 
Po = Qo, Un+1 = Q), u = ph, pt = pth. 


The chose of approximation to plz) and f(z) determines the par 
ticular scheme. 


Let pt =p —p(zj) and f- = f* = f(z;) — fj. Then scheme (6) 
obtains the form 
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(7) roi + Tv +rtvja = q fj, 
where 


= Pij c 
r Ee vor r° = 2 pj cth pj, pj = pile, nj = pjh, 


2 
sn. 
sh p; 


If we consider p; as a tension parameter independent of collocation 
conditions and if o; > 0, the scheme (7) gets the form 


(8) -€h"(vj-1 — 20; + vj1) = f(2;). 


Then the spline in tension becomes a cubic one and scheme (8) is derived 
in [6] via the cubic spline. 


Let fT = fj, ft = fas P7 = Pj-1, and pt = p;41. Now scheme 
(6) has the form 


(9) r vj- r^v; rtu; =q fj- +a fit 


m | VBi-ifE apr eV Bn 


su sh uj ' 
© = miae cth uji + Pjer /€ cth pj, 
V 2;- IJE 
q = — (ve 1/€ cth Hj-1 — aap 


| 


sh u;— 
SEE 
ES : 
g = (Vene cih pj41 — WS iacu) 


In the case ft = (fixi + fj)/2, f^ = (fi £5)/2, pt = (Dj + 
D;)/2, p- = (p;-i +p;)/2, the correspondong scheme is the derived in [2]: 
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(10) ryt b rto- — d fj + d fi + q* fiat, 
T = meni rt = KEL BR P= Pj-icth Hj-1 4r Pjeth Lj, 
sh uj sh pj 
pj = Gn *»;)/26 Hj = h Pj, 
1 
= thu; 4 — ——— , 
1 
m cth p34. — ——— =g +g". 
4 YE nmm ( Kj+1 sh "mm ), 4 q q 


In [2] itis proved that scheme (10) has a second order of the uniform : 
convergence. 

When p(z) = E-E- (2 — 271) + pj-1 for z € [z;-1,2;] equation 
(5) leads to the scheme derived in [5]: 


(11) T vj- + rw + rto =q fj ta fj + a fien 
s Hjci + Hj+1 c 
T = = 2u; cth 
sh m T sh nasa T Mj € Hi» 
s 1 kj-1 1 Mj+1 
Pj-1 ( sh mm Ž Pj+1 sh D 
2 
“ = oF (-1- pj cthu;), u; = h \/p;/€. 


For scheme (11) estimate (2) is valid ([5]). 


When € is fixed and h — 0, the mentioned schemes become within | 
O(h*) the schemes derived in [6] via the spline without the fitting factors- 


3. Convergence of the schemes 


A : : še of 
The following theorem gives sufficient conditions for the convergence 


schemes (6). 
— 
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Theorem 1 Let in (1) y(z)€c'[0,1] and p'(0)= p(1)=0. Let vj 
be the approziamtion to y(z;) obtained using scheme (6) where 


p = p(t;—ah)+0(h?), pt = p(x; + ah) + 0(h?), 
ido f(z; - oh) +0(h?), ft = f(x; + ah) +0(h?),0<a<1. 


Then, the estimate 
(12) [y(zj) - vj] € Mh? 


holds. 


Proof. Let A be a matrix corresponding to scheme (6). Then 
(13) 1g(z;) - vjl < lA! II max 5g) 
where 


Ry; - Ro; = Ry; - Qf; = Ry; - Qf; + Qf; - Qff;, 
qt (—ey”5 + pt y;) + a (-ey"j + p yj). 


T;(y) 
Qf; 


After some Taylor developments, we obtain that 


= Mh? /e for h? <e 
According to Lemma 1, we have 
(13) r(y) = Ry; — Qf; = rj(u) + T;(w) + T;(9), 


Now, we shall estimate separately the contribution to the error from func- 
tions u,w and g. Let e< h?. Then 


rj(g) = Tog; + Thgy + Togju + Tagjm + R- g" (o1) + R*g" (o3), 
where Tj-1 < 01 < Tj < 02 < Tj+1, 


R- + R°+ Rt -Qp —Qtpt =0, Ty = -hR +hRt, 
h2/2(R- + Rt) E e(Q7 + Qt), Ta = 3/3! (-R- + R*). 


To 
T) 
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By Taylor developments and Lemma 1 we obtain | 4 
(14) |r;(g)| < Mh?/e. th 
One can check that Tr;(u) = 0 for p(z) = p(0) = const. Thus, if denote 
rj(u) = ri(u, p^, p*), P 
we have 7;(u,p(0),p(0)) = 0 and rj(u) = rj(u, p^, p*) — Tj(u,p(0),p(0)). a 
Using Taylor expansions about p(0) we obtain | 
(15) |r;(u)| < MIJE. a 
Further, 7;(w,p(1),p(1)) = 0 where T;(w) = r;(w,p*,p-). Ina similar 
way as for T;(u), we can prove than R 
(16) | r;(w)| € Mh/e. E: 
Since : 3 
(17) AI < DOLE eee. | 
from (11) - (17) we obtain the statement of Theorem 1 when h?<e. 
Let h? >e. Since |R-|,|R*| < M/h, |g-|,|g^| < M//€, from the 
expression [ 


Tilg) = Tog; + Tigy + Roh? gju(&61) + Rh? gj» (£2) + (Q^ + Q*)8j 
we obtain 
(18) |r;(g)| < Mh 
Further, 


Tj(u) = Tilu, p.p) — Tilu, p(0), p(0)) = (R- — R-(p(0)))uj-1+ 


+(R? — R(p(0), p(0)))u; + (R* — R*(p(0)))u;+1 [ 


where R- = R (p), Rt = R*(p*), R° = R*(p-,p*). Using the know? 
properties of exponential functions [1], we have 


(19) |r;(u)| < Me/h. 


Similarly |7;(w)| < Me/h and from (13), (18), (19) and (20) '" 


obtain the statement of Theorem 1. 
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Theorem 2 Let the assumptions of Theorem 1 be fulfilled. Let vj be 
the approzimate value for y(z;) obtained using scheme (7). Then 


|9(2;) - vj| S M min(h?,e), j = 0(1)n 4 1. 


Proof. In the case h? < € the statement follows from Theorem 1 ( 
a = 0 and the constant in the asymptotic member is equal to zero). For 
€ <h? we have that Qf; — Qf; = 0. Since [r7], [rt| € MJE and 
| 7;(g) | € M Ve, following the proof of the Theorem 1 we obtain that 
Theorem 2 holds. 


References 


[1] Doolan, P.E., Miller, H.J.J., Schilders, Uniform Numerical Methods 
for Problems with Initial and Boundary Layers, Boole Press, Dublin, 
1980. 


[2] Hegarty, F.A., Miller, H.J.J., O’Riordan, E., Uniform second order 
difference schemes for singular perturbation problems, Boundary and 
Interior Layer- Computational and Asymptotic Methods (J.J.H. Miller, 
ed.), Boole Press, Dublin, 1980, 301-305. 


[3] Surla, K., A collocation by spline in tension, Approx. Theory and its 
Appl. 6:2 (1990) 101-110. 


[4] Surla, K., Herceg, D., Exponential spline difference scheme for singular 
perturbation problem, Proceedings of the Conference ISAM'89, Spline 
in Numerical Analysis, Weissig 1989, 171-180. 


[5] Surla, K., Stojanovié, M., Solving a singularly perturbed boundary 
value problem by spline in tension, J. Comput. Appl. Math. 24 (1988) 
355-363. 


[6] Uzelac, Z., Surla, K., A family of uniformly convergent spline difference 
schemes for self-adjoint problems, Proceedings of the  VI-th Seminar 
on Applied Mathematics, Tara 1988, B.S. Jovanović, ed. 243-249. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


26 K. Surla, D. Herceg, Lj. Cvetković 


REZIME 


FAMILIJA EKSPONENCIJALNIH SPLAJN DIFERENCNIH ŠEMA 


C splajn u tenziji za problem —ey” + p(z)y = f(z) 0 « z « 

1, y(0) = = ao, y(1) = a1, 0 < € << 1, izvedena je familija diferencnih 
šema. Šeme imaju drugi red uniformne Kotvergencije. Neke od njih konver- 
giraju u odnosu na £. 


Received by the editors November 7, 1988. 
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Abstract 


The paper studies the influence the convexity of a real function f 
has in the Whittaker method, in order to get the solution of f(z)—0, 
and obtains a method for accelerating this iterative process. Also, 
some new iterative processes are obtained. 


AMS Mathematic Subject Classification (1980): 65H05 
Key words and phrases: Nonlinear equations, iterative method, con- 


vexity. 


al Introduction 


The aim in this paper is to study the influence of the convexity in the solution 
of f(z) = 0,2 € [a,b] C R, by the iteration £n = Zn-1 — $f f(Zn-1), 
where A; is a constant, [1]-[6], in order to get accelerations of this method 
by means of the convexity of f. Moreover, we shall obtain new iterative 
processes of the second and third order, and also give sufficient conditions 


for their convergence. 
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Assume that the function f satisfies the conditions 
f(a) « 0 < f(b), f'(x) > 0, f"(z) 2 0 for x € [a,b] 


These conditions imply that f € C) ((a, b]), m > 2, and it has one and only 
one root s € (a,b). Besides, we consider zo € [a,b] such that f(zx9) > 0. 


First, we are going to introduce the log-degree of convexity, which will 
provide us with an index of convexity measure of a function at each point. 
This index is given by U[f](x) = f(z) - [/'(z)] ?. 


We shall prove that when the log-degree of convexity of f,U[f](z), de- 
creases, the sequence {Tp ) converges faster to s. Since the straight lines have 
a minimum log-degree of convexity, we take g(x) = f(x) — [f"(s)/2!](z — s)? 
as an approximation to the tangent line of f at s. Hence, U[g](z) tends to 
zero as z tends to s; therefore, if we asssume f" (z) > 0 in (a, b), there ex- 
ists an interval (o, 8) C [a,b], f(a) < 0 < f(8), such that g is an increasing 
convex function and U[g](x) < U[f](z) in (o, 8), and it is obvious that s is 
the unique root of g in (a, b). Therefore, when we take accelerations, we 
shall suppose m 2 3 and f"(2)>0 in (a, b]. 


Now, we shall consider Whittaker's method for $; = [f'(6)]-'. Then, 


" 2 UFU. a f£ (P) 42 
f'(s)(zn-1-— s) f (@n=1)(@n-1 = Ta) Wenn)! 
since 
Ign dO VE EE 1 
2 f"(@n-1)(@n-1 — tn) [poe 
and it follows that 


Js Vile) 
Oln- = a = Se EE EE EE 
(25-1) = f(z 1) 2I[f'(z, 1)? 
Then, we obtain y, = 4. — $,g(z;, .,), and this sequence converges faste! 


to s than does {zn}, and this acceleration allows us to define new iterative 
processes. 


2. An index of convexity measure 


Let h € CV) a convex function and V a neighbourhood of a suitable 


Zo € (a,b). The curvature K, [3], is a measure of the convexity of a functi?" 
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h(x) = exp.(x) 


Ay 0 


Figure 1: 


at each point, note that if y is a concave function in C?)(U), h(zo) € U, 
with q'(h(zo)) = 1, it is clear that poh has a smaller curvature than h, 
fig.1., since that 


" / 2 
> P (h(Z0))h(Z0) 
= K(h = 
K(o o h)(zo) K( )(zo) + (1 + h (zo)2]9/2 
Hence, by applying a concave operator to a convex function we obtain a 
function with a smaller curvature than the original convex function. 


Taking this account, if we consider the logarithmic function and the 
convex function T(h], with T[h](z) = A(z) — h(zo) + 1, we are in the 
previous conditions. Now, if we apply the logarithmic operator to T[h] 
sucessively, until we obtain a concave function, we can define an index of 
the convexity measure of a function at each point considering the number 
of times that we need to apply the logarithmic operator to get a concave 
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45 


I 
I 
f 
f 
C 
Y 
Figure 2: ( 
function. So, if we define H,(x) = logG,_1(z) with Go(z) = T(f\(2) i 
and G,(z) = T[H,](z) for n > 1, the sequence {H,,(x)} will characterize i 
the log-degree of convexity of h, since K(h)(zo) > K(Hi)zo) > + > 
K(H,)(20) > 0 > K(Hp41)(20) >... (fig. 2.) 
On the other hand, it is easy to prove by induction that H}(z0) = : 
h"(zo)—nh'(zo)? for all n, and therefore it follows that H,, is convex at 70 
if and only if h“(20)[h'(20)]-? > n. When zo is a minimum of f, it follows 1 
that Hn is convex at zo for all n, and conversely. Then, the log-degree ° : 
convexity of h at zo is defined to be the positive real number given by E 
(1) U[h](z0) = h^ (zo)[h (zo)] 
If zo is a minimum of h, we set U[h)(zo) = +00. à 


: ghi d 
Note that there exists a similar behaviour between the curvature en 
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the log-degree of convexity of a function, except in a neighbourhood of the 
critical points; a situation that it is not present in our conditions. 


On the other hand, Roberts [5] points out some of the "good properties? 
that a measure of the convexity should have. It is easy to prove that U[h](z) 
satisfies some of these. 


(i) U[h](zo) > 0 and U[h](z)- 0 in V if and only if A is 
affine. 


(ii) In our conditions, i.e., hy and A; increasing functions, it is 
verified that U[h, + h;](zo) € U[hi](zo) + U[h2](z0). 


Finally, we are going to illustrate that U[h] is a good index of convexity 
measure with some examples about power functions. If we consider the 
functions: z?, z? and z^ in a neighbourhood of zg = 2, where these functions 
fulfil our conditions, it is easy to observe (fig. 3.) that their log-degree of 
convexity and the curvature have an analogous behaviour. 


3. Whittaker's method and convexity 


Whittaker's method, [4], consists in applying the iterative process 
(2) Tn = F(zn-1) with F(z)- zx —Af(z) 


When the method is convergent, i.e. 0 < A < [f'(6)]-!, we obtain a de- 
creasing sequence {zn}, such that lim, 2, = s, and this convergence is 
linear. 


The following results point out the influence of convexity in the conver- 
gence of {zn}. 


Theorem 1. Assume f and g as in the Introduction, U(g|(r) < U[f](z) 
in [a,b] and let h(x) = kg(z), where k = max(1, f'(b)/g'(b)}. Then, the 
sequence {yn} defined by yn = Yn-1 — Ah(Yn—1), with yo = zo and A < 
min([g'(b)]-!, [f'(b)]-! ), is converges to s and yn < Zp for all n. 


Proof. If we suppose that f'(b) < g'(b), then the sequences {zn} we 
fined in (2) and {yn} are two decreasing sequences to s when A < [g'(b)] =T. 
We shall prove that y, < Zn, by using the induction. 
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Since U[g](z) < U[f](2) in [a,b], then g'(x) > f'(z) in (a,b). Moreover, 
it follows that_g(z) S f(z) in (s,b), and therefore 


£i — Yi =A[g(20) — f(zo)] > 0 


Now, assume zx >y for k= 1,2,...,n— 1. Since F is an increasing 


function we have that £n — yn > A[g(9n-1) — f(yn-1)]. In a similar way to 
the case n = 1, we obtain that z, > Un: 


If g'(b) < f'(b), we consider h(x) = f(6)[9'(0)]-'g(2). Then, U[h](z) < 
U[f](z) in [a,b] with A'(b) = f'(b), and the result is proved by applying 
the above arguments to function h. 


Since the best approximation in Whittaker’s method is obtained when 
A = [/'(b)]7!, we are going to take an acceleration of Whittaker's method 
for this A. By reasoning as in the Introduction, as g'(b) ~ f'(s) = f'(zn—1), 
we get. 


Corollary 1. Let m » 3 with f"(z)»0 in [a,b]. Then, there ezists 
no € N such that the sequence 


(3) eer eye pla ARE 


is an acceleration of {tn} for n> no. 


Proof. Denote L(x) = f(z) -U[f](z) and let F(x) = 2 — sl — 
r 2 . 
L;(z). Since Fax) = Lieu — 3L j(z)] + dy /" (2), then F is an 
increasing function in a neghbourhood of s, and so {yn} isa decreasing 
sequence to s. 


Note that as 


FGn-x)UU ni) _ 
2 


1 1 
Ta — Yn = f(za-1) zz LÀ - FO" 


f'(Zn-1) 
then there exists ng € N such that Tn > ya. 


If zo is a good approximation to s, the previous acceleration is effec- 
tive from the first iteration. This is the convex acceleration of Whittaker’s 
method and it enables us to define a new iterative process, and to give a 
theorem of convergence. 
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Theorem 2. Let f be as before with m > 3. If U[f](z) < 1/f(b) and 
U[f'(z) > (-1)/f'(a) in [a,b], then the iterative process 


f(z&-1) 
PA as 


yields a decreasing sequence which converges to s. 


(4) In = In-1 — 2f.) f(za«-1)U[f](za-1)] 


Proof. If F is as in the Corollary, then 


Pa) = ZLA Lyle) + LEWE) - 2) 


Since Lj(z)« 1 in(s,b) then F'(z)» 0 if f'(z)U[f'(z) > —1, and 
therefore F is an increasing function in (s, b). 


As m—s= F(zo)— F(s) = F'(£o)(zo —s) for £o € (5,20), it follows ` 


that zı > s. Repeating the reasoning we obtain that 2, > s for all m. 
Moreover, it is obvious that {zn} is a decreasing sequence and therefore 
there exists lim, z, = u, and since f(u)U[f](u) < 1, one can conclude 
that u — s taking the limits in (4). 


If m > 4, it is easy to povethat F(s) = s, F'(s) = 0 and F"(s) 70, 
from which it follows that the iteration (4) is of the second order. 


Notice that we have used the condition f'(z)U[f'(z) > -1, which is 
weaker than  f"(z) > 0. 


Below we are going to study the convex acceleration of this new iterative 
process. Let f, g be as before, and defiene C(r)= g(2)[f(2)]7" if 278 
and C(s) = g'(s){f'(s)|-!. Denote M = max(C(z)/z € [a,0]). 


Theorem 3. Let z, = i and y, = G(yn-1), where F(a) = 

z- Fey HC (x), G(z) 2 z— Pi) 2) H(L,(2)) and H(z)-1—7 . Consider 
f and g as in Theorem 2, with U[f\(z) > MU[g|(xz) and zo = yo € (a,b), 
Then Yn < In for all n. 


Proof As Lj(z)» Lo(s) in (s,b), then f(z)/ f'(z) < gaia (o) | 


Hence, F(z) > G(x) in (s,b) and by using the induction, tn > Yn 
for all n. 


ó 5 - ; ac 
Now, proceeding as in the Introduction, we obtain that the conve* 
celeration of (z,) in (4) is 
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I(Zn-1) 


J\Zn-1) 4+ 2L;(Zn-1) 
4f'(1n—1) 


2 — Li(z5-1) + Gm 
er (re je NER) 


(5)Yn =Tn-1 — 


This acceleration provides us with a new iterative process. It is known [2], 
that if we have an iterative process zp = F(z,_i1) with £n = 2,1 — 
Pen} H(L;(vn-1)) and H(0) =1,H(0) = and |H"(0)| < +x, 
it has a cubic convergence. Then, if m > 4, it is easy to prove that the 
iterative process given by the analogous to (5) is of the third order. 


4. Practical remark 


By applying the iterative process (4), it is necessary to compute f, f’ and f” 
for each step, whereas in Whittaker’s method it is only necessary to compute 
f for each step and f’ in a fixed point (moreover of specific calculations of 
each process). But, the calculations required have not an negative practical 
influence since, for the solution of ordinary equations, Whittaker’s method 
(linear convergence) needs a number of iterations bigger than the iterative 
process (4). Then, the time that the computer takes to get a good approxi- 
mation to the solution is minor with this new iterative process. Besides, we 
obtain a very good approximation. 


Repeating these previous reasonings for the iterative process obtained 
from (5), we get the same results, since this new process is of the third 
order. 


Example: We are going to comparate these new iterative processes ap- 
plied to the Wallis polynomial equation, fig. 4., with respect to the Whit- 
taker method. 

The computer time of each process is shorter than in the Whittaker 
method, fig.4, and it provides us a better approximation to the solution of 
the equation (the solution to 18 decimal places is y = 2.094551481542326591, 
[4]). If we consider another tolerance between the iterations, we can obtain 
a better approximation to the solution with the Whittaker method, but the 
computer time increases. 
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.- Whittaker DATA 


X, = 6.728187919463087246 equation : 


3 
X2= 9.768058 106362 144742 K-2%-5=0 


r= 5.179568078700984464 initial point : 


tolerance : 
X= 2.09455 1484172055972 : 
520 Computer time 
Process (1): 36 
Process (Il): 3.2 “ 
Process (Ill): 1.8 7 


Nor 2.094551484073560801 


ll- First acceleration (4) 


EAT 


III.- Second acceleration (5) 


eno 


X, = 7.805847747350397482 
e 6.109529371063474274 


R= 4804977095134809626 


K = 2.0945514815423989 19 


n E 2.094551481542326592 


4,7 9.007114164633108352 
= 2.759125404657488673 


Az 2.113913532218545575 


Xs= 2.09455 1481 542326592 


t 2.094551481542326591 


Figure 4: 
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5. General remarks 


If function f is decreasing, all the previous results turn out to be valid by 
changing slightly the used reasoning. 


The condition f(zo) > 0 does not affect the results obtained. If f(z9) < 
0, then the only change is that the sequence {z,} is increasing. 


If function f is concave, then we have to consider the corresponding exp- 
degree of concavity and, by applying the previously studied reasoning, we 
obtain analogous results. 
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REZIME 


JEDNA UBRZANA PROCEDURA ZA WHITTAKEROV METOD 
POMOCU KONVEKSNOSTI 


U radu se posmatra uticaj konveksnosti realne funkcije f pri primeni Whit. 
takerove metode na rešavanje jednačine f(x) = 0 i dobijen je metod za 
ubrzanje ovog iterativnog procesa. Takodje su dobijeni neki novi iterativni 
procesi. 
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Abstract 


An algorithm is sketched, which determines, up to an isomorphism, 
the matroid associated to a given matrix. A lemma which considerably 
shortens the corresponding computation time is used. The algorithm 
is given in detail for the matrices having at most 7 columns. Matroids 
on small ground-sets are represented by the following numerical pa- 
rameters: cardinality of the ground-set, rank, number of bases and 
the vector of the sorted frequencies of elements w.r.t. the family of 
bases. It turns out that such a representation describes completely 
the matroids on at most 7 elements, while it is not sufficient on larger 


ground-sets. 
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1. Definitions and the problem statement 


Matroid M on a finite set (ground-set) E is ([4]) an ordered pair (E, B), 
where B is a family of subsets of E, which satisfies the following "exchange" 


axiom : P 

If B, and Bz belongto B, and z is an element of B, — B», then 
there exists an element y in Bo — Bi, such that (Bı — x) + y belongs 
to B. 


The sets in family B are called bases of M. All the bases of M have the 
same cardinality, which is called the rank of M. 


Given a matroid M on E and a subset X of E, rank of X (w.r.t. M) is 
the maximal cardinality of the intersection of X with a base of M. 


(SG 


res 


It is well-known that the complements (w.r.t. E) of bases of a rank r 
matroid M are the bases of so-called dual matroid M*, the rank of which is 
equal to | E | — rank(M ). 


Two matroids are isomorphic if there exists a bijection between their . 
ground-sets, which maps the bases of one matroid onto the bases of the 
other. 


Matroid M is representable over a field F if and only if there exists 3 
matrix A (the matriz representation of M) with entries in F, such that there 
exists a rank-preserving bijection bij of the set E onto the set C of column: 
of A (thus, if X is a rank r subset of E w.r.t. M, then bij(X) isa rank! 
submatrix of A -the number of rows in the submatrix is equal to the number 
of rows in A. Given a representable matroid M with a matrix representatior 
A, we have that rank(M) =rank(A) and bases of M correspond to us 
maximal linearly independent sets of columns of A. 


for {SP fo FY O O Ie. 


Given a family F of subsets of a finite set E and an element e from P, 


the appearance frequency of e w.r.t. F is the number of subsets of F, which 
contain e. 


=} 


C(n,r) denotes the binomial coefficient "n over R”. 


; : on 2) 

We shall give an algorithm for solving the following problem: CI 
real-valued m X n matrix M, determine its associated matroid (M Je 

identify (recognize) it in a catalogue of non-isomorphic matroids. = 


We distinguish two stages in. calc lati ELM riawar 


| Amm 


le 


8 


nd 
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(1) Extraction of matroid bases from the input matrix M 


(2) Recognition of the generated matroid by comparision with matroids 
in catalogue [1] 


2. The algorithm 


2.1 Stage (1) 
Stage (1) can be sketched as follows: 


a) Determine rank r of M and extract an r x r submatrix S of rank r 


b) Let Q denote the r x n submatrix of M, consisting of exactly those 
rows, which intersect S. 


c) Extract the bases of f(M) from Q in the following way: An r—tuple 
R of columns of M corresponds to a base of f(M) if and only if the 
r X r submatrix consisting of exactly those fields of M, which belong 
to both Q and R — is of rank r. 


When the rank calculation is considered, we use the efficient algorithm 
described in [2]. This algorithm is based on the reduction of the input matrix 
M to the so-called row echelon form. Such a reduction is a generalization 
of the Gaussian elimination to the rectangular case. The rank of a matrix is 
equal to the number of non-zero rows in its row echelon form. The columns 
and rows of the rank r submatrix 5 are easily determined from the reduction 
algorithm: the columns of S are exactly those, which contain the first non- 
zero elements in the first r rows of the row echelon form; the rows of S can 
be reconstructed by memorizing the row interchanges performed during the 
reduction process. 


After the submatrix S is extracted, we should further calculate only 
C(n,r) determinants corresponding to the r x r submatrices of Q (more pre- 
cisely, we should just distinguish between zero- and non-zero- determinants 
among them). The reduction of search for bases of f(M) to the columns of 
the "horizontal" band Q (instead of considering the whole columns of M) 
— is justified by the following Lemma: 
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Lemma 1. Let an m x n matriz M of rank r be given and let K and L 


be two r x n submatrices of M, such that rank( K) = rank(L) = r. Let Jo" 


denote an arbitrary m X r submatriz of M. Finally, let A and B be the r Xr 
submatrices of M, which are composed of fields belonging both to K and di. 
respectively to both L and J. Then 


rank(A) 2 T <=> rank(B) = r 


Proof. ([3]) Assume that rank(A) = r and rank(B) < r (the opposite 
assumption is treated in the same way). Since rank(L) = r, there exists an 
r Xr submatrix C in the "horizontal band” L, such that rank(C) = r. 


Consider a row R of M, which belongs to L — K. The assumption 
rank(B) < r implies the linear dependence of rows of B. In particular, 


the subrow RB may be expressed as a linear combination of the other . 


rows of B. It follows that there exists a linear transformation T of M, which 
consists of multiplying the rows of L — R by the appropriate coefficients and 
adding these products to R, and which makes the fields of B A R equal to 
zero. It is obvious that at least one field F of C (1 R is not equal to zero after 
applying T (otherwise we would have a contradiction with rank(C) = 7). 


Now, consider the submatrix W of size (r + 1) x (r + 1) of the matrix 
T(M), which consists of the matrix A and the additional row and column, 
which intersect in F (this row and column are extracted from M and all 
their elements, apart from F, lie in those columns, respectively rows, which 
intersect A). Since all the fields in the additional row, apart from F, are 
equal to zero, it follows that 


det(W) = det(A) - det(F) £ 0. 
This implies that rank(M) = rank(T(M)) > r+1, a contradiction. g 


Consequence of Lemma. Arbitrary rank r r— tuple of rows is sufficient to de- 
termine the matroid bases. Namely, according to the Lemma, an r—tuple 
of columns corresponds (or does not correspond) to a matroid base, without 
regard to the rank r 7—tuple of rows, which is used. 


2 t 

The easiest way to determine matroid bases is to start from the i 
submatrix 5 of rank r (we assume that such a submatrix is detected 17 T 
process of rank calculating). Then the matroid bases associated to M io 


the same as the matroid bases associated to H(S), where H(5) denotes 


nm < ez 
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"horizontal band” associated to S, i.e., the submatrix of M, which consists 
of exactly those rows, which intersect S. 


2.2 Stage (2) 


The comparison between families F} and F} of bases, which respectively 
correspond to the matroid M; = f(M) and a matroid M2 from the cata- 
logue, is preceded by comparison of the following four types of numerical 
parameters in turn: 


a) cardinalities of the ground-sets of M; and M3 (this cardinality should 
be equal to n with the matroid M2; note that there may be elements (loops) 
which do not belong to any base — therefore such a cardinality should be 
given in a catalogue independently from the family of bases). If the ground- 
sets of Mj and M2 are equicardinal, then they may be considered to coincide. 


b) ranks of Mı and M2 
c) the numbers of bases in F} and Fy 


d) sorted (non-increasing) sequences of appearance frequencies of ele- 
ments of the common ground-set w.r.t. the families / and Fz respectively. 


Given a matrix M, the parameter a) (=the number of matrix columns) 
is known in advance, the parameters b) and c) are obtained in Stage (1), 
while the parameter d) is easily derived from the family of bases. On the 
other hand, when the family F, is considered, the parameters a), b) and c) 
are given with each matroid in catalogue [1]. The values of the parameter 
d) were derived from that catalogue, in order to be applied in Section 4. 


Our hierarchy of numerical features associated to a matroid can be in- 
cirporated in a nested sequence of IF-statements in the following way: 


IF the paramaters a) coincide THEN 
IF the paramaters b) coincide THEN 
IF we are not sure that M, = M; THEN 
IF the paramaters c) coincide THEN 
IF we are not sure that M; = M2 THEN 
IF the paramaters d) coincide THEN 
IF we are not sure that Mı = Mz THEN 
Compare directly Fj and Fo. 


The three lines "IF we are not sure that Mı = Mz THEN" are inserted 
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because we may stop searching for a matroid isomorphic to M, in the Cata. 
logue, in the cases when there is a unique matroid in the catalogue with the 
given numerical parameters. 


The first stopping possibility works only for the matroids of rank 0 and 
n (on the ground-set of cardinality n). The second one works for matroidg 
of ranks 1 and n — 1, but also for some matroids of "interior" ranks as well. 
Finally, an inspection of catalogue [1] assures us that the third stopping 
possibility will work with all the matroids on € 7 elements; thus we need 
not compare the families themselves for n € 7. This is not the case for higher 
values of n, as is shown by the counterexample in the next section. 


3. The auxiliary list of matroids 


We shall proceed with a list which enables the calculation of each matroid 
on < 7 elements, provided that the corresponding numbers n (cardinality 
of the ground-set), r (rank), b (number of bases), as well as the vector of 
sorted appearance frequencies w.r.t. the family of bases are given. Each 
triple (n, r,b) is followed by the symbol ”:”, each matroid is followed by the 
symbol ";". If there exists only one matroid (up to an isomorphism) with 
some given parameters n, r, 5, then it is represented by "one" ; otherwise it 
is represented by the vector v. 


There exists only one (empty) rank O matroid on n elements. There 
exist exactly n non-isomorphic rank 1 matroids, which respectively have 
i bases for each i between 1 and n. If n. > r/2, then the matroids on 
€ 1 elements are uniquely represented by the sorted vectors of appearance 
frequencies, which are associated to their dual matroids. Therefore, We 
may conclude that it suffices to give a list for (n,r) belonging to the set 
{(4,2),(5,2),(6,2), (6,3), (7,2), (7, 3)}. 


3.1 List 

Dat p=2 

b=1: one; b=2: one; b=3: (2,2,2,0); (3,1,1,1); 
b=4: one; b=5: one; b=6: one ; 
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(Sp. PET 
b=1: one; b=2: one; b=3: (2,2,2,0,0); (3,1,1,1,0); 
b=4: (2,2,2,2,0); (4,1,1,1,1); b=5: one; 
b=6: (3,9,3,3,0) (3,3,2,2,2); b=7: one ; 
b=8: one; b=9: one; b=10: one; 
P= OS Pez 
b= 1: one; b=2: one; 
= 3: (2,2,2,0,0,0); (3,1,1,1,0,0); 
b= 4: (2,2,2,2,0,0); (3,3,2,2,0,0) ; 
b= 5: (3,9,2,2,0,/0)5 1(5 hls Teles) 
= 6: (3,3,3,3,0,0); (3,3,2,2,2,0); b=7: one; 
b= 8: (4,3,3,3,3,0); (4,4,2,2,2,2) ; 
= 9: (4,4,4,3,3,0) ; (3,3,3,3,3,3) ; 
b=10: one; b=11: one; b=12: one; 
b=13: (5,5,5,3,3,3); (5,5,4,4,4,4); 
b=14: one; b=15: one; 
v= 6) n= 
b= one; b=2: one; 


(3, 2,2,2,0,0) ; 
(3,3,3,3, 0,0) ; 
one ; 

(4,4, 4,3, 3, 0) ; 
(5,5,5,3, 3,0) ; 
(5,5,5,5,4,0) ; 
(6,6,5,5,5,0) ; 


(3,3,1,1,1,0) ; 
(4,2,2,2,2,0) ; 


(6,3,3,2,2,2) ; 
(7,4, 4, 2, 2,2) ; 
(8, 4, 3, 3, 3, 3) ; ’ 
(6, 6, 6, 3, 3,3) ; 


(4,4,1,1,1,1) ; 
(6,3,3,3,3,0) ; 


(4,4,4,4,4,4) ; 
(9,4,4,4,3,3) ; 
(10,4, 4, 4,4, 4) ; 
(6,6, 6,6, 6,6) ; 


(10,10,7,7,7,7); 
(10, 9, 9; 9, 9, 8) H 


b=10: (6,6,5,5,4,4); (7,7,7,3,3,3); 
b=12: (7,7,7,7,4,4); (8,8,5,5,5,5); 
b=13: one; b=14: one; 

=15: (9,8,8,8,6,6); (9,9,7,7, 7,6) ; 
b=16: (9,9,9,9,6,6); (8,8,8,8,8,8) ; 
b=17: one; b=18: (9,9,9,9,9,9) ; 
b=19: one; b=20: one; 

n=", r=2 

b=1: one; b=2: one; 

b=3: (2,2,2,0,0,0,0); (2,1,1,1,0,0,0) ; 
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b=4: 
14543 
b=6: 


DIESE 
b= 9: 
b — 10: 
b=11: 
b=12: 
) = 1133 2 
b=15: 
b= 16: 
b= 18: 
b= 19: 


= 
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(2,2,2,2,0,0,0); (4,1,1,1,1,0,0); 
(3,3,2,2,0,0,0); (5,1, x9 7120): 
(3,3,2,2,2,0,0) ; (6,1,1,1,1,1,1) ; b=7: one; 
(4,3,3,3,3,0,0) ; (4,4,2,2,2,2,0) ; 


(4,4,4,3,3,0,0) ; (3,3,3,3,3,3,0) ; (5,5,2,2,2,2,0) ; 
(4,4,4,4,4,0,0) ; (5,5,2,2,2,2,2) ; 

(5,4,4,3,3,3,0); (6,6,2,2,2,2,2) ; 

(4,4,4,4,4,4,0) ; (5,5,5,3,3,3,0) ; (4, 4,4,3,3,3,3) ; 
one ; b— 14: (5,5,5,5,4,4,0) ; (6,5,5,3,3,3,3) ; 
(5,5,5,5,5,5,0) ; (6,4,4,4,4,4,4) ; (6,6, 6,3,3,3,3) ; 
one ; b=17: one; 

(6,5,5,5,5,5,5) ; (6,6,6,6,4,4,4) ; 


one ; b=20: one; b=21: one; 
r=3 
one ; b=2: one; 


(3, 2,2,2,0,0,0); (3,3,1,1,1,0,0) ; 

(3,3,3,3,0,0,0) ; (4,2,2,2,2,0,0); (4,4,1,1,1,1,0) ; 
(5,3,3,2,2,0,0) ; (5,5,1,1,1,1,1); 

(4,4,4,3,3,0,0) ; (6,3,3,2,2,2,0) ; (6,3,3,3,3,0,0) ; 
(5,5,5,3,3,0,0) ; (7,4,4,2,2,2,0) ; 

(5,5,5,5,4,0,0); (4,4,4,4,4,4,0) ; (8,4,3,3,3,3,0) ; 
(8,4,4,2,2,2,2) ; 

(6,6,5,5,5,0,0) ; (9,4,4,4,3,3,0) ; (6,6,6,3,3,3,0) ; 
(9,5,5,2,2,2,2) ; (9,3,3,3,3,3,3) ; 

(10,4,4,4,4,4,0) ; (7,7,7,3,3,3,0) ; (6,6,6,6,6,0,0) ; 
(6,6,5,5,4,4,0) ; b=11: one; 
(6,6,6,6,6,6,0); (8,8,5,5,5,5,0) ; (7,7, 7,7,4,4,0) ; 
(6,6,6,6,4,4,4) ; (8,8,8,3,3,3,3) ; (12,4,4,4,4,4,4) ; 
(12,5,5,5,3,3,3) ; 

(8,8,7,6,5,5,0) ; (9,9,9,3,3,3,3) ; (13,5,5,4,4,4,4) ; 
(9,9,7,7,5,5,0) ; (8,8,7,7,4,4,4) ; (14,5,5,5,5,4,4) ; 
(9,8,8,8,6,6,0) ; (9,9,7,7,7,6,0); (9,9,6,0,5,5,5) ; 
(15,5,5,5,5,5,5) ; 

(9,9,9,9,6,6,0); (8,8,8,8,8,8,0); (10,10,7,7,7,7) ; 
(8,8,8,6,6,0,6) ; (9,9,9,9,4,4,4);- 

(9,9,9,8,8,8,0) ; (11,11,7,7,5,5,5); 

(9,9,9,9,9,9,0) ; (10,9,9,9,9,8,0); (9,9,8,8,8,6,6); 


Em 
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(9,9,9,9,6,6,6) ; (11,11,9,8,5,5,5) ; 
b= 19: (10,10,10,9,9,9,0); (11,11,9,7,7,6,6) ; (12,12,9,9,5,5,5) ; 
b=20: (10,10,10,10, 10,10,0) ; (12, 12,8,7,7,7, 7) 

(12,8,8,8,8,8,8) ; (10,10,8,8,8,8,8) : 
b= 21: (11,11,9,8,8,8,8) ; (12,11,11,11,6,6,6) ; 

(13,13,9,7,7,7,7) ; (12, 12,9,9,9,6,6) ; 

b—22: (12,12,12,12,6,6,6) ; (13,13,9,9,8,7, 7) ; 
b=23: (13,11,11,10,10,8,8) ; (14,14,9,9,9,7,7) ; 
b—24: (12,12,12,9,9,9,9) ; (12,11,11,11,11,8,8); 

(12,11,11,11,9,9,9) ; (14,14,9,9,9,9,8) ; 
b—25: (13,13,13,9,9,9,9) ; (13,12,12,11,11,8,8) ; 

(15,15,9,9,9,9,9) ; 

6-26: (13,13,12,11,11,9,9) ; (14,11, 11, 11,11, 10, 10) ; 

(14,14,11,11,11,8,8) ; 
b=27: (13,13,13,12,12,9,9) ; (14,13,13,12,11,9,9) ; 

(12, 12, 12, 12, 12, 12,9) ; 
b= 28: (13, 13, 13, 13, 12, 10, 10) ; (14,14, 14,12,12,9,9) ; 

(13,13, 13, 12,11, 11,11); (12,12, 12,12, 12, 12, 12) ; 
b= 29: (14, 14, 13, 13, 13, 10, 10) ; (13,13, 13, 12,12, 12, 12) ; 

(14, 14, 13, 12,12, 11,11) ; 
b= 30: (14, 13, 13, 13, 13, 12, 12); (14,14, 14, 14, 14, 10,10) ; 

(13, 13, 13,13, 13, 13,12); (15, 14,14, 12, 12, 12,11) ; 

(14, 14, 14, 12, 12, 12, 12) ; 
b=31: (15, 13, 13, 13, 13, 13, 13); (14, 14, 13, 13, 13, 13, 13) ; 

(14, 14, 14, 13,13, 13, 12) ; (15, 15, 15, 12, 12, 12, 12) ; 
b= 32: (15,14, 14,14, 13, 13,13); (14,14, 14, 14, 14, 13, 13) ; 

(14, 14, 14, 14, 14, 14, 12) ; 
b= 33: (15, 14, 14, 14,14, 14, 14) ; (15, 15, 14, 14, 14, 14,13) ; 
b=34: one; b= 35: one; 


, 


3.2 A counterexample 


The following counterexample (also derived from catalogue [1]) shows that 
the parameters n,r,b and the vector of sorted appearance frequencies are 
not sufficient to determine matroids on 8 elements up to an isomorphism: 


The non-isomorphic rank 4 matroids M; and M2 on 8 elements have 63 
bases each, which are all the 4-subsets of the ground-set (A, B,C, D, E, F,G, 
H), except for the subsets in the families 
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{ABCD, ABEF, ABGH, ACEG, BDFH,CDEF,CDGH) and 
(AEFG,ABCD,BEFII, ACGH, BDEG,CDFH,ADEH) 


respectively. 


The corresponding vectors of appearance frequencies of elements A, B,C, 
D,E,F,G,H (w.r.t. the families of bases of the matroids M, and M») are 
(31, 31, 31, 31, 32, 32, 32, 32) and (31, 32, 32, 31, 31, 32, 32, 31) respectively, 
After sorting, these two vectors become equal. This means that there exist 
two non-isomorphic matroids on 8 elements, with which the parameters b), 
c) and d) are coincident. 


A further elaboration of this counterexample leads to a more fascinating 
conclusion that there exist even 22 non-isomorphic matroids on 8 elements 
with coincident a), b), c), d), although it was not possible to find only two 


matroids with all the four coinciding parameters on 7 elements. We shall: 


give some further relevant details: 


There exist 71 non-isomorphic rank 4 matroids on 8 elements with ex- 
actly 63 bases each ([1]). The distribution of these matroids with respect to 
the vectors of sorted appearance frequencies looks as follows: 


p= peg, pz 

(32, 32, 32, 32, 31,31, 31,31) — 22 matroids 
(32, 32, 32,32, 32,31, 31,30) — 8 matroids 
(BBN sD Bons eases GORE 8 matroids 
(33, 32, 32, 31,31,31,31,31) — 8 matroids 
(33, 33, 31,31,31,31,31,31) — 3 matroids 
(32, 32, 32,32,32,32,30,30) — 3 matroids 


The following 19 vectors of sorted appearance frequencies have just ont 
corresponding matroid each: 


(32, 32, 32, 32, 32,32, 32,28) , (33,33,33,31, 31,31, 31, 29) , 
(33, 32, 32,32, 32,31,31,29) , (32, 32,32, 32, 32, 32, 31, 29) , 
(34, 32, 32, 32, 32,30, 30,30) , (33, 33,32, 32,31, 31, 30, 30) , 
(34, 32, 32, 31,31,31,31,30) , . (33,33, 32,31, 31,31, 31, 30) , 
(35, 31, 31,31, 31,31,31,31) , (34,32,31,31,31,31,31, 31) , 
(33, 32, 32, 32,32, 31,30,30) , (33,33,33,32, 32, 30, 30, 29) , 
(33, 33, 33, 33, 32, 30, 30,28) , (34,33,33,32,32,30,29, 29) , 
(33, 33, 33, 33, 32,30, 29,29) , (34,33, 33,31, 31,30, 30, 30) , 


—— 
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(34,34,33,31,31,30,30,29) , (34,34,33,31,30,30,30,30) , 
(35,33,33,31,30,30,30,30) 


4. An illustrative example 


As an illustration, we shall give the results of the application of our algo- 
rithm, for m = 2 and n = 4, to a class M(x,y) of 2 x 4 matrices, the entries 
of which are defined by using two independent real variables z and y in the 
following way: 


a[(1,1]29y-z-3; a[1,2] 2 0 ; 

a[1,3] = 0 if abs( sqr(z)+ sqr(y) — 49) <7, 
a[1,3] = 1 otherwise; o[1,4]2 z—-2; 

a[2,1] 2 0 ; a[,2]:2y *2-z-45; 
a[2,3]:2 z-(y—3);  a[2,4]:2 -2 + abs(y — 3) ; 


Let the seven non-isomorphic matroids for (n,r) = (4,2), listed in the 
above order, be denoted by 1, 2, 3, 4, 5, 6, 7 respectively. Then the list of 
the values of f( M(z, y)) for —10 < z, y < 10 looks as in Table 1. below. 


It can be easily verified (by computer) that all the considered 441 ma- 
troids are of rank 2. All the seven rank 2 matroids on 4 elements can be 
found among them. The seven "lines" corresponding to the matrix fields 
a{1,1], a[1,4], 2a[2,2] [2,3] [2,4] (two "lines" in each of the last 
two cases), as well the "circle? associated to the matrix field a[1,3] can be 
recognized in the table below. 
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-10-9-8-7-6-5-4-3-2-101234 56 78 9 10 
"EEWEGEEUEEPT6TOTTTT3TTT 
zavara travi 10676 7 737777T 
RTA TT TT UT OTOTTSTT777 
777737776636473777777 
777777667767626777777 
666662666646166566666 
FMT OL TTT 6,2.6 17 17677 77 
666636266636566636666 
777677777367677776777 
666566623646366665666 
777677737767677776777 
777677373767677776777 
777673777767677776777 
777727777367677767777 
777367777767677767777 
773776777727677677777 
737777667767666777777 
377777776633477777777 
777777777767677777777 
777777777767377777777 
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Table 1. 
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REZIME 


JEDAN ALGORITAM ZA GENERISANJE MATROIDA 
PRIDRUŽENOG DATOJ MATRICI 


U radu je opisan jedan algoritam, koji sa tačnošću do na izomorfizam odred- 
juje matroid pridružen datoj matrici. Algoritam je detaljno opisan za ma- 
trice, koje nemaju više od 7 kolona. Matroidi na malim nosačima su reprezen- 
tovani pomoću sledećih parametara: kardinalnost nosača, rang, broj baza, i 
vektor sortiranih učestanosti javljanja pojedinih elemenata nosača u familiji 
baza. Ovi parametri su dovoljni da opišu matroid sa najviše 7 elemenata, a 
nisu dovoljni da opišu matroide na većim nosačima. 
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DIHEDRAL n-QUASIGROUPS 
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Abstract 


An n-quasigroup (Q, f) is called dihedral iff f(z1,...,Tn) =2n41 € 
I(Zo(1):Zo(n)) = To(n+1) for every permutation s € D,41, where 
Dy+1 is the dihedral subgroup of the symmetric group S, +1 of degree 
n+1. Dihedral n-quasigroups (D-n-quasigroups) represent a general- 
ization of totally symmetric binary quasigroups. Several equivalent def- 
initions and some examples of D-n-quasigroups are given. It is proved 
that some retracts of D-n-quasigroups are also D-n-quasigroups.Auto- 
topisms and regular permutations of D-n-quasigroups are cosidered 
and some of their properties determined. 


AMS Mathematics Subject Classification (1980): 20N15 
Key words and phrases: n-quasigroup, n-group, parastrophy, auto- 
topism, regular permutation 


1. Definitions and Notations 


First we give some basic definitions and notations. Other notions from the 
theory of n-quasigroups can be found in [1]. 


The sequence 2m,2%m+1,---:Tn We sl. all denote by 2%, or {zi}%_,,- If 
M > n, then 2”, will be concilered erc::ty. The sequence z,z,...,z (m 
S m e . 
times) will be denoted by T: 1f m < 0, then z will be considered empty. 
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An n-ary groupoid (n-groupoid) (Q, f) is called an n-quasigroup iff the 
equation f(ai-1 2,29) = b has a unique solution z for every aj, b € Q and 
every i € (1,...,n) = Nn. 


An n-quasigroup (Q, f) is isotopic to an n-quasigroup (Q,g) iff there 
exists a sequence T = (a7*') of permutations of Q such that the following 
identity 

g(z1) = on (Coi) 


holds. T is called an isotopism, g is an isotope of f and by p — g we denote 
that f is isotopic to g by T. T~? is defined by T-! = ((o7!)2*])). If T is an 
isotopism of (Q, f) to itself, that is, fT = f, then T is called an autotopism 
of f. The set of all autotopisms of f under the composition of autotopisms 


is a group which we denote by A( f). 


By 5, we denote the symmetric group of degree n, by A, its alternating 
subgroup, and by D, its dihedral subgroup. 


If (Q, f) is an n-quasigroup and o € $,41, then the n-quasigroup f^ 
defined by 


Frail) = To(n+1) => f(21) 2 tn41 


is called a g-parastrophe (or simply parastrophe) of f. If f = f7, then ø is 
called an autoparastrophism of f. The set of all autoparastrophisms of f is 
a subgroup of $4.4 which is denoted by II( f). 


An n-quasigroup (Q, f) is called 
a) totally symmetric (TS) if f = f? for all a € Ses 
b) alternating symmetric (AS) iff f = f? for all c € Angi ([8]), 


c) cyclic iff f = f" for allo € C, where C is a subgroup of S. ted 
, n+1 genera 
by the cycle (12...n +1) ({7],[10}). = E 


If Q is a set, by € we denote the identity mapping of Q. 


2. Dihedral n-quasigroups 


Definition 1. An n-groupoid (Q, f) 


; 1s called dihedral i ermu- \ 
tation & € Dn+ı and every mt eg thedral iff for every p 


f(z1) = tag € Iza). = To(n41): | 
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It is not difficult to see that from the preceding definition it follows that 
every dihedral n-groupoid is necessarily an n-quasigroup, which we call a 
e dihedral n-quasigroup (D-n-quasigroup). 


8 Since every D-n-groupoid is a D-n-quasigroup, Definition 1 can be given 


in another form. 


Definition 1'.An n-quasigroup (Q, f) such that f = f^ for every a € D 


| « 8 ntl 
e is a D-n-quasigroup. 


5 


In the symmetric group 5,41 the subgroup D,+1 is generated by per- 
mutations ¢ = (12...n+1),b = J]o<ient3-i(i_ n+3—i), which implies the 


s following theorem. 


In the sequel $ and v will always denote these two permutations. 


oa 


Theorem 1. An n-quasigroup (Q, f) is a D-n-quasigroup iff f = fê = f". | 


D-n-quasigroups can also be defined as n-quasigroups satisfying a system 
of identities. Since every equality of type f = /^, where o € $541; is 
equivalent to an identity ([5]), from Theorem 1 we get the next theorem. 


Theorem 2. An n-groupoid (Q, f) is a D-n-quasigroup iff for all z?*! € Q 
{ (23, f(a) = 21, 


TAC AC aiga ,73) = 12. 


Since D-n-guasigroups can be defined by a system of identities, the class 
of all D-n-guasigroups is a variety, which implies that this class is closed 
under the formation of direct products, subalgebras and guotient algebras. 


For n = 2 a D-n-guasigroup (O, f) is a binary guasigroup (Q, -) satisfying 
the identities 


d 


y(zy)-z, z(zy)=y 
Which implies that (Q,-) is a TS binary quasigroup. Hence D-n-quasigroups 
Tepresent a generalization of TS binary quasigroups, different from other 
Seneralizations such as TS-n-quasigroup or AS-n-quasigroups. 
is = n = 3 a class of generalized idempotent D-3-guasigroups Fi B) 
s quivalent to a new class of guadruple systems called dihedral guadruple 
Ystems, which lies between Steiner and Mendelsohn guadruple systems. 
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Since Cna1 C Dai C Sn+1, every TS-n-quasigroup is dihedral and every 
D-n-quasigroup is cyclic. If we denote the class of all TS-n-quasigroup by 
A(TS), the class of all D-n-quasigroups by A(D) and the class of all cyclic 
n-quasigroups by A(C), it follows 

A(TS) c A(D) c A(C). 
That the class A(D) is different from both A(T S) and A(C) follows from 
[2], where it was proved that for every subgroup G C $441 and every m > 
n, p> 2, there exists an n-quasigroup (Q, f) of order mp such that 
T(S) = G. 
If n= 0 (mod 4), then Dn}ı C Anyi, hence A(AS) C A(D), where 
A(AS) denotes the class of all AS-n-guasigroups. So, in this case we have 


A(TS) c A(AS) c A(D) c A(C). 
For other values ofn D,x is not contained in A544. 
Now we shall give some examples of D-n-quasigroups. 


1. If (G,+) is a commutative group, 9 an automorphism of (G, +) such 
that 6? = €, b an element of G such that 0b = b, n odd, then by 


(gt) = 021 — 12 + 613 — z4 +... 0x, +b 
a D-n-quasigroup (G, f) is defined. 


2. Let the Euclidean plane be given and let A,B and C be arbitrary 
points (not necessarily distinct) in the plane. If D is the fourth vertex of 
the parallelogram ABCD determined by vertices A, B and C (which can be 
degenerated if some of the points A,B and C coincide), then we define a 
ternary mapping f by 

f(A, B,C) = D. 
If S denotes the set of all points in the plane, then f : $3 > S and it is not 


difficult to see that (S, f) is a D-3-guasigroup of infinite order which is not 
totally symmetric. 


In the preceding example an infinite uncountable D-3-quasigroup was 
constructed. An analogous construction on the set of all points in a plane 


with integer coordinates gives an example of an infinite countable D-3- 
quasigroup. 


3. As we have mentioned before, in [2] a method which enables a con“ 
struction of D-n-quasigroups of order m 


p for every m > n, 22 such 
that II(f) = D,41, was given. ý SG 


== 


i. 


D 


cy 


an 


wl 


an 


Sir 


Th 


4. 


Le 
the 
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3. Retracts of D-n-guasigroups 


We shall prove that every D-n-guasigroup, where n is odd, defines a family 
of D-(24+)-quasigroups. 


Theorem 3. If (O, f) is an D-n-quasigroup, where n = 2k 30497 pe 
{2,3,...}, and a is an arbitrary element from O), then by : 


g(z1) = Tk+1 = f(a,21,a,22,...,a) = Ik+1 
a D-k-quasigroup (Q,g) is defined. i 


Proof. g is a k-quasigroup since it is a retract of an n-quasigroup. From the 
cyclicity of f it follows 


f(a,11,a,212,...,a) = Zk+1 => f(a,2441,0,21,...,a) = Tk, 
and 
k k- 
g(21) = Ther => g(Tk41;2] ') = Tk, 
which means that g is also cyclic. 


Since f is dihedral f = f“, where  — Tlo<icnt3-i(? n+3—i), hence 


f(a,21,a,22,...,a) = > f(a,2)41,0,24,...,a) = 21 
and 
g(x?) = Tk41 EB g(Tk41 Tks- -- 22) = T1. 


Since g is cyclic, we get 


g(z1) = zani € g(z1, tg Ej 523) = 22; 


We have proved that g = g“, where Y = TI2<i<k+3-i(i k+3—i), so by 


Theorem 1 9 is dihedral. 


4 Autotopisms of D-n-quasigroups 


jemma 1. If T = (a7) is an autotopism of a D-n-quasigroup (Q, f), 
Cn for every o € D, i4, T? = ((00())[%0) is also an autotopism of f- 
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Proof. From fF = f = f,it follows that f = (JTY = (fe YU p 


Hence T" is an autotopism of f. G 
In the theory of binary, as well as n-ary quasigroups, there exists a close an 
relation between nuclei and groups of regular permutations. There exist 
several different generalizations of nuclei and regular permutations to n-ary 
case, here we shall consider regular permutations as defined in (6|,(1),(3),(4). 
Let (Q, f) be an n-quasigroup, i€ Ns. A permutation a of Q is said to N 
be i-inverse regular for f iff (e ven ED € A(f). A permutation which 
is i-inverse regular for every i € Nn is called inverse regular for f. The set P 
of all inverse regular permutations for f will be denoted by V(f). 
a, 
i ja USES T, 
Theorem 4. If (Q, f) is a D-n-quasigroup, n even, T = (€ ,o, € ,f, h ( 
oye) € A(f) for some i,j € Nn, then B = o7. 
Proof. a) j — i odd. C 
Then there exists t € N, such that T?' or T^'' has the following form: f 
k- -k- =m A 
S = ( ea,” € B. eU where k + m = n+ 3. The last condition k, 
implies that (k m) is one of the transpositions from the product V = 
Tle<ieng3-i(i n+3-1). By Lemma 1 S € A( f), hence the following identity 
is valid oj 
(1) Nei) = f(zT omi pr Bom, 2%, 41)- ? 
Putting in(1) zi-...—z, =<, and since f = f", we get T 
k-1 _ xcu -1 cu. m -k i, 
fzr aa, 2) = fè" pr," T") = (5s ga, "z^. 
Hence a-!z = fz, that is, B = o1, P 
b) j — i even. : 
| in this ee shere existe fy € N, such that T%! or T^" is of the form fc 
| S. =k- n-m 
| 2 exi ue oo TE ), where k + m = n +3, and the rest of the 
| proof is analogous to the preceding case. j ( 
: jac pe T 
Theorem 5. Let (O, f) be a D-n-quasigroup, n odd. IfT = (Će Sa $S 9 a 


B, € )EA(f) for some i,j € N, such that j — i is even, then B = a 
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Proof. Then there exists t € Nn such that T* or T?"' has the form S = 
n—m-l 


-1  m-k- 
Ces d : ! B, € ) where k -- m = n+3. The rest of the proof is 
analogous to the proof of Theorem 4. 


Theorem 6. If (O, f) is a D-n-quasigroup and for some i € Nn (fed 


= k-1 -k-1 n- 
wal ie) € A(f), then ( € ,05 ^ € 0735, od) € A(f) for every k,m € 


Nat, k< m. 
Proof. If we denote T; = VE) then TA = i+p = (ier: 
Ver MH € A(f) for all p = 1—1,2—i,...,n— i. Hence S, = 


- —k 
mes TA = (Česta ,a71) € A(f) for every k € Nn, and 6457! 
(eo P T azota) € A(f) for every k,m € Nn4i, k< m. 


From Theorems 4 and 6 we get the following corollary. 


Corollary 1. If (Q, f) is a D-n-quasigroup, n even, and for some i € Ny 


(€ 2,8," c) € A(f), then (era, pitas D E A(f) for every 
k,m € Nazi, k< m. 


By A;(f) we shall denote the set of all i-th components of all autotopisms 
of the n-quasigroup (Q, f). Ai(f) is obviously a group under the composition 
of permutations. 


Theorem T. If (Q, f) is a D-n-quasigroup, then Ai(f) = A;(J) for all 
1,9 € Na+1: 


Proof. Let i,j € Nn4i and let T = (a+) be an arbitrary autotopism of a 
D-n-quasigroup (Q, f). Then by Lemma 1 T® is also an autotopism of f 
Such that its j-th component is o; So, A;(f) C A;(f), and analogously it 
follows A;(f) > A;(f), hence A;(f) = A;(/)- 

The group of all components of all autotopisms of a D-n-quasigroup 
(Q,f) we shall denote by Ao(f). 


is a commu- 


Theorem 8. If (Q, f) is a D-n-quasigroup, n even, then V(J) 
tative group. 
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Proof. If a,B € V(f), then T = C € Alf) and S = (p } | 
B-!) € A(f). Then TS = (aß, € ,a7187!) € A(f) and (TS)$"' _ 

(a-18-!,08,"€') € A(f) hence by Theorem 4 a 18 = (og) that | 
is, of = Ba. Since (TST! = (aß, (ap), €) € A( f), by Theorem 6 it 
follows that af € V(f). From 74 = (a!,a,"E") € A(J) by Theorem 6 


a~ € V(f). | 
An autotopism of an n-quasigroup (Q, f) is called inverse regular if all 
its components are inverse regular for f. The set of all inverse regular | 


autotopisms of a D-n-quasigroup (Q, f), where n is even, is obviously a 
commutative group which will be denoted by A'( f). 


Theorem 9. If (Q, f) is a D-n-quasigroup, n even, then V(f) and A'(f) 
are normal subgroups in groups Ao( f) and A(f) respectively. P 


Proof. If a € V(f), then T = (a,"€',a71) € A(f) and if B € Ao( f), then 


there exists an autotopism of f of the form S = (at. 8). Then R = SITS = [ 
ES n-l 4-1 -1 (ij) -1 Si n-1 : 

(a; ae, € ,8-1a-18) € A(f) and R^" = (8-',aB,a;*aa,, € ) which 

by Theorems 4 and 6, implies that 8710/8 € V(f), hence V(f) is a normal 


subgroup of Ao( f). 


From the preceding it follows that all components of an autotopism of the 


form S "TS, where S € A(f),T € A'(f), are inverse regular permutations, 
hence A’(f) is a normal subgroup of A(f). 


R 
coL 
Theorem 10. I (a,b, 4, € ) is an autotopism of a D-n-quasigroup (Q, f); 
n even, then ay"! is inverse regular for f. 
a n-2 = 
Rer us "Med iG ) € A(f), it follows that S = TY? E n 
7,9,a, € ). Then T$-! = (ay! -1 1-2 -1\¢? = 
(oM ee E DEEN E 
(cq nee AU) (P: Continuing this, we obtain that R = k 
, ,y« and (R "I jal = (a 21 -1 nel = A which bi 
by Theorem 6 implies that ay-! is denies for f. ue D. 
x 
|, 8& 
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REZIME 
DIEDARSKE n-KVAZIGRUPE 


n-kvazigrupa (Q, f) se naziva diedarska ako je f(Z1,.->Zn) = 2nt1 7 
Feet) = To(n)) = Zo(n41) Za svaku permutaciju v € Dn+1, gde je Da+1 
diedarska podgrupa simetrične grupe $,41 stepena n + 1. Diedarske n- 
kvazigrupe (D-n-kvazigrupe) predstavljaju generalizaciju totalno simetričnih 

Marnih kvazigrupa. Navedene su neke ekvivalentne definicije i dati primeri 
D-n-kvazigrupa. Dokazano je da su neki retrakti D-n-kvazigrupa takodje 
"kvazigrupe. Razmatrane su autotopije i regularne permutacije D-n-kvazi- 
sen odredjene neke njihove osobine. 
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ON THE k-TH PRIME FACTOR OF AN INTEGER 


Aleksandar Ivić 
Katedra Matematike RGF-a Univerziteta u Beogradu 
Djušina 7, 11000 Beograd, Jugoslavija 


Abstract 


Let P(n) be the k-th largest prime factor of an integer n> 1 if 
n has at least k prime factors, and let P,(n) be zero otherwise. An 


asymptotic formula for the sum n P(n) is obtained. 


AMS Mathematics Subject Classification (1980): 10H15, 10H25 


Key words and phrases:k-th largest prime factor of an integer, asymp- 
totic formulas for summatory functions. 


Let Pi(n) denote the k-th largest prime factor of an integer n 2 1 
if Q(n) > k, and let otherwise P,(n) = 0, where Q(n) is the number of 
all prime factors of n. In other words P,(1) = 0, and if P(n) = P,(n) is 
the largest prime factor of n >2,then P(n) = P(n/P(n)),---,Pk(n) = 
P(n/ P. (n) if Q(n) 2 k. In [1] Alladi and Erdós (see (1.21), p. 284) 
showed that, for k 2] a fixed integer, 


/* log log z 
(1) mh z!*!/*loglogz, 
XP) = Avy ig eee 


Their proof was elementary, but quite complicated. Recently R. I 
‘Manian [3] found a simple proof of (1) that works even if k is not Pai 
les in a suitable interval depending on z. In addition, he evaluate 


sub 


ut ] 


63 
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Ay = kžkc(1+1/k)/(k + 1)!. In [4] J.-M. De Koninck and I proved, for any | 
; 7 fol 
fixed integer N > 1, 
an 
z? z? T? 
= —+...HALN—x + Ol r 
(2) »» Pi(n) = Ar log x Naco DN og T u og z^ 
nír 
where A1 = 12/12,...,A41,v are certain absolute constants which may 
be explicitly evaluated. The aim of this note is to generalize (2) as to include 
a sharper version of (1). The result is the following by 
Theorem. Let k> 1 bea fixed integer, and N 2 0 an arbitrary, 
bui fized integer. Then there exist constants Akı > 0,..., Ak N41 which 
may be ezplicitly evaluated such that 
an 
giti/k glti/k zlH/k 
(3) 55 Pe(n) = Ar +... + ANA > A EE, NEA 
x, (n) : log! z TH logëtN z log** ^t! g 
(7) 
The proof of the asymptotic formula (3) will be also elementary. We 
shall make use of the formulas 
FI atl a+1 o1 
(4) LOI Ic NM Z z 
D Emm tony tN, + OCC NTa a 
fac 
(a > 0) USE 
Na 
(5) pesma d; 
vl te B 
1 <p<u P (log 5)? (ei log t(log £)% * "i 
j 
dn 
+———————— Án 1 
(2-1 zrna + OL Lá (8 
logt(log NTI hi 77 Tlog y (log =)PN | 
and 
wh 
1 
(6) SS SEA = DIM A EN 1 oth 
ner n? (log SP log? z apo op log tN =i; = + OP a^ S 
her 


where 0< 3 < l,and a>1 in (5) and (6). Here and in the sequel p (with 

or without indices) stands for primes, the constants c; = c(a, B), di = | 9) 
d;(a, B), ej = ej(a, B)(j = 1,..., N) may be explicitly paired: N2!) 

is an arbitrary fixed integer, and in (5) mu < Yo < z, yı > co. Moreover W? 

shall use the standard notation f=O(g) and f um mici both mea? 

that |f| < Cg for some absolute C > 0. The proofs of the above formulas 
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follow without difficulty from the prime number theorem and 


i elementary 
analysis. For example, we have 


ph = Pu dr(t) SE di 
y1<PSy2 pe(log 5)? m1 +0 te(log 1) = y t^ (log £)? log t 


+0(g!-%(log s Toce y)-') 
1 


by the prime number theorem in the standard form 


e)=Xi=/. ZO OVI) (C> 0), 


psr 
and successive integrations by parts give (5). 


We begin the proof of (3) by noting that 


(7) D P(n) = y> pı 


nEz mpipa2--py&z,P(m)&pi pi &p2 S... py 


- X piv ( ———— n), 


PAP2--.pk £2,p1 €p2 S... pk Pip2 - - - Pk 


Where as usual s(z,y) denotes the number of n € z all of whose prime 
factors are < y. It will be shown now how the first equality in (7) may be 
used in a simple way to obtain lower and upper bounds for the sum of P,(n). 
Namely, let in (7) m= 1,2U/*2-* <p, < z1/kgl=k,,,, 1g1/k € py < zt, 
By the prime number theorem there are >> z'/k/logz choices for each 
»;(j = l,...,k). Therefore 


(8) 35 Bin) >> z V (zV /log z)* = ith log-kz, 
n<z 


Which represents a lower bound of the right order of magnitude. On the 
Other hand, we have 


à z > mpyp2-.-Pk > mpi, 
ence pi < (z/m)V/*, which gives 


(9) D P,(n) < gilk NS m-V* SE 1 


nsr msr pipa--Pk&z/r 


log log z)*-! 
1+1/k 3 -i-(oglogz) 
<<< m logz 


mt&z 
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< ((1 + 1/k)z! * / (loglog z)*^! log z 
<< 21+1/k(loglog z)^-! log z. 


Nam 


Here we used the classical elementary estimate 


Az(loglogz + B)*-! 


Ls log z(k — 1)! 


n<zuw(n)=k 
(A,B >0;k > 1,2 > 2) 


of Hardy and Ramanujan (see [7], p. 265), where A, P are suitable absolute | 
constants and w(n) is the number of distinct prime factors of n. Thus the 

upper bound in (9) is only by a factor of (loglogz)"-! smaller than the 

true order of the summatory function of P(n). 


The main obstacle in evaluating the last sum in (7) is the presence of * 
the V-function. However, noting that y(z,y) = [z] if y > z([z] is \ 
the integer part of x) and using the trivial v(z,y) <a for y <a, this t 
difficulty may be overcome, and we may obtain essentially (7) without the € 
condition Pi(m) < pı. In this way the problem will be reduced to a rather I 
technical one which involves a k-fold summation over prime s. We have ] 


i T 
(10) 27 nb —— ——, pi) 
PAP2--Dkz pi p2 ...C py PiP2...DE 
= T 
D jo i P) 

71P2--.Pk €z,pj SP2S..-S pk pp2...py >E D122 --.Dk c 
T I 
$ 2 2 21V (— —— ——,p1) F 
Pi P2- Pk &z,pi Sp2S...<p, Pip2 oe -Pk u 


= T 
X, ai 
P1P2---Pk ŠT,p1 <P2 <. Pk pip, pir 21P2 +++ Pk 
+ O( 33 orm 


PiP2.-Dkz,p; pa. «pk P1P2 .. : Dk 


In the sum appearing in the O-ter 


m the conditi <m<... SDK 
and P?P2...Dk <z imply that ons pi $ p? < 


Pi < zV/ 1). Therefore this sum is ) 
< 21+1/(k+1) 0 


Z5 ———— 


Pipj..py&z D1P2 - . . Pk 
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1+1/(k+1) y^ 1 1 
<< T 2 A wm — << z HE+) (log log 2), 
S kST 


on using the elementary estimate 


1 
» js loglog z 4- O(1). 


p<r 
Thus we obtain 
(11) $3 Pi(n) = x == 
n<z PIP2+PEŠTPI Sp2<...< pp PiP2...Pk 


+0(x**+2)/(F+1) (log log 2)*), 


= e» Pi + O(zF*9/* (log log z)'), 
1NP1P2.--Pk£T,P1£P2£K.+--£Pk 
where n stands for natural numbers, and the portion of the sum containing 
the greatest integer function for pipi...pk € z is estimated trivially in 
exactly the same way as the O-term in (10). Two further simplifications 
may be made in the last sum in (11). Firstly, we may restrict n to the range 
I1Xn=£ 2", where 0«&«1 is any fixed number. This follows from 


Sz pi <<a Ear a ae! 


NP1P2...Pk £z n» z* pi &p2 €... px n>z* P1P2+--Pk£TI/n 
<< zlti/k 5) n_1—1/k << glti/ke/k 
NDLA 


since the last expression is of lower order of magnitude than any term on the 
right-hand side of (3). Secondly, the contribution from pp > (z/2n)/ 6-9 
m (11) (k>2 may be henceforth assumed to hold in view of (2)) is 
also negligible, Namely, from p, > (z/2n)/6-U,p, < ... < pe and 
DIpa...py < z/n we have pı << (z[n)6-9)/6-W*. Hence for k > 2 


Du S n 


MSZ pipi. py &z [np &pa € pi pk? (z/2n) E-D 
<< glt(k-2)/(k-1? |» n-1-(6-2/6-1* 
n&z* 
< aq1106-2/6* ca 4 (e -2)/(k- 19) << z 
and for k —2 we get the bound 
> (z/n) (log z)P, D = 


1+(k—2)/(k-1)? 


On usin 


DIE the same argument as in (9), 


757. Actually, even the contribution for Pk 
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D(k) > 0 sufficiently large, is also seen to be negligible by the above | 


y 


argument, but it will be enough to have px < (2/2n)/4-1) in (11). We | 


obtain 
Y Pn) = X »» pı + 0(21+9), 
nss nSz: pip? py &z [py &(z/2n) (57D) py £...£Pk 


where O «1/2 if k=2 andfor k>2 we have 


l-e k-2 1 
oz O(k,&) = Kolone (ma)? < n | 


Moreover, the double sum above may be written as a multiple sum, so that 
in fact we have 


(12) 22 Pi(n) = O(a!+0)+ 


nsr 
2g 


NST p, X(z/2n)V(k-1) py <min(p, aire) 


P1- 


p2 €min(p;; apsmppn) Pi <min(p2r PITT n ) 


But the conditions pz < pa < ... < pk and p, < (z/2n)!/Ć6-D imply 


min (py zi——) i z 
'Skz254.-) = Pk... , MIN( p3 ——) = pa 
2k-2p,n i6 (ps 259 "8535 p3 


and finally one has 


EO E { Pr dp < (2/(p...pan))"”, Y 
| oS DE seen 1! Bz s (2 fps. - py) ^. i 


It follows that (12) becomes 


(14) 22 Pe(n) = 0(21+9)4 is 
NKI 
D 
t D 
2 D pe | ol 
SF pkS(z/2n)M(-1) py. «py 


TL ys DE pn. 


P3€PA P2€pa pi <min(p,, 


—*__ 


=z 
P2P3-..Pkn 
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Now from (14) it becomes fairly clear why (3) must hold. We have k 

tions over primes p;(1 € j < k), each of which accounts e NEU 
logz factor in the denominators in (3), on using (4) and (5). The d 
tion over n will "preserve" log-factors in view of (6), and the final ME 
of z in all the terms must be the same, and consequently it will be pis 
in view of (8) and (9). To elucidate this in more detail suppose now ie je 
(14) we ha ve px < (z/n)/*. Then in (13) we have the first case, ke ‘i 


P2P3 -- -Pk € pk < zjn. 


Therefore the corresponding portion of the multiple sum in (14) equals 


(15) 2, "Y D D 


MSZ py <(x/n)1/k Pk-1<Pk  p2<pa pı<m 


Nd 
E Dol XO EE +0) 


n&z* Pk € (z/n)M/* pk—1 px P2£P3 j=1 log 98 


E X Og egi 
Lm Gan = ( — HO (ket 
n€z* p, «(z/n)Mk j—1 log?+* ? pk Gog p? 


- DOE Eme (afar 


n<zt j=1 logitk-1(2/n) log thE; 
glti/k z1+1/k 
= 5k,1—— + Bin +... 
i log" z E 5? logt x ies 
141/k 1+1/k 
E Biva = 


log**N z p log ^H g^ 


eee By; are suitable constants (By > 0), and where (4) and (6) was 
ed. 


The Temaining portion of the multiple sum in (14), where now 
(z/n)'/* < py < (z/2n)// 69 


"S estimated in an analogous way, using (4)-(6). Consider the range py-1 < 

Pk and split it into the ranges p.—1 < (z/np,)/ -? and (z/np.)/ 6-9 < 

"hn S Pe If pea < (z/np;)!/-D, then. pz < (z/ps ---pxn)"^^, and we 
tain that the corresponding portion of the multiple sum equals 


2» 


SE (zn) PE py < (zf2n) 071) py. &(z/npx) (1) p-2XPk-1 
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TD Du 


p2£P3 P1£P2 
giti/k z1+1/k NG g!+1/k * g1+1/k 
= Cki + Cha Tt k,N+1)" REN . 1.4k+N+41_): 
k,1 log" E log**! T log T T log** ^ >) 


This processes is continued, and in the j-th step (2<j7<k-1) the range 
of summation for px-j+1 is split into 


z 1/(k—j+1) 


=== 
Beda (a 


and 
= yk 


-iH) : : 
SSS < Pk-j+1 S Pk—-j+2- 
NPkPk-1 «+» Pk 42 zs u 


portion yields analogously as before an expression of the type appearing on 
the right-hand side of (3). In the second range, we continue the process of 
splitting up the range of summation of the next variable. All the ensuing 
sums will be eventually of the same type, and the last one will be 


In the first range we have px_j € pp—j41,---,P2 X pa,pi € pz, and this 


SP (z/n)\/k «py «(z/2n) (4-1) (z/npy)M/(—1) «p, Spe 


Ds E Di 


(z/np3..px)Ž «p; <Sp3 P$ PAPIEREN 


SD De 27 x 


NET pk pk—i 
(z/nps...px) 5 <p <p3 


Nl eee 

xx mm 0000 ae 
é 2,2 ae Ol 
j=1 P2... pin log (555) Dj ...pzn? log" +2( = j) 


P2- Pkn 


This will eventually reduce again to an expression analogous to the one 01 


the right-hand side (3), since the terms coming from both limits of summa 
tion for p2,...,Pk-1 Will at the end give rise to the same type of terms 
Take, for example, the lower limits of summation. Using (5) it is seen that 


summation over pz > (z/np3...p,)l/2 (i.e. the lower limit) gives rise t° 
terms of the type 


3/2, —3/2,,-3/2 -3/2 1 —j— = 
ZB SPa Ee sD EROR ER AEO aeaa N 2); 


) 
| 


| 
f 


{ 


È 


Fin 
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and in general summation over Pm > (2/(mp,41...p))/(2< m < k—1) 
gives rise to terms of the type <m< 


gU EDU Spe D Ba 
R PROIE log-/-"+1(z(m+)/m a. ipp 


Finally summation over p, gives 


N+1 
(16) Z g/5, ons ( p» Dp j log! (s fn) + O(log-*-N-1 2) 
n&Ez* j=l ù H 
N41 Ei 
= g(kH1)/k( se Ekj log!-k-3 rd O(log-*-N-1 z)) n 
j=l Í 


with suitable constants Dy; and Ex,;j(Ex, > 0), since the upper limit of 
summation (z/2n)/*-!) for p, gives by (5) an expression absorbed in 
the error term in (3) and (16). Likewise the upper limits of summation for 
P2,P3,---,Pk—-1 will eventually yield again expression of the type (16), so in 
collecting all such expressions it is seen that (3) is established. The constants : 
Akili = 1,..., N) in (3) can be certainly written down explicitly in closed Eo 
form, although the above proof would lead to fairly cumbersome expressions a 
for these constants. It may be also remarked that our theorem gives easily 

the asymptotic formula. 


(17) 3 (B(n) - (n) - ...— Pk-i(n)) 


nsr 


N+1 
= zI H/E » ARE log! ~i- x + O(log-*-N=! z)), 

J=1 
a 2 2 and the hypotheses are the same as in (3). Here B(n) = 
d 3 the sum of all prime divisions of n. This formula, with the 
eil, Ad Side as in (1), was given by Alladi and Erdós [2]. One obtains 
Un) 1 U from (3) when one observes that the sum in ( 17) is empty for 
=> F 1, and that for T= A(n) > k one has 


(18) 


B(n)— Pi(n)-...— Pya(n) = Pe(n)+.--+ Pr(n) 


= Pi(n) +0(Pi41(n)log n), # 3 
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since trivially Q(n) << logn. Hence summing (18) with the aid of (3) we 
obtain (17). 

By the same method we sould evaluate asymptotically the sum 
Encel Pe (n))°, where c 20 isa fixed real number, and k>1 isa fixed 
integer. The result would be an expression similar to the right-hand side 
of (3), with z'*'/* replaced by glte* and A,; = Ax,j(c). The case 
c <0 requires new methods. For c — —1 ( sum of reciprocals, where 
n =1 is excluded from summation and n with Q(n) < k) this problem 
was solved in [5] and [6]. 


am 
ks“) 
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REZIME 
O k - TOM PROSTOM FAKTORU PRIRODNOG BROJA 


Neka je P(n) k-ti najveći prosti faktor prirodnog broja n 2 1 ako n ima bar 
k prostih faktora, a neka je P,(n) = 0 u suprotnom. Dobivena je asimptotska 
formula za sumu Be P,(n). 
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Abstract 


If f is à map from an Abelian lattice ordered group G, (endowed 
with a root function yz of order two) onto an Archimedean Abelian 
lattice ordered group G3 with f(0) = 0 and |f(z) — f(y)| depends 
functionally on |z — y|, then f is additive. 
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Key words and phrases: Abelian lattice ordered group, isometry, Archimedean 
order. 


Mazur and Ulam [7] have proved that every isometry of a normed real 
Vector space onto a normed vector space is linear up to translation. This 
Tesult was extended in many different directions. Vogt [12] has replaced 
‘Sometries by the more general maps with the property that the distance 


between image points depends functionally on the distance between domain 
Points. 


Swamy [10],11] has defined an isometry in an Abelian lattice ordered 
toup G as a bijection f : G — G with the property 


If(2)— f(y)| = lz -yl (z,y E G) 


oU bijectivity by Jakubik [10] under the name weak isometry). je 
*5 proved that every isometry on a lattice ordered group G is of the 


( 


O 
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form T(z)--a where a is a fixed element of G and T is an involutory isometric § 


group automorphism of G. 


We shall investigate, in this paper, maps from Abelian lattice ordered 
group Gi into an Archimedean Abelian lattice ordered group G2 which pre- 
serves the equlity of distance in the sense of autometrized spaces.We shall 
prove that the surjective distance preserving map f with f(0) = 0 is addi- 
tive. 


1. Let G be an Abelian group written additively with a neutral element 

0. G is an Abelian lattice order group if G is also a lattice under a partial 

ordered relation < with the property that a < b implies c + a € c + b for all 

c € G. A partially ordered group G is said to be Archimedean if a » 0 and 

b > 0 than na > b for a suitable n > 1, where na = a + +-- + a. We extract 
oS 


the following known result (see [2], footnote on page 12). 


Proposition 1. If G is an Archimedean Abelian lattice ordered group, then 
na <b(n=0,+1,+2,...) implies a = 0. 


Let Gt = {2:2 € Gr > 0}. The absolute |a| of an element a € G is 
defined by |a| = a\/(—a). It has the following properties: 


; (i) la] € G*, i.e. |a| > 0, for all a € G and the equality holds if and only 
if a = 0; 


(ii) |— a| = |a|; 
(ii) la +0] fa] + |; 
(iv) [na] = nja|. 


Remark. The propert 
erties (i), (ii) and (iv) 
Let Gi and G2 


y (iii) holds only for Abelian groups. The prop: 
hold also for the noncommutative case. 


be lattice ordered Abelian groups. 


Definition 1. A map f es Gb 
distance if there exists a function p : G 
from G 


f(0) = 0 preserves the equality of 
t — Gt such that for each z an y 


f(z) — ft) = p(la — yp. 
The function p is called the gauge function for f. 
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Theorem 1. Let G1 and G2 be Abelian lattice ordered 


from Gi into G2 with f(0) = 0 then the following state 
a) f preserves the equality of distance; 


b) whenever x,y, z and u are in Gy and |z — y| = |z — u|,then 
If(z) — F) = 1(2) - flu); 


If G1 = G2 then the above assertions are equivalent to the following one: 
c) there exists an integer n such that 


groups. If f isa map 
ments are equivalent: 


| f(z) - f(y)|=n|z—y| (z,y€Gi). 


Proof. a) implies b). Let z,y,z and u be from G, such that lz=gy| = |z- ul. 
Then we have 


If(z) — f()l = ple — yl) = p(lz — ul) = |f(z)— fu). 


b) implies a). We define p(z) — |f(z)| (z € GT). Then p is a gauge 
function for f. We have for any z,y € G; and z = |z — yl, 


|z — yl = 2 = |z| = |z- 0l. 


Therefore, by b) we obtain 


p(lz — yl) = »(z) = |f(2)| = |f(2)— f(y)|. 


Let Gi = Gp. a) implies c). Let d(z,y) = p(|z — yl). Then d(z,y) is a 
translation invariant map, i.e. d(a,b) = d(a + c,b + c) = d(c + a,c + b) and 
symmetric map, i.e.d(a,b) = d(b,a). Hence d is an intrinsic metric in the 
e of Holland [3]. By the corollary from [3], there exists an integer n such 
at 
p(|z — yl) = d(z, y) = nlz — yl- 

c) implies a). If a map f satisfies c) then a gauge function for f is p(z) = 
nz, (z € G1). 


Remark. By the preceding theorem the gauge function p for a map 
G — G which preserves the equality of distance has to be of the form 
TG) = nz, for an integer n. We shall call n|z — y| an intrinsic n- metric. 
SIN [1] and [2] has defined an n-isometry on a lattice ordered groun Sa 
unction from G onto G which preserves the intrinsic n-metric.l-isometries 
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are always n-isometries for every n. For Abelian lattice ordered group every } 
n-isometry is also an 1-isometry. 


2. Using the ideas from [1] and [12] we shall prove the following theorem, sit 


Theorem 2. Let G be an Archimedean Abelian lattice ordered group. Lei 
A be a bounded subset of G, i.e. there exists an element b from G such that Th 
|z| € b for all from A. Suppose there exists an element a € A, a surjective 
isometry (congruence in the sense of Swamy [10]) g: A — A and a natural 


number m such that for all z € A Ab 
(1) mla—z| < lg(2)— zi. 
Then, every surjective isometry h: A > A fizes a. Ho 


Proof. Since each isometry in an Abelian lattice ordered group G 
is an injection (2 # y implies |z — y| # 0, hence |f(x) — f(y)| £ 0 and Br 
so f(z) # f(y)) h-! and g-! exist. We have that h,g,h-! and g^! are no 
bijective isometries. Hence any finite composition of them is also a bijective 
isometry. We define a sequence {gn} of isometries on A in the following way: 


[2] 
91 — 9, 92 = hgih,..., gn = Gn—19n(Gn—1) ou 
We also define a seguence {an} from G in the following way: 
4% = 4,02 = h(a), "ty An+1 = 9n—1(Gn) (n 2 2). TI 
i ha; 
Starting from (1) we obtain, by induction, Br 
(2) mla — z| lg. (z) —z| (x € A). 
Taking z = a4, in (2), we have 
m|an41 — an| = mla, — anşı| < |gn(an+1) — an+1| = |4n+2 — Antil- 
Hence, by induction, we obtain anc 
A 
(3) m" |a» zi ai| < lan42 = Gn+1| (n € N). 
Since A is ordered bouned, we have for all n € N | 
i 
lan42 — an41| < lana] + lan41| < 2b. | T 
i 


Hence by (3), we obtain 


i 
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y (4) n|a? — a1| < m^|a2 — a1| € 2b for each n € N. 


Since G is an Archimedean lattice ordered! group, (4) implies by Propo- 
sition 1. Jaz — «1| = 0. Hence, 


a = a, = m = h(a). 


== 


This completes the proof. 


A function Yn : G — G is a root function of order n € NU (0) on an 
Abelian group G if 


(a) 1n(2 + y) = In(T) + Yn (9); 


(b) nyn(z) = z ( see [8] ); 
hold. 


Proposition 2. Let G be an Abelian lattice ordered group. Then, for each 
non-negative integer n there exists at most one root function yn on G. 


Proof. Since every lattice ordered group is isolated (see E in 5.1 from 
[2}) it is also torsion-free. Hence, for any n € N U {0} there exists at most 
one root function y, of order n. 


Now, we have the main result of this paper. 


Teorem 3. Let G1 and G2 be Abelian lattice ordered groups such that ( Gi 
18 a root function y2 ) G2 is Archimedean. Let f : Gy — G with f(0) = 0 be 
“Surjective map which preserves the equality of distance. Then, f is additive. 


Proof. Let x be an arbitrary but fixed element from Gi. We define 


A= {y :y € G2 and ly] = [2f (z) = yl £ 2| f(c)l} 
and g: A — A by g(y) = 2f(z) — y. It is obvious that g is an isometry from 
onto A. Taking a = f(x), we have 


2la — y| = 2| f(z) — yl = |(2F(z) - 9) — yl = leo) - tl- 


| | 
| o 9 satisfies condition (1) for m = 2 from Theorem 2. Since the set 
| Cunded , we can apply Theorem 2. Therefore, we obtain that every 


= CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri a= 


80 Endre P 
ap I 
surjective isometry of A fixes a. Now we can define an appropriate isometry ; 
h. Let u = f7'(2f(2)). We define h: A A by 
h(y) = f(u— f^! (y). 
Now, we can prove that h is well-defined. If f(z1) = f(z2) = y then we have 
\f(u— 21) — f(u — 22)| = »(I(u — 21) — (u — 22)|) = »(I2 — zul) = 
= |f(z2) - f(z1)] = ly - y| = 0. 
Hence f(u— 21) = f(u — 22). 
If f(z1) = yı and f(x2) = y2, then TC 
Ihly) — h(y2)] = |f(u— z1) — f(u — 22) = i 
P(\2 — s11) = |f(22)— f(z1)| = ly2 — il, 
i.e. h is an isometry. We shall prove that h is an isomerty from A 


into A. Namely, if yj € A and y; = f(z1), then 
BJ) — h(n)l = f(z) — f(u— 21) = [f(u) - f(u— 21) = 
P(les — 0) = [f(21) - f(0)] = lyn — 0| = | = I2/(2) - ml = 
I/(u) - f(z)| = p(lu— il) = p(|(u — 21) — 0) = 
| ISu = 21) = S(O) = a(n) = 0] = [Au ; R 
HSS F Since h is its own inverse, h is a surjective isometry from I 
Now, we shall prove the following eguality 


(5) f(22) = 2f(z) (z € G1). Since by Theorem 2 h fixes a and 


f(2) =a = h(a) = f(u- f(a) = f(u- f-1(f(z))) 
(we shall use also that u — f (2f(z)) we obtain 
I/(22) - 2f(2)| = |f(22) — f(u)| = p(I2z — ul) = EC 


p(lz — (u-2)) = If(x) — f(u = z)| = 0. 
Hence (5). 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


) Distance preserving maps ... $i 


/ ) We define for an arbitrary but fixed y € G, 
Fy(z) = f(z-- y) - f(y) (eG) 
: It is obvious that F,(0) = 0 and that F; is surjective. Since 
|Fy(21) — B(22)| = |f(21 + y) - f(z2 + y)| = 
p» (K(z1 y) — (z2 9) = (Iri — 221). 


F, preserves the equality of distance. By Proposition 2 there exists a 
root function y2 of order 2 on Gy. Hence, by (5) it holds that 


Fy(z) = 2F,(y2(z)) (z € G1). 
This equality implies that for any z and y from G it holds that 
f((z — y) + y) - fy) = K(z - y) -2/,(m(z- y)) = 
2[f(y2(z — v) +y) — f(y). 


Hence, 


f(z) + f(y) = 2f(yva(z + y)) = f(z +y). 
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REZIME 


PRESLIKAVANJA KOJA OCUVAVAJU RASTOJANJE NAD 
ABELOVIM MREZASTIM GRUPAMA | 
U radu je dokazano da je svako 
grupe Gy na Arhimedovsku k 
da | f(z) — f(y)| funkcionalno 


preslikavanje f sa komutativne mrežaste | 
omutativnu mrežastu grupu G2 sa osobinama | 
Zavisi od |z — y| i f(0) = 0 uvek aditivno- 
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Abstract 


f-manifolds have been studied by various authors including Blair 
D. [1], Endo H. [2], Yano K. [5] and the integrability conditions of this 
structure [6]. Singh K. and Srivastava R. in [4] prove a number of theo- 
rems involving the fundamental tensor for almost Hermitian manifolds 
with torsion and study a torsion preserving conformal diffeomorphism. 

The paper studies the conformal diffeomorphism between two Rie- 
| mannian f-manifolds and the Nijenhuis tensor on such manifolds. The 
| result is obtained: The structure f' on M'" is integrable iff and only 
| iff the structure f on M? is integrable, where M" and M'" are con- 
| formal diffeomorphically Riemannian f-manifolds with the structure 
i tensors f and f’, respectively. 
| oe Mathematics Subject Classification (1980): 53C10, 53C15, 53C40, 

20 

Key words and phrases: f—manifolds, conformal diffeomorphism, Ni- 
Jenhuis tensor. 


1. Introduction 


= M" be a C% real differentiable manifold, R(M") the ring of eae 
differentiable functions over M”, H( M”) the module of derivati 
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R(M?). Then H(M") is a Lie algebra over the real numbers and elements $ 2: 
of H(M?") are called vector fields. 


A C*? n— dimensional differentiable manifold is called an f —manifolq iff 


there exists a non-null tensor field f of type (1, 1), of constant rank r, r <n, Let 
such that f? + f = 0. The (1,1) tensor fields £ and m defined by 0, , 
asi 


t=-f?, m=1+f" 


are complementary projection operators, where / denotes the identity oper- = 
ator. It is easily seen that £ =f, m? =m, (m=mt=0, £--m- I. 2 € 
Let L and M be complementary distributions corresponding to £ and m 
respectively. Dim L = r, dim M = n — r. Then: 
tf=ft=f,  fmomf-0, E 
Vat ura om — mf? = 0. 
It can be seen from the above relations that f acts as an almost complex Me 
structure on L and as a null operator on M. L 
er 
An f—manifold M" always admits a positive definite Riemannian metric ma: 
g such that 
(1.1) X,Y) = g( fX, fY) + g(mX,Y). je 
The above metric satisfies the following relations: | s 
| 
g(mX,Y) = g(X, mY), g(X,mY) = g(mX,mY ), ] 35 
= 2 
s(fX,Y)= o(f?X, fY), g(X, FY) = g(fX, PY). 
Let V be the Riemannian connexion with respect to the metric g on M": 
Thus, i 
(1.2) X(g(Y, Z)) = 9(VxY, Z) + (Y, Vx Z) 
[X,Y] = VxY - vy x. 
Let M denote the Nijenhuis tensor of f ie. | 
(1.3) MACY) = (x,y) = E. 
, Whi 


-[fX.fY]- f[/X,Y] — fx, fy] 4 Pix; Y]. 
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2. Conformal diffeomorphism between 
two f—manifolds 


Let M? and M'" be two manifolds with structure tensors f and f'(f?+f = 
0, + = 0), and admitting the Riemannian metric g and g respectively 
as in (1.1). 


Let 6: M” > M” be a diffeomorphism. For X € H(M?"), let X’ = 


¢.X where ó. is the Jacobian map or the differential of ¢ [3]. Then, n. 
called a conformal diffeomorphism, if there exists some real valued function 
o € R(M?) such that 


g'(X',Y')oġ = e”g(X,Y); X,Y € H(M"). 4 
For a real valued function o, grado is defined by [4] in the following way i 
g(gradp, X) = X(o); X € H(M"). 
We shall be using the following Lemma [4]. 


Lemma 1. Let 6: M" > M'" be a conformal diffeomorphism on two C^? 
manifolds M" and M'" have V and V' as Riemannian connezions. Then 


(2.1) V'x:Y'! = (VxY + X(o)Y + Y(o)X — g(X, Y)grado}'. 
Let us assume that $ preserves the f-structure i.e. f'X' = (fX)'. 


Theorem 1. 


(VT) = (VX DO) +(fY)(o)Y - Y(o)(fX)+ 
+g(fX,Y)grada + g(X,Y)f grado). 


Proof. From (2.1), we have 
(VF) = V'x(£ Y?) - (VY) = 
= (Vx(fY) + X()fY + fY(o)X — (X, fY)grade] — 
? — f'((Vx¥) + X(o)¥ +Y (0)X — g(X,Y)grado) = : 
RUE Smo) Y (c)/ X + g(fX,Y)grado + (X, Y)fgrado) 


i 
ch Proves the theorem. O 
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Theorem 2. Let N and N' be Nijenhuis tensors, of f on M” and of f! on y 


M"" respectively. Then we have (3 
WY) =N(X,Y"). : 
Proof. From (1.3) and the previous theorem we have: 

[5 

NOV) = VX SYI- fix, YI Pu XY] + SLY) = 
- V'tixof Y) A (ve DE LV (FY) + LV gry) X'— [6 

-f'V'uixyY! 8 f'V'y( f X) e [g^ v'oY! - FOV X! = 

= (V raf) - (Pl pe) = PP) P"). RI 
= (Vx fY )+ fY(o)fX — Y(o)/^ X + (J^ X, Y grada anc 


+g9(fX,Y)fgrado — (V jy fX) - fX(o)/Y + X(o)f?Y — 
—g( f^ Y, X)grado — g(fY, X)/grade — f(Vx (Y) — fY(o)/ X4 
XY (a) f?X — g(f X, Y)/grado — g(X,Y )f?grado + (Vy f)(X)+ Vi 


+f{X(o)fY — X(c)f?Y + g(fY,X)fgrado + g(Y, X) f’ grado) = we 

= (N(X,Y))', stri 

which proves the theorem. O Rir 
The following result [6] is very well known. The structure f is integrable Ree 


iff and only iff [f, f] = 0. 


The consequence of Theorem 2 is the following theorem: 


Theorem 3. Let ġ : M" — M'” be a structure preserving a conformal 

diffeomorphism between two f— manifolds M" and M'". The structure if 
es ; 

on M" is integrable iff and only iff the structure f on M? is integrable. 
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REZIME 


KONFORMNO DIFEOMORENO PRESLIKAVANJE IZMEDJU 
DVE f—MNOGOSTRUKOSTI 


U radu je ispitivano konformno difeomorfno preslikavanje izmedju dve f—- 
mnogostrukosti i veza izmedju Nijenhuisovih tenzora takvih mnogostrukosti. 


Struktura f’ na mnogostrukosti M'" je integrabilna ako i samo ako je 
struktura f na M" integrabilna, gde su M”, M" konformno difeomorfne 
Rimanove f—mnogostrukosti sa tenzorima strukture f i f' respektivno. 
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Abstract 


In this paper a generalization of the common fixed point theorem 
from [2] is proved. 
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1. Introduction 


There are many fixed point theorems or common fixed point theorems in 
convex metric spaces ([1], [2], [3], [4], [7], (8). 


In [2] we proved the following common fixed point theorem. 


K a nonempty, 


Theorem ig space 
1. Let (M,d) be a complete, convex metric space, o that OK C 


Bur subset of M, f,S,T : K > M continuous mappings S 
NTK, f(K)n K C SK n TK and 


Tz € OK > f(z)e K; Sz € 0K > fre K. 
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If (f, S) and (f, T) are weakly commutative and there ezists a nonde. y A 

creasing function q : [0, o0) > [0, 1) such that Z 
d(fz, fy) < q(d(Sz,Ty))d(Sx,Ty), for every z,y € K 

then there exists z € K so that fo 


z= fzeé {Tz, Sz}. 


If S,T : M — M then there exists one and only one z € K such that ho 


= ja= "= 9 

In this paper we shall prove a generalization of Theorem 1 if S,T:M > 
m E 

The notion of a weakly commutative pair of mappings is introduced by An 
Sessa in [6] and the notion of a compatible pair of mappings by Jungck in [5]. a 
There are examples of compatible pairs which are not weakly commutative sp 
and weakly commutative pairs which are not commutative. 

The next definition is a slight modification of the J ungck definition. 
Definition 1. Let (M,d) be a metric space, A: D(A) > M,S : D(S) > su 
M, D(A) € M,D(S) C M. The pair (A, S) is said to be compatible if im 
for every sequence {tn}nen from D(A) N D(S) such that limp—co AZn = 
lim, co St, =t E M and Az, € D(S),Sz,, € D(A), for every n € N the 
relation | 

im d(ASz,,SAz,) = 0 
holds. 
. | ( 

2. A common fixed point theorem | 

The following fixed point theorem is a generalization of Theorem 1 if ST: 

M — M. L 
| et 
| | lim 


Theorem 2. Let (M,d) be a complete, conver metric space, K a nonemP 2 | Way 

closed subset of M,S,T H M — M continuous mappings so that OF F 

SK ATK, for everyi € N, A: K> M continuous mappings such e | 
H 
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AKnK € SKOTK, (Ai, $) and (Ai,T) compatible 
a nondecreasing function q : [0, oo) > (0,1) such that 
d(Aiz, Ajy) < q(d(Sz,Ty))d(Sz,Ty), 
for every i # j(i,j € N) and every z,y € K. 
If for every i € N and z € K the implications 


pairs and there ezists 


Tz € K >A ZEK; Sz E€ ÔK > Aize K 
hold, then there ezists z € K such that 


z = Tz = §z = Ajz, for every i€ N. 


Proof . Let z € OK and po € K so that z = Tpo. Then for every 
1 € N, Aipo € K and so A1po € SK which implies that there exists p; € K 
such that Sp, = Aipo E K. Let p, = Aipo, ph = Apr. If p, € K then there 
exists p; € K so that Tp; = Azp; and if p? ¢ K, since M is a convex metric 
space, there exists p? € K such that Tp € OK and 


d(Spi, Tp?) + d(Tpa, Azp1) = d(Spi, Aoi). 


If we continue this process we obtain sequences {Pn}nen and {Pn}nEN 
such. that for every n € N, p, € K, p, + = AntiPn and the following 
Implications hold: 


(i) Pon EK > phn = Epon, 
Pon  K > Tyo, € OK and 


d(Span—1,T Pon) + d(T pon, A2nPan-1) = 


= d(Sp2n-1 : A2nP2n-1) 
Gi 


Poni cU pens 
anti z P2n+1 = 2DP2n+1, 
Ponti E K > SP2n+1 € OK and 


d(T Pan, SP2n+1) + d(SP2n+1, A2n+1P2n) = ATP, A2n+1P2n)- 


Let 2 
i. Prove that there exists z € K such that z = lima—o TP2n 


m i : 
E SP2n+1. The sets Po, P1,Qo,Q1 will be defined in the following 


Po = (PniPin = TPan, n € NJ; 
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P, = {Pen} Pon # TP2n, n € N}, 
Qo = (P2n+15P2n+1 = Spinn, n E N}, 
Qi = {Pon+1; Pont # SPanti, ^ € Nj. 


It is easy to see that we have the following possibilities: 
(P2n,P2n+1) € Fo X Qo; (Pens Ponti) € Po X Q1; 


(pons Ponti) € Pi X Qo. 


a) (P2n,P2n+1) € Po X Qo. 
Then 
d(T Pon, Sp2n41) = d(A2nP2n-1, Aon+1P2n) < 


< qld(Sp2n-1,TP2n)|d(Sp2an-1,TP2n). i 


b) (P2n>P2n+1) € Po x Qi. 
Then 


d(T pony $P2n+1) = d(T pan, Aont1P2n) — d(SPon+1, A2n+1P2n) 


< d(T pon, A2n+1P2n) = d(A2nP2n-1, A2n+1P2n) < 
< gld(Sp2n—1, TP2n)Jd(SP2n—1, TP2n)- 


C) (Pan, P2n41) € P1 X Qo. 
Then 


d(T pan, SP2n+1) < d(Tp2,, A2nP2n-1) + d(A2nP2n-1 , SP2n+1) 


= d(T Pon, A2nP2n-1) + d Aonpani, A2n+1P2n) < 
< d(Tpos, Aon pon 1) + g|d(S 72515 Pan.) d(S P215 T Pan) 
S d(Sp», 1, T Pon) + d(T Pon, Aonpan-1) = 
= d(Spon—1, Ao pas 1). 


Since P2n € Pi implies that pj, , € Qo we have that Sp2n-1 = Aan- 1217 
and so 


d(T Pon, Sposi) S d(Spos 1, A2nP2n-1) = 
= d(Azn-1Pn-2, ArnPon—1) < g(d(TPan—2, Span.-1)]- 
-d(T'Pan-2,; S p2n1)- | 
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y It can be proved similarly that the following implications hold: 
(p2n-1; Pon) € Qo x Po > d(SP2n-1,TP2n) < 


< gdld(TP2n—2, Spas 1)]-d(T pas, Sp2s 1); 
(P2n—1,P2n) € Q1 X Po > d(Spos 1, T pon) < 
q[d(T pas —2, SP2n—3))d(T pos. —2, $P2n—3); 
(P2n—1>P2n) € Qo X P1 > d(Spy, 1, T pon) < 
< q[d(Tp2n—2, Spas 1) d(T pon -2, SPan-1). 


It is easy to prove that 
(1) d(T pas , Span41) < [a(6)] 1.6, 


(2) d(SP2n+1, TP2n+2)<ld(6)]"6, 
where ô = max(d(T'p2, Sp3), d(Tp2, $pi)). 


Since q(6) < 1, (1) and (2) imply that sequences (Tp2n),eN and 
P2n+1JneN are Cauchy sequences in K. Since M is complete there exists 
ZE K so that z=1im,_ Tp2n = lim, , oo $P2n+1- Further, there exists at 
least one subsequence {T Pan, )keN or {$Pam,+1}keN such that for every k € 
N, Pon, € Po or Pom,+1 € Qo. Hence, let us suppose that pon, € Po, KEN. 
From the definition of the set Py it follows that T Pon, = A2n,P2n,-1» kEN. 


We shall prove that for every m € N 
(3) d(z, Amz) < q(L)d(z, Tz). 


fon a positive number L. Since limg+sco d(SP2n,-1 T7) = d(z,Tz), there 
exists L > 0 such that 


d(Spon,-1,1 2) < L, k € N. 


Since Tp, = Ázn,P2n,-1, k € N we have for 2n; LUE 


Tz)]x 


d(T pon, , Amz) = d( Aon, P2n,—-1) Am2) £ gld(5P2n,-1> 


| Xd(Spas, 1, Tz) € q( L)d(Span, 1; T2)- 
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When k > oo we obtain that (3) holds. We shall prove that lim,_,,, Aman, = y 
z. Suppose that 2nx # m. i R 
Then 

d( Aman,» T Ponp) = d(AmP2nx, A2n,P2N}-1) < | [ 


< q(L')d(T pon, , SP2ny,-1 ) 


where d(TP2n,,SP2n,-1) € L', k € N. Hence limes d( Ampan, , T pas, ) = [ 
which implies that limz, c9 AmP2n, = Z. Since Tp, € K and T: M > 

M from the relation limpoo d(AmP2ny»TP2ny) = 0 it follows, using the 
compatibility of A,, and T, that 


dim, d(T(AmP2n,), Am(T pon, )) = 0. 


This implies that Tz = Amz, for every m € N since T and Am are continu- 
ous. From (3) we obtain that d(z, Amz) < q(L)d(z, Amz), for every m € N 
and since q(L) < 1 we have that z = Amz. It remains to be proved that | 

z = $2. Suppose that s £ m. Then we have for every k € N that — [ 


M 
MESSA 


d(Asp2n,—1; AmP2n,) € q(L')d(Spaos, 1, T Pon, ) 


and since lim, ,,5 d(Span,-1, Tp24,) = 0 we obtain that limg o5 Aspan,-17 [í 
z, for every s € N. We shall prove that lim. s AmSP2n,-1 = $2. Since 
(Am, S) are compatible and limpo SP2n,-1 = limk— oo AmPan,-1 = 2 tt [ 
follows that 

jim d(Am $p25, 51, An pon, 1) = 0. 


Since $ is continuous and limg_,,, AmP2n,-1 = z we obtain that 


limk—oo Am5P2n,-1 = Sz. Further, we have that for m £ s and every k EN 
dA Pon, Am Spon, -1) < g(L")d(T pos, , SSP2n,—1)) E 


which implies, when k — oo that d(z, $2) < q(L")d(z, Sz). Here L” is such 


that d(T Pons, S(Spos, 1)) < L” for every k mee Tit follows 
(hat = and NE: ery k € N. Sinceq(D") < li 


z = Tz = $z = Anz, for every m € N. 
If z is in K then it is enough to su 
the relations lim;_,, A 


ppose that T, S : K — M since from | 


: mP2n,-1 = limk% A = z it follows that the? | 
exists ko € IN such that RP 


| 

| 

AmP2n-1 € K, Ampa, € K, k> ko | 

and every m € N. | 
k 
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REZIME 


'| TEOREMA O ZAJEDNIČKOJ NEPOKRETNOJ TAČKI ZA 
| FAMILIJU PRESLIKAVANJA U KONVEKSNIM METRICKIM 
PROSTORIMA 


|. 
I 
| 
| U ovom radu dokazano je uopštenje teoreme o zajedničkoj nepokretnoj tački 
) 1z rada [2]. 


R . 
“Cetved by the editors August 15, 1990. 
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! Abstract 


In this paper a probabilistic generalization of Góhde's result from 
[2] is proved. 
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1. Introduction 


The notion of a random normed space was introduced by A.N.Sherstnev 
[7] and many fixed point theorems in random normed spaces are obtained 
([3], [4], [5]). The aim of this paper is to prove a generalization of the well 

nown result of Góhde about the existence of a fixed point of a nonexpansive 
Mapping in Banach spaces which has a compact iterate. 


2. Preliminaries 


L et A denote the set of all distribution functions F such that P (0)=0 E 

i * nondecreasing, left continuous mapping from the set of real numbers 

nto [0,1] so that Sup,em F(z) = 1). 

a A random normed space (S,F,t) is an ordered triple 
complex vector space, t is a T-norm which is stronger 
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tm(t > tm and tm(a,b) = max{a +b — 1,0)) and the mapping F : g _, A 
satisfies the following conditions, where ; 


0, z«0 
o) = 1, z>0 


a) F, = H & p = 6(0 is the neutral element of 5), ; 
[ 
b) For every p € S, every u > 0 and every r € K\{0} (K is the scala 
field): F,p(u) = FF): i 
c) For every (p,q) € S x S and every (u,v) € (0,00) x (0,00) 5 
Fp-g(u + v) > t(Fy(u), Fo(v)). 
If the T-norm t is continuous then S is a topological vector space with the, 
fundamental system of neighbourhoods of zero given by | 
U(e,A) = (u;u € S, Fu(e) > 1— A}. * 
c 
If (5, F,t) is a random normed space and A a nonempty subset of 5 
the probabilistic diameter of A is the function Dal.) : [0, 00) — [0,1] given 
by [1] E 
= 9 t 
Dalu) = sup inf. Fya(s), u € [0,09) | 
A set AC Sis probabilistic bounded if and only if SUP. e[0,o) Da(u) =! I 


In [1] and [8] the notions of the Kuratowski and the Hausdorff functions 0! " 
noncompactness are given. ' 


Definition 1. Let A be a probabilistic bounded subset of S. The Kuratouski 
Junction of noncompactness aa(.) : [0, 00) > [0,1] is given by 
aa(u) = sup(s | s > 0, there is a finite family A;(j € J) such that A= 


1 UjejA; and DA;(u) > s, for every j € J},u € [0, 00). D 
The Kuratowski function has the following properties: : 

1) a4 € A, 
2) a4(u) > Da(u), for every u € [0, oo), | à 


3 02ACBcS5>a,(u)> aB(U), for every u € [0, 00), 
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3) us (u) = mirifea(u), ag(u)), for every u € 0,05) 
5) aa(u) = ag(u), for every u € (0, co), where A is the closure of A, 


6) aa = H => A is precompact . 


Definition 2. Let A be a probabilistic bounded subset of S. The Hausdorff 
function of noncompactness Ba(.) : [0,00) — [0,1] is given by 


_ Balu) = sup{r | r > 0, there ezists a finite subset Ay of S such that 
FAA, (u) > r} where for every two probabilistic bounded subsets A and B of 


F = sup inf sup F, 
A,B(u) DI (s), u € [0,09)). 
The function 4 has properties 1) - 6) (in which A stands instead of a). 


Let (S, F,t) be a random normed space, K a probabilistic bounded sub- 
set of Sand T : K — S. If T(K) is probabilistic bounded subset of S and 
for every B C K the following implication holds: 


YT(B)(U) € 18(u), for every u>0=> B is precompact 


where y4(.) € {a4(.), Ba(.)}, we say that the mapping T is y densifying on 
the set K. 


Definition 3. Let X bea topological space, F : X > X and M a nonempty 
subset of X. The set M is said to be an attractor for F if for every z € X 


Unen F^(z) n M #9. 


3. A fixed point theorem 


D.Géhde proved in [2] that every nonexpansive mapping TK Xa 
; is a Banach space, with the property that 770(X) is compact for some 
VE N, has at least one fixed point. ; 


eae next theorem is a probabilistic generalization of G 
"nor el (S, F,t) be a complete random normed space wi 
_, "+4 a nonempty, conver and probabilistic bounded 
“AA so that the following conditions are satisfied: 


Gohde’s. The- 
th a continuous 
subset of S and 
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(i) For every z,y € A and every s € Rt =[0,00) | 


Fre-Ty(8) 2 F,-y(8). 


(ii) There exists an attractor M CA for the mapping T and the mapping W 
T is densifying on M in respect to y where 4(.) € {a(.), B(.)}. Then there 
exists x € A so that z = Tz. Proof. Let zo € A and kn € (0,1)(n € N) 
so that lim, 44, kn = 1. For every n € N and every z € A, let T,z = 
k,Tz +(1—k,)zo. Then T,z € A and 


Fr, zT (Ens) = Fk, Tz-k, Ty (En) = L 


= Fre-Ty(5) > Fr-y(s) 
for every n € N, every z,y € A and every s € R+. From [4] it follows that | T 
there exists z, € A so that £n = T,2,, for every n € N. 
Further 


Ezn-Tzn (S) = Fk Trn+(1-kn)zo-Ten($) E 


S 
= F(ka—1)(Ten—zo)(s) = Fran-s 4): 


Since A is probabilistic bounded it follows that for every se Rt 
(a) lim Fe, cre (s) = 1. i 
Since M is an attractor for T, it follows that for every n € N there exists th 
Yn E M so that (4 
f (2) Yn € UmeNT™ Zn. al 
Let us prove that lim, ,,, Fy,-Ty,(8) = 1, for every s € Rt. Let 7 & (5 
| (0,1) and s > 0. We shall prove that there exists n(s,r) € N so that m 
i every n > n(s,1): Fyn—Ty,(s) > 1— r. Since the mapping t is continuous = 
1 there exists u € (0,1) so that: 
(6 
122,y,2>u= t(2,t(y,z)) > 1— r. T] 
N [ he 
i Further, from (2) we conclude that for every n € N there exists mn EE] ud 
1 such that | 
i | (? 


Fyq—Tmnz9(5) > u. 
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Since for every (n,k) EN xN: 

Frrz,,-Tk+12, (8) > Fe,-Tz,(3) 

we have that: n 
Fy,-Tyn($) 2 t(F, n-Tmnzn(7), 

E s 3 

t( Tonzs- Ton Has (5), Frrsiz,-19.(3))) 

s s | 

Ž U Fyn-T"rzn(7), UFzn-Tzn(7) Frrs zs ys ()))- | 
Let n(s,r) € N be such that for every n S n(s,r) ki 
Ü 


S 
Fz,-T2.(4) >u. 


The existence of such a number n(s,r) follows from (1) . 


Then for every n > n(s,r), Fy,—Ty,(s) > 1 — r which implies that 


lim, Fy, -Ty (5) =1. 


We shall prove that the set {yn | n € N} is compact. Since the mapping 
T is densifying on M in respect to y is it enough to prove that for every 
uc R* 
© "Yrs Ine) (Y) = MynlneN) (U): 


T First, we shall suppose that y = f. In order to prove (3) we shall prove 
at 


2 BtyneN} (u) € Brt{ynineNy](%), for every u € R* 
and 
9 Dr lneN))(u) € Bty,|neN}(u), for every u € R+. 

Since the function £ is left continuous we shall prove that for every u > 0 
and every s € (0, u) 


(6) 


Then from 
ence We s 


Beyjeeny(u — s) € Berge) (9)- 
(6) we obtain (4). If Bty.|keN}(U — s) = 0 then (6) a te 
hall suppose that Bty.|keN}(U — s) » 0. In order to prove ( 
Prove the implication 


(7 a 
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\ 
From the inequality r < Bty,|keN}(U — s) and the definition of the function | 
B it follows that there exists a finite subset Ay of S such that | 


FtyalneN},a; (U = s) 24 


So, for every n € N there exists z(n) € Ay such that Fy, ;(,)(u — s) > r. We 
shall prove that for every 4; € (0,7) 


(8) Pty IkeN) (v) 2 7 — à. 


Since (1,7) = r from the continuity of the mapping t it follows that | 
there exists 62 € (0,1) so that 


1>h>1-6 => t(h,r) » r ôi. | 


From the relation limn—oo Fy,-Tyn($) = 1, for every s > 0 it follows that | 
there exists n(s,62) € IN such that Fy,-Ty (5) > 1—62 for every k > n(s, 6) 
and so 


S S 
Fryra) lt -= 5) 2 (Fryzur (5), Fyr-z() (u = s)) 2 


s 
2 UFry-u(7),7) >r-— ô. 


Since fry ken} (u) = Dry, es n (5,65) (2) we obtain (8) and so the inequality 
T < Airy, ken} (u) holds. Similarly we can prove that 


BruxlkeN)(1) Ž B{Ty.|keN}(u) 
and so 

P{yxlkeN}(u) = B{Ty,|keN}(u) 
for every u € R. Since T is densifyng on M in respect to B we conclude 
that the set (yk | k € N} is compact. Suppose that y = a and prove Ha 
for every u € R and s € (0, u) | 


| 


(9) X{yxlkeN}(u — 5) € atry keny (u). 


| 
| 
Let 0 < T < e(y,jeN)(u — s). We shall prove that for every 61 € (07 | 


(10) r—Ó < A{1y|keN}(u) 
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Using the definition of the function a we obtain that there exists a finite 
family (Yi Yos Yn} (Vi CS, iE (152592) such that (yi Ike N) = 
ut, Y; where 


(11) Dy,(u — s) > r, for every i € {1,2,...,n}, 


This implies that for every z,y € Yi, Fr-y(u — s) > r. Let ô € (0, r). 
Further, let 52 € (0,1) be such a number that the following implication 
holds: 

1 >v,w > 1— 62> t(v,i(r,w)) > r— ô. 
Since t(1,t(r,1)) = r such an element 62 exists. 


Let, for every j € (1,2,...,n), Zj be a subset of S which is defined by 


Zi (2120619) E. zada for some y € Y;). 


If n(s,62) € N is such that for every k > n(s, 62) 
E 
Fy-T4(1) > 1-6 


then 
{Typ | k > n(s,62)) C Ujz1Z;- 
It can be proved that Dz;(u) > r — ô for every je {1,2,... n) and so 


O Cry [c n(s,62) (4) = G (Ty, ke N) (9) ZU 


This proves (9) and so aq e) (v) < aru. ieen) (9); for every u € R- 


Similarly we can prove that " 


Cy, |eeN) (t) £ Ofy,|keN} (U) 


and so %(yxIkeN)(u) < Q(Ty,|keN)(U)> for every u € R. 


TON 
at the set {yn | ^ € N} 


Since the mapping T is y densifying on M it follows th: ESL bs 


"Se It limk soo Yn, = y then from limn—oo Yn — 

= y since the mapping T is continuous. 

E Tollary Let (S, F,t) i NC ctr random normed ee = 

de T-norm t,A a nonempty, closed, convez and probabit e 
set of S and T a probabilistic nonezpansive mapping of A m 2d act ai | 

"m Theorem holds). If there exists no € N such that T™(A) is E 
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then there exists x € A such that z = Tz. 
Proof. We shall prove that all the conditions of the Theorem are satisfied 
where M = Tro-1(A). It is obvious that M is an attractor for T. Sup ! 


aos pose 
that B is an arbitrary subset from the set T"o-!(4) such that 


*r(By(v) < YB(u), for every wu > 0. 


From the continuity of the mapping T' it follows that T(B) C T(T™(A) 
and so 
l= Iram”) < Yr(a)(u) < yglu), for every u > 0. | R 


This means that yg = H which implies that B is precompact and hence T 
is y— densifying on M. 
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Abstract 


Let f(r) be continuous for r > 0; we consider the existence and 

asymptotic behavior for z — oo of nonoscillatory solutions of the egua- 
tion 
(0.1) y" + f(z)y = 0. 
In our analysis there are neither hypotheses concerning the sign of the 
function f(z) nor hypotheses concerning the absolute integrability of 
F(z) over (a, co). First we prove a sufficient condition for the existence 
of nonoscillatory solutions of (1.1) and then obtain asymptotic formu- 
lae for such solutions. 


AMS Mathematics Subject Classification (1980): 34C15 — 
Key words and phrases: Asymptotics, nonoscillatory solutions, 
ential equations. 


differ- 
1. Introduction 


i lt similar to the ones presented here are given by A. R. Its 1 = byt. 
: ony [2]. Both Its and Mahony consider the asymptotic behavior ea 
"Ty solutions of (0.1) as well as the asymptotic behavior of nonosci! 
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solutions. Its assumes 
f(a) = 2° P(a!**) + e27, 
where P is a smooth, periodic function of period 1 such that 
1 
f P(t)dt = 0, 
0 


with a, B, and c real numbers, and with 


B=a—1and [ oan tP(t)dt)?dz < (c+ 1/4)(1 + ay.. 


Mahony sketches at the end of his paper how his results for the interesting 
case where f(x) = sin(az)/z can be extended to cover the cases in which 


f(z) = sin(az)/z + u bor 
2 


and in which 
f(x) = »(z)/z, 
where p is a periodic function of period T, again of zero mean. 


Our results neither contain nor are contained in the result of Its and 
Mahony. In particular the condition in both Its and Mahony concerning the 
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} 


zero mean of a periodic part of the coefficient function f is not needed in | 


our reasonings. 


Regarding the existence of nonoscillatory solutions, we refer to Willett’ 
paper, [3], where sufficient conditions are obtained for this. We are primarily 


interested in asymptotics and our conditions imply results pertinent to that | 


end. Note also the conditions in our nonoscillation theorem are simple 2? 
easy to verify. 


We use successive approximations in our proofs. Note we are only CO" | 


cerned with one solution of equation (0.1) and the construction of a seco" 
linearly independent solution follows by usual Wronskian techniques- 


2. Results 


First we prove existence of nonoscillatory solutions for equation (0.1). 
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Theorem 1. Let a 
(21) iz) = |" fadt 


and let there ezist a positive continuous function g, and an Fg > Mene 
that g(x) > 0 as z — oo, while 


(2.2) |h(z)| € g(x), z> zo, 
and As 
(2.3) / g'(t)dt < eg(z), z 2 zo, 


with c a constant such that 
(2.4) 0 « c « 1/4. 
Then the equation (0.1) has nonoscillatory solutions for z > zo. 


Proof. We prove first that the integral equation 


(2.5) u(x) = — n 7 (u(t) — h(1))2dt 
has a solution z(z) such that 
(2.6) 


z(z)- O(g(z)), z—> oo. 
We shall use this z to construct nonoscillatory solutions of (0.1). Introduce 


à sequence {z,(x)}, defined for z > To, as 


2 co 
(2.7) zo(z) = 0, 2n(z) = - / (h(t) — za—1(t))2dt, n5 1,2,... . 
Hie we show that 
8 
Pole wor eto 


Obvi ` E 
and on Inequality (2.8) is valid for n = 1 since, by use of hypotheses (2.2) 


lz S S 
(= | (vas [^ eat cole), 22 zo 
If we sup x = 


We have Pose that (2.8) holds for n = k then, applying (2.2), (2.3) and (2.4), 


Hs ("cL MODA < ebay [7 Od < tegle) 
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for z > Zo. Hence, by induction, (2.8) holds for all integers n > 0. | fc 
Next we prove that (zn(2)) is a uniformly convergent sequence of con. | u 
tinuous functions. Continuity follows from the definition of z,(x) and the | 
continuity of h(z). In order to show the convergence, we prove the inequality | 
| al 
(4e)"t! te 
(2.9) \zn41(t) — 2n(z)| < 4 (is) Wai atu orem 
b 
for z > zo. By (2.2), (2.3) and the definition of zo(z), inequality (2.9) i (2 
valid for n = 0. Assume, for z > zo, that (2.9) holds for n = k — 1, so | p 
4c)* 
(2.10) |zk(z) = 2k-1(2)| < ( 2 g(z); > 
0 


then one gets from (2 
l(a) = (1 S f las) = ze COKE COL Li COLE KODE | w 


and use of (2.2), (2.3), (2.4), (2.8) and (2.10), that 


| 
oo (4c k 4c k+1 
Plo) -a)l < [^ EL (ge + meto < FO alo) : 
for z 2 zo, which proves (2.9) for all integers n 2 0. Since ti 
n 
| (2.11) Zn+1(T) = DERO — 2k(z)), | T 
I k=0 

2 
we conclude from (2.9) that {zn(x)} converges uniformly on (zo, ©) and U ( 
function | w 
(212) z(a) din se) E 
is continuous. Also, from (2.9) and (2.11) there follows, for z > Zo, | an 

[ 

n | 
(2.13) OE yon < 6 y, (2 

FAUTA 2 gael) | 
I th, 
The appraisal of (2.6) now follows at once. (2 
: J 

We are left with the proof that 2(z) is a solution of (2.5). Since, by? 

and (2.8), uA 


| (zs (2) — h(z))? < (4e + 1! (z) 
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for £ > T0, and the integral on the left side of (2.3) is convergent, we get 


g the Lebesgue dominated convergence theorem, : 


usin 
n. a S = 
u Jim, [ea - hat = [G0 - moa, 
y | andit follows that z(z) is a solution of equation (2.5). 


Finally, to construct a solution of (0.1), we introduce the function E(x) 


| b 
is; — (214) €(z)/£(z) = h(x) — z(z), £> zo. 


Dy a straightforward calculation we show that £(z) satisfies the equation 
&(z) + (2(2) — (2(z) — A(z)? — h'(x))£(z) = 0 : 

| forz 2 zo. Noting that z(z) is a solution of equation (2.5) and that, by 

| (20), 

hi(x) = — f(z), 

n| we conclude that ć(x) is a solution of (0.1). If we integrate (2.14) over (a, z), 

with a > zo, we obtain a solution of (0.1) given by 


(2.15) E(x) = £p exp{ / "(h(t) — z(1))dt), 


Which is obviously a nonoscillatory one. This proves Theorem 1. 


ti Now we give à theorem concerning the asymptotic behavior of the solu- 
lon of (0.1) iust constructed. 


Theorem 2. Let the functions h and g be as defined as in Theorem 1. If 
the | (216) a g'(t)dt < c(z)g(r), z > zo, 

| arh € is a monotonely decreasing functions such that 

| 0 < e(z) € z < 1/4, 


| andi ; 
| f, for some positive integer n, 


I (2.18) oo 
| I c"(z)g(z)dz < oo, 


then th r 
n € solution (2.15) of (0.1) satisfies the asymptotic equality 
19) x 
y(z)~ Aexy( f (A(t) — zn-1(t))dt), z — oo, 
Where 4 — a 


~ Constant and the z, are defined by (2.7). 
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n 
Proof. Notice that all hypotheses of Theorem 1 hold. For the Sequengy i 
Zn(2) put ži j| T 
(2.20) ra(z) = X (2) — Zk-1(2)). 
k=n 
For the function z defined by (2.12) we have gr 
(2.21) z(z) = 2,-1(2) + rn(2). a 
In the same manner as in the proof of inequality (2.9) it can be shown (by 
use of the fact the c is monotonely decreasing) that " 
4c(z))* WE 
Q2) Tale) zala) <A g(a), k=12,..., 
for z > zo. Now, from (2.17), (2.20) and (2.22), there follows Si 
TOR eee), = | 
2.23)\Tn <== 4 = — < ib SED | 
29) s SE S (tele) = ese) S Poz (SE), 
But condition (2.18) shows that the integral : 
J Tn(z)dz 
converges absolutely and, by (2.15) and (2.21), we obtain the asymptotit i 
behavior given by (2.19). | | 
3. Examples | 
Example 1 Let | 
jej Lie ae |t 
Tn " 
We shall treat two cases and obtain asymptotic formulae which hold | 
ES = R Te the first case Suppose a £ 0 while b is an arbitrary consta? | 
9, e T, | 
a | 
h(x) = = a In-? 2 + O(zl-^ In- 8-1 z), an 
for a > 1 and ĝ arbitrary. For any fixed € > 0 we take d 
= —— gpl-eln-2 
g(2) a—1 T aln ms 
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a Thus, for large 7 , 


a| + c du 
[ 9027 a pr mota 


Ifa > 2, assumptions (2.3) and (2.4) hold, for any a,b and f. Moreover, 
since there exists a constant M > 0 such that the function 


e(z) = Mz?-*ln-Pz 


fulfills the conditions of Theorem 2, (with (2.18) being satisfied for n = 1), 
we conclude 


SEIS Aexp( |" h(t)dt). 
Since 


oo 
ih h(z)dz < oo, 


the solution tends to a nonzero constant. 
Ifa = 2 and B > 0 then we take c(z) = M In-? z and note 


/ c"(z)g(z)dz = ir O(z-!'ln-(7+08 2)dz 


ot converges for sufficiently large n. If 6 > 1/2 we take n = 1 in (2.18) and get 
| the following results: 


ifB>1, y~ constant ; 


ifB=1, y~ A(inz)’; 


2 In'=8 z). | 


| cem] 
| ifo «8 «1, ye Aexp( 


m 
If 1 

i B<B< 1/2 condition (2.18) is fulfilled for n = 2 and one gets, 
fo 

f . 
ant | if 8 = 1/2, y~ Aexp(2aln'? z)(lnz)""; 

| MESAM Dni tA d inig 

| 2, y ~ Aexp( In -Pz)exp(7 55127 2) 


and SO on: 
n; the asy mptotic behavior can be obtained for any positive A. 


a = 
and we = DE = 0 the conditions of Theorem 1 are fulfilled for |a| < 1/4 
cannot fin ethe existence of nonoscillatory solutions of our equations, but we 
à function e(z) satisfying condition (2-18) of Theorem 2. Thus 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri = 


— — ns 


114 H. Howard, V. Marić, Z. Radoši, A 
| As 
in this case we are not able to obtain the asymptotic behavior of Solutions } 
This ends our discussion of the first case. | 
For the second case suppose a = 0. Now we have, for large x | 
h(x) = br (In-?z) cos x + O(z-?-1n"? 2), | No 
g(x) = (|b| + )2 2 In"? z, | 
= i | 
| g^(t)dt = (lèl + €) y1-2a In" ?8 rl Q(z1-22]p- 25-1 z), | By 
^ 2a —1 | 
e(z) = Mzl-? 1n"? z. | 
| 
If a > 1, the conditions of Theorem 2 hold for any 6, and if we take | the 
n = 1 in (2.18) it is easily seen that the solution tends to a nonzero constant ) 
as z > co. If a = 1 and f > 1/2, the situation is the same. If a = 1 and | 
B = 1/2, take n = 2 in (2.18) and get | wil 
y ~ A(Inc)”/2, 
wh 
If a = 1 and 1/3 < f < 1/2 take n = 2 in (2.18) and get 
p | Th 
yr A exp — — — mnr : | ha 
GG p" 28) | ani 


if a = 1 and 1/4 < 8 < 1/2, take n 2 3 in (2.18) and get 


| 
R 
y ~ Aexp(b? 1n!/? z)(In a) A, 
| 
If œ = 1 and 1/5 < 8 < 1/4 take n = 4 in (2.18) and get | 
2 


b 
y Ael =p) In}-26 2) exp( 


Bebi a z). 
i —4p) 


^ 
If o = 1 and 1/6 < 8 < 1/5, thte behavior is the same as above, alioi | i 
one has to take n = 5 \ 


Ifa = 1 and f = 0 our method gives us only the existence of nonoscl 
tory solutions (and not the asymptotic behavior) for |b| < 1/4. Hower”) [ 
is shown by Its that in this case solutions are nonoscillatory for |b| < 1/ 


and the asymptotic behavior is also determined. 
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A ymptotics of nonoscillatory solutions... 
5 
Ezample 2 Let 
f(x) = az? cos(e**), a3 0,8» 0. 


Notice that, if a 2 0, 


sup f(z) = — inf f(z) = oo. 


r2ro 


By partial integration we get 


h(z) — diee sin(e^7) — NC — ft? e^? sin(e"7)dt; 


there exists positive constants Mi, M2 such that 
g(z)= Mi 1%e P7 
with 
SA 
J Pdt < e(2)g(2), 
r 


where 
c(z) = Maz^e- P", 


115 


Therefore, Theorem 2 holds (take n — 1 in (2.18)) and it follows that (0.1) 
has a nonoscillatory solution which tends to a nonzero constant for any a,a 


and B > 0. 
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U 
Z 
REZIME a 
ASIMPTOTIKA NEOSCILATORNIH RESENJA LINEARNE 
DIFERENCIJALNE JEDNACINE DRUGOG REDA 
j Neka je f(z) neprekidna funkcija za z > 0. U radu je razmatrana egzistencija 
i asimptotsko ponašanje za z > oo neoscilatornog rešenja jednačine 
y" + f(z)y = 0. 
Pri ovoj analizi ne koriste se pretpostavke kako o znaku funkcije f(z) tako | 
ni o apsolutnoj integrabilnosti funkcije f(z) nad (a,oo). Prvo je dobijen | 
dovoljan uslov za postojanje neoscilatornih rešenja navedene diferencijalne | 
jednačine, a zatim asimptotska formula za ova rešenja. ) 
| 
Received by the editors November 6, 1990. | 
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QUASIASYMPTOTIC EXPANSIONS AND THE 


ja | STIELTJES TRANSFORMATION 
ko | Danica Nikolić - Despotović and Stevan Pilipović 
A Institute of Mathematics, University of Novi Sad, 
al Trg Dositeja Obradovića 4, 21000 Novi Sad, Yugoslavia 
} 
| 
| Abstract | 


| Using the notation of the quasiasymptotic expansion of a tempered 
| distribution at oo an ordinary asymptotic expansion of the Stieltjes 
| transformation of function from L1,.(0,00) is obtained with the ordi- 
| nary, asymptotic expansion of the form ));_, $i, t — oo. : 

| AMS Subject Classification (1980): 44A15, 44F12 

| Key words and phrases: Stieltjes transformation of distributions, quasi- 
asymptotic expansion of distributions. 


1. Notations and known results 


D 
NON S the space of rapidly decreasing smooth functions defined on 
line R, supplied with the usual topology. Its dual, the space of 


tem Sise 
by sce) distributions is S“ and S4, is its subspace with elements supported 
) 5 


Re ; i 
aint 4] a continuous positive function L defined on (4,00),a > 0, is 
aTying at infinity if for A > 0 


PBS 


A LO) = 
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We denote by 5, the set of all the slowly varying (in short sv) function ) 
at oo. | 

The quasiasymptotic behaviour and quasiassymptotic expansion at m | 
ofan f € S were studied by Vladimirov, DroZinov and Zavialov [1]. In 
[3] Pilipović gave a slight modification of the quasi asymptotic expansion a | 
00. 


Recall, f € S4 has the quasiasymptotic behaviour at oo with Tespect | 
to k"L(k), ER, LE >, with the limit g € S“ if | 


lim < zreo 40 >=< 90. HO ve S, 


< .,. > is the dual pairing between S“ and S. In this case we write f g at | 
oo with respect to k“L(k). 


| 
Let us recall that the family of homogeneous distributions f,41, v ER, 
is defined by 


H(t)t” 
res v>—-i, 
haud jt) 


vnu), YS —1 n+v>—-1, ne N, 


where H is Heaviside's function; T is the gamma function. 


Let v € R, A » 0, and LE}. We put 


HUAN” L(t) | 
ILAv+(t) = Oem v > —], | 
Th Avtnsi(t), K < ll; n+v> —1, ne N, 


where n is the smallest integer for which n 4-v > —1. This definitio! | 
includes, for example, distribution 60) (1— a), a > 0, (H(t—a)ln i)”, gh 
0, k € N. For A=0 we use the notation 


We have 


fin anc 


| 
| 
| 
| 


| 
| 


fr,aver(t) > fen (t),t € R, at oo with respect to k“L(k). 


Let us denote by A the set N or the set of the form (1,2,... No DEC E 
In the second case we shall also use the symbol Ay. | 


We say [2] that an f € S4 has the quasiaysmptotic expansion 2 
with respect to ((&^L;), i € A), L; € Y» if there are complex 2! 
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ion ) a; #0 and A; ER, i € A, such that for any m €A 


| S (Kt) - Xia ifs Avis (RY) gin gy 
% | kum Lm(k) — in A 
| In that case we write 


| a) IR Ma fbi, A nn at oo with respect to ((k“L;), i € A). 
S i€A 


The Stieltjes transformation of distribution was considered in [2]. 


Let f € S'. We say that f € J'(r), r € R\(—N) if there exits an 
m € No = NU (0) and a locally integrable function F such that 


(2) a) f = rn, 


+00 
b) J | F(t)(t + )77777! [dt < oo, for Imz #0. 


| We also need the definition of the space T(r). 


l(r) is the space of all f € S' for wich (a) holds and instead of (b), 
We suppose that there exist C = C(F) and € = e(F) such that 


(3) |F(£] < CA + [t| +”, t € R. 


| u e transformation S, ofindexr, r € R\(—N) ofa distribution 

| given a with the properties given in (2) is a complex valued function 

jon | 

a | (S +00 

| DE) = Gens | Foe ad 
—O00 


pan 


Il 


| (r +1)m < F(t),(t+z) "15, for Imz £ 0, 

_ Wher 

| asy ig on = a(a + 1)...(a+n— 1), n€N and (a)o =1,a€R. It is 
e that S, f is a holomorphic function of the complex variable z in 


the main C € h s 
DES 0, +00). We shall use the following formulas from [3]. 


en 


(5) Ate = 
(SED) = (e. f" gradi : 
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* 1 \ 
om GE = yl?! - rar 
| Beton (Him + 1.2 | 
| NES (peEyeco 0708 


| ŠI pe E>, sop 
| Cn. [^ zrgrmdh k> 1 522 


Let f € S4 and | 
z) 5 Y a:5")(z). ie 


i€A 
4 Then, because of $, (60) (t))(z) = ln, AS =1,5 EN wegets | | 
(r t 1)i 
(SNe) ~ Yr eer 2 — ce ) 
ie 


2. Application | 


Our intension in this paper is to give the application for the classical Stielt- 
jes transformation. From the assertions which are to follow, one can a | 
derive the coresponding assertions for the distributional Stieltjes transfor | 
mation. But we shall emphasize the fact that for the classical Stieltjes trans | 
formation we obtain new "classical? results by using the abstract theory ° 
the preceding section. 


We assume that r € No. First we shall prove two lemmas which will be 
used in the proof of the main Proposition 4. | 


Lemma 1. Let s € N,k » 1. Then 


(7) i 7 SU IUBE E 
1 (ktt = (Cane zin k+ 


Bo Vje Vo hist) EU) 
j=1 jki T(j+ DI(r+s+1) Dues ` 


where 
(= Toyo 


B, ep GE 
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rié | 

| + 2 Inu 

|i Iru 


Proof. We have 


o — ]ntdt 1 fis Inu A du 
J (rkt pus ik (Fuy tenis vee i (aye 


1 1 Inu aut [7 Inu m Ink 1 
T prts pe Cp ete (1 ore 1 (rupto (r+s) (1+ ay) 
and by the partial integration in the integral from i to 1 we get 


In£ 1 1 


o 1 du eo Inu 
| i Ga prištići — Kris ( | x] r+s+1 du). 
| 1 (t+k) k T4 s Jyk u(14 u) 1 (luy 
) 
Consider the function F(z) — Án SER z » 0. We have 
1 1 ! 
| F(z) = (inu ~In(z + u) [la = Zün(1 + kz) - In(1 +2) = s 
| 1 z 1 
lt | = z k o N 
ily | 
»| Take k such that kz > 1. Thus we get 
ns. 
NG 
of | F(z) = =Ink+ on; e REUS 
be After differentiation (r+s—1) times we get 


du — 
ik u(z + u) t 


(FEO) = (-1)re1(e +s = 1)! I 


1)r+s (r ts- 1)!In k zZ (r+s—1) 
Sol Se tn =) G 


s E ij EGE r4 EVE 


and th j=1 jk? PG ie 
"s by putting z=1 we get 
1 
f du (—1) +s- 1 z 
ore (ep ee) ee 
1/k U(1 + u)rts Ink + T(r+ s) (he lz=1 
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| oo j-1 ; | 
(Ii T rs) ) 
i 2 jki TG I3 s) 
this implies (7). 
We shall also the following formula 
1 = s+) 1 EN 
———— 2 VIS Ut SUB P NR | 
(8) (1+ E): MG T(s)T(j 41) ket? kod s EN | 


3=0 


ün- a3 a4 An-2 
pe n= Dam LN 
179 ds 3.9 t * (n - 2)n - 3) 


An-1 ) 
oo pise) = 
sa GE 
Lemma 2. Let a; ž0,i€A,_, 


n-1 


a 1) k | 
Ga = d m_1 am(r+l1)mln | 
2/5 )(k) = ont 1B1+T,) "xc 1) (m — DIE tn (r 4 m) = DIATE rtm) W 


+y EEA S air H1); 
» ) kr+e eo OD(C+1— AEC + i)(i— DI 


| ona (r+ 1), 
l S C =a) 


AG 1)"-1T(r +n — 1) ee 


"ar (ee S 
krstom Wi (n —1— i)T(n — i)T(r +i- 1)! | 


n-3 
= (1+1);7%4 dn-i(T + 1 n— B,-1 
Li@-1- area E x E s 
4C TG 2) 3 ai(r + 1); | 
RT (OR (DOE aa "ANE. 
sk (r+1);T; 
= oe nm eet | 
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Proof. From formulas (5), (6), (7) and (8) we get (k > 1) 


| JD lj I(rtj41) 
| k Ink + B4 + aN a BB M 
| = )= m 1 2 "= T(j ES 1)I(r + 1)' 


((s - 2) Be EE 


(t=) 
Tg = PEDIG 1) eei 7 


| (s — 1) 
T(r+j+2) 1 


c oes »3- rc extis 


+. 


1)T(r+s—1+j) 1 
| 19220 ib) (= 
| SL) 2» RE put 


T(-1)7!(r-1,—— ;In k+ 


pal Ema 


| (= E UN 
op EE D 


= 
j| Where r= 2,3,...,m — 1. We shall denote by B} = 1-B,. 
This implies 
n—1 
H(t-1 
I) = X aS, ZED) = 
Ink Bi (-1yTI(r-4 j- 1) 


s Cun d ET kr+l ex TQ Jt 1)T(r + Desi 3r 


te CDAC a y: S (neg a nigdi n 
| jc» T(r-1)T(j 1) kriti ke r42 kt? 


(r4 1); 2 JETO + DI(r+ 3)! 


| Te —1)'(s=2 2—i)(r+1); > 1)T(r+1+j+2) 1 —. 


s TDI 14i — 


+ CDr +1), Ink B; 
MONTI + (-1y7!(r + Des t 
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= (—1)-!T(r +s + j) 
s-1 X. 
+ (-1) CHDI ERETGE r+ 54 1) m 


= ; (-1PT(r+14+j+i) | 
e Bee 1)(n-3—i)(r+l)i E ERE re Erg T 


"- j In k 
(ouem krn-l(r + n — 1) 


- (-1)-!T(r +n 14 j) 
+ (1 *(r + Dnt reser i ra) ^ 


n— 1 lisa) Fr JU 
x 1) kr+n-1 em Drži 


dn-1 lnk 1 I(r+2 
=) apart pas (Caps 


= oi [a Bi+(2+ +.. Ore 


= ell MEGA T(r+2) T(r+2) a3(r+1) T(r42) 
S mom C4 ) T(r+2) _dn-1_ T(r+1) 
3 T(r+1)r(2) 3! T(I)T(r+2) = —2) T(DI(r41) 


dn-1 + 1)P(r +2 In Bà 
(h= 5" = y CE) aj(r 4- 1) uu z- (rmt 


+ DF tts) rt ele tsar Qa 
Rte Oe a T5-D0(r-2 5-2) 


(r  1)12, T(r + s) I(r +s) 
(s-2)! T(2)D(r + s— 1) u T(s)T(r + 1) 


(r + 1)I(r + s) T(r-4 s)(r-1 as(r + 1), 
resins) 7+ rers) D aon PT 


+ Cuma + Wants 


t T, + 


RENE SES RE ENTA 
(n — 2)(r +n = 1)krtn-1 UXORES 
After some calculation we get 
2) 4! 
H(k) = (ah. T(n+2) .  X(rt2.m 
EH 1) VERE perl NOTES) atr +!) / 


Tr +2)(r + 1) Ink 
T(DT(ra2) 2247 +1)2B | — a(r + Dayegz t 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


+ 


pa u *T(2)0(r +1) 


TG FIDE) EFDA 2 TONEY | 


1 


) 


| 


Qu 


Th 


Le 


= Digitized by Arya Samaj Foundation Chennai and eGangotri I 


Vit | Quasiasymptotic expansion and the Stieltjes transformation 125 


| 


air +1); (r + DTi 


=0 

a3(r + 1)3 

i ESTOT 

1) T(r + n— 2) a;(r + 1); 
Ka 2 e "EE 


krtn=2 - i) (n - 1 - T(r 4 3)(i — 1)! 


B;)+... 


-5 (r + iTi _ dn-2(T + 1)n-2B4_2 n 
aT (no 23) STE (n — 3)! 


1-2 (r+ 1)n-1 In k an-ı 
i kil) (n—2)(r+n—1)kr+n-1 


nzil(r+n— ai(r +1); 
ul pra A C 


+ 


LS 


= (r + 1);Tj41 Qn—1(7 + 1)n-1 pa 
Zena. ra 


.}| This proves the assertion. 


For the next proposition we also need the following assertion from [3]. 


lemma 3. If he I1 (0,00) and h(t) ~ 22, t — oo. Then 


tn? 


(S;h)(k) = a, ( mo _(rtl)m a(r + 1)n-2Mn—2 


kri — p efc (SVU krtn-l + 
at 
+ C17? (© +1), Ink Ink ES. 


(n-1) za jp) tO pen 


Whe 
Te m; i= fe i^g, VERONA 


Ow, fro ; ..,5 — 2. 
m the previous two Lemmas we obtain 


Pro 
1 posit; 
2 lon 1. Let f € LP (0,00) and let f(t) ~ DE t > 9 
22 we have 
SF) a = am(r + 1)m—1 Ink a 


1)” 
= X1 peni (59:7 +T + anmo) 35 Y CERT. 
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n-2 i 
(-1)¢ a;(r +1); 
+ » per Qr HY LT(E +1 — DT(r + 2)(d— 1)! ^ i 
r+1);T;41 a(T + 1),B; LE 
É T(r +149) (1—1)! mecal Dey 
y (EDN Gea zh ai(r + 1)i 
krtn-l (n-1-4 AS i)T(r + i)(i— 1)! 

(r+1) Tj+1 an-i(T + Des | 

imo I(r 4 j) (n - 1)! cmi la D 
G Ink Ink | 

+ (E rr lk Iis t o( aa ),ask > oo 
where | WE 
_ f@fO-ce ee ME: 
mz | meet = 1.8 = 2 E" 
Proof. From the assumptions we have | R 
H(t- 

fl) - 2 a usn qs oo. : 

By Lemma 3 we get i 
ue [i 

(SSON) - a(S, A- | 

t=1 

ODB 

zi 1) (—1)"-! Ink | 

= Qn (- ye melt + We £ (r + DS | 
2 krti t (n—1) krtn iro de 0 (pr) | [4 


Now, by Lemma 2, we have 


1 oo zt 
S, DA=- a ; esr lan(r+1)nink 
DIE pa =i Sa (m — ae = 


n—2 


t=2 d cu ait) CAE ANG 4 i)(t- D 
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: e (r + Lin a(r + 1),B; 


"2s TU = 3)r(r 3) Gra 


j 
(SVETE +n = D ESMAO Ti NNNM 
KG. far (n -1- i)P(n — ?r(r + i) - 1)! 
-3 
E (r t 1);T341 an-1(r + 1),-1B}_, Ink 
- Lr 1= Ir FD (waa t9 ree 
n—2 
| m,(r T1)  (-1)"7! (r1). 
| = = [4 n-1 » 
| +a > ) kr+t+1 (n = 1)! JE Ink. 
| This implies the assertion. 
=0 


ibi(t) ; : oi 
we have $2, eit) in the assumptions of Proposition 4, then the corre- 
sponding assertion can be derived in a similar but technically more compli- 


) Clearly the cases when r is not form No and when instead of 72? ka 
| 

| 

| cated way. 
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f U 

Z 

REZIME \ s 
Í 
KVAZIASIMPTOTSKI RAZVOJ I STIELTJESOVA | 
TRANSFORMACIJA | 
Koristeći pojam kvaziasimptotskog razvoja temperirane distribucije u 00 | 
dobijamo, Tvrdjenje 4, (običan) asimptotski razvoj Stieltjesove transfor 
macije funkcije f € Lj, (0,00) koja ima asimptotski razvoj oblika | 

wee a t co. 

Recived by the editors August 16, 1989. | 
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oii]. Univ. u Novom Sadu Review of Research 
|. gp. Rad. Prirod.-Mat. Fak. Faculty of Science 
\ Ser. Mat. 20, 1 (1990), 129-133 Mathematics Series 
| REPRESENTATION FOR A CLASS OF NON - 
for LINEAR FUNCTIONALS OF GAUSSIAN 
ka | MARTINGALES 
| Zoran A. Ivković 
| Faculty of Mathematics, University of Belgrade, 
È Studentski trg 16, 11000 Beograd, Yugoslavia 


Abstract 


Let (X(t),t > 0) be a continuous Gaussian martingale and let 7t* 
| be the mean-square linear closure of all the one-dimensional polyno- 
| mials {P,(X(t)), n = 1,09,t > 0). For Y € H*, there is the repre- 
sentation Y = f° &(& X (£)) dX(t), lB, X(D)ll € Le(IlaX (DIP): 


| AMS Mathematics Subject Classification (1980): 60G12, 60G15. 
Key words and phrases: Stochastic integral, Hermite polynomial. 


| L Introduction 


tet {X(t),t > 0), X(0) = 0, be a real mean-square continuous martingale 
and let the Hilbert space Hı be the mean-square linear closure of {X(t),t > 


: It is a well-known fact (see, for instance, [2], Ch. IX) that any Y, Y € Hı 

| 35 the representation | 
oo 

U Ke f e(t)dX(t), ; 

0 d 

Where t j 


he non-random function y(u),u > 0, belongs to Lo(dF), F(t) = 
t)= IX (t). In this paper we shall consider the continuous Gaussian 
"gale (X(1),t > 0) and the Hilbert space H“ -the mean-square linear 


12 
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closure of all the one-dimensional polynomials {P,(X(t)),n = T, 00,1 30). / 
(We assume that all the random variables are centered at the expectations) | 
Remark that ?/* is the subspace of H -the linear closure of all the poly | 

nomials {P (X (t1)... , X(tn)) n = 1,0%, t1,... tn > 0). For example, the | 
element X(t)X(s) — F(min{s,t}),s # t, does not belong to ?t*. We shall | 
show that Y € H" has the representation | | 


(2) y= [^ 9(,x(yaxq), 


where ||®(t, X (t))|| belongs to C;(dF). The integral of form (2) is considered 
in the sense of [2], Ch.IX. | ( 


The proof proceeds according to the technigue of Hermite polynomial | 


. . I 
Hy(X1,..., Xp) of Gaussian variables X1,..., Xp (see, for instance, [3]). | 

We write H,(X) = Hp (X1,...,X) f 
k | | 
ko 
Lemma 1. For 0<t<t,AX = X(t) - X(t),p>2 | 
(3) (H,(X(t) + AX) ~ ZOD) — pH, (XOJAX = 

= AX(AXY +... + A,(AX))?, 
where Ay are independent of AX. t 
| * 
Proof. Recall the relation H (X+Y) p ( D Í 

E p = 22k-0 H (DG po TEY I 
k ae 21 | a 


[4], and the factorization : : : | 
toy property of Hermit : nd Y af | a 
| independen bhei H, (X ite polynomials: if X a | 


 XY,...,Y) = HQ(X)H, 4(Y). Since X9 


2 —k 
and AX are independent, we have g 


| 
| 
| TOO + AX) = HX) pX MADE | 


$ ( po Hy-2(X(t))Ho(AX) +... 


+--+ PHi(X(t)) Hp 1(AX)+H,(AX). o 
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i), EET Representation 

ns), | 

oly. | Proposition. 1. The space H* coincides with the set of integrals JE S, XW) 


the X(t), where the random function (t, X(0)) satisfies ||B(t, X(1))|| € Lo(dF) 
hall | (It is not necessarily that Eo = 0 ). 


Proof. Let H}, p = 1,0, be the mean-square linear closure of {H,(X(t)),t > 
| 0}(H} = Hu). Then, by the orthogonality of Hermite polynomials of differ- 
| ent degrees, it holds that 


) oo 


"| w © = BN; 


| p=1 

als | Let E, be the conditional expectation with respect to 6-field generated by 
i (X(u), u € t). From 
| (5) E,H,(X(t)) 2 H,(E;X(t)) = H,(X(s)),s < t, [3] 


it follows that Hp(X(t)),t > 0) is a martingale. In this way H% coincides 
with the set of integrals 


| (6) je p(t)dHp(X(t)), p(t) € La(||dH,(X(t))||?). 

| : By Lemma dH,(X(t)) = pHp-1(X(t))dX(t), Ho(-) = 1. Then (6) 
ecomes 

MO | 7 op(t)pH;—x(X(t))dX (t). 


DA Remark that the measure ld H(X)? = ||pH; _1(X(t))||?d F(t) is equiv- 


| alent by absolute continuity to the measure dF(t). Let Y € H*. By (4) 
Je and (6) 


fs 2, [ * e» (t)pH, 1(X(t))aX(t) = j d Pp(t)pHp-1(X(t))}d X(t). 


| 

| 

| 

| | nus denote S(t, X(t)) = Wee, op(t)pH;,-1(X(t)). The random func- 
Conve Ost > 0, is such that ||®(t, X(t)|| € Lo(dF). 


lace Sone consider the random function (t, X(t)),t > 0, such that fj^ 

ps (t))|?dF(t) < oo. 

Tando post every t (with respect to dF), ||®(t,X (t))|[? is finite. The 
m variable &(£, X (t)),t € supdF is decomposable by the complete 
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orthogonal system {H,(X(t)),p = 0,co} in the space of all the random j ds 
variables of the finite variances and measurable to X(t). Let O(t, X(t)) 4 


x, 


© p(t) Hp(X(t)) be this decomposition. | oc 
The integral | i 
Y= (i e(t, X(t))dX(t) = ho E DEXA = | E 

OO. co 1 
=D O uten OC) F 


belonges to H*. O 


| 
* 


3. Processes as curves in H". Linear completeness. 


Let us denote Hy = E;H*. By (5) the subspace H7 is the linear closure | 
of (P.(X(u)),n = 1,00, u < t) and Hy reduces the family of projections 
(Eit > 0). It follows immediately that the spectral type of {Ent > 0) | 
in H" is dF and the multiplicity of dF is oo. (For these notions see, for | 
instance, the classical paper (1]). Consider the process (Y (t),t > O}in a" | 


defined by 
| R 
i | 
Y(t) = | S(t, u, X (u))dX (u), ||&(t, -, X (-)]| € Lo(dF). ) 
Let us benote by H;(Y;t) then mean-square linear closure of (Y (u), u < t}. | 
We say that the process {Y(t)} is linearly complete in 4" if H;(Y;t) = | 
Hi for each 1 > 0. The characterization of the completenes of {Y(t)} in | N 
i the terms of ®(t,u, X(u)) seems to be of some interest. We say that the | £ 
i family of random functions {®(t,u, X(u)),t > 0) is complete in H" if from | 1 
Jo < Pt,u,X(u), (u, X(u)) > dF(u) = 0, for each t > 0, follows that | < 
| € to l|Y (u, X (u))|| dF(u) = 0. (< -,- > denotes the inner product in H | ; 
| 


Proposition. 2. The relation H;(Y;t) = Hy for each t > 0 holds if and 
only if the family {®(t, u, X(u)),t > 0) is complete in ?t*. 


a 


Proof. Let Z= fj^ V(u, X(u))dX(u) € H*. Then < Y(t), Z >= hs 
S(t, u, X(u), V(u, X(u)) > dF(u). If < Y(t), Z >= 0 for each t > 0, the? 
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mg gs orthogonal to ?t(Y ). a) if ZE Hi(Y;t) it follows that 

f le = fo || (u, X(u))|| dF(u) = 0 or the family {(t;u, X(u)),t > 0) is 

~ | complete in H*. Conversely, if (P(t,u,.X(u)),t > 0} is complete, it follows 
that necessarily Z = 0 or Hi(Y;t) = H7. Remark that the completeness 
of ($(t,u, X(u)),t > 0} in H* is equivalent to the completeness of the 
system of non-random functions {y,(t,n),t > 0,p = 1,co}inH*, because 
H(t, u, X(u)) = 2721 Ppt, u)pHp—1(X (u)). 
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REZIME 


REPREZENTACIJA JEDNE KLASE NELINEARNIH 
hi FUNKCIONALA GAUSOVSKIH MARTINGALA 


n | ME je {X(t),t > 0) neprekidni Gausovski martingal i neka je H" srednje 
Letna linearna zatvorenost svih jedno-dimenzionalnih polinoma { P,(X(t)),n = 
| :%,t > 0). Za Y € H* važi reprezentacija Y = |}? 9(t, X(t))aX(t), || P(t, X(t))|| € 
(| xwe: 
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AN INTEGRAL GENERATED BY A 
DECOMPOSABLE MEASURE 


Endre Pap 
\ Institute of Mathematics, University of Novi Sad 
Trg Dositeja Obradovića 4, 21000 Novi Sad, Yugoslavia 


Abstract 


An integral using the pseudo-addition &, pseudo-multiplication & 
and the € —decomposable measure is introduced. The method used 
Is similar to the procedure of the construction of Lebesgue integral. 


| AMS Mathematics Subject Classification (1980): 28A25 
Kn) mak ev phrases: Pseudo-addition, pseudo-multiplication, de- i 
composable measure. | 


L Introduction 


iu may different ways for defining integrals with respect to 1s 
continue oot functions (some of them in [I], (2), (3), la), (7), (8h BI) We 
ased o Investigations of @ — decomposable measures initiated in p 
(0,0) Ete n the pseudo-addition & and pseudo-multiplication & define on 
Wing a ¢ 09, Foo]. In this paper we shall examine the corresponding integral 
®nstruction similar to that of the Lebesgue integral. 
135 
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2. Decomposable measures ) 


Let [a,b] be a closed (in some cases semiclosed) subinterval of [—oo, +o, | | 
We shall consider a partial order < on [a,b], which can be the usual order | | 
of the real line, but it can also be another order. All future considerations | 
will be with respect to the order < . 


The operation O (pseudo-addition) is a function 6 : [a,b] x [a,b] — [a, i | 
which is commutative, nondecreasing (with respect to <) associative and | 
either a or b is a zero element, denoted by 0, i.e. for each z € [a,b] 


O0@z=z holds. 


Let [a,b], = {z : x € [a,b], z > 0). 


The operation ® (pseudo-multiplication) is a function ® : [a,b] x [a,b] > | 
(a,b) which is commutative, positively nondecreasing, i.e. z < y implies | 
z®z< y@z, z E [a,b]}, associative and for which there exist a unit | 
element 1 € [a,b], i.e. for each z € [a,b] | 


ILC) ap SS 2. 


We suppose, further, 0 & z = 0 and that Q is a distributive pseudo | 
multiplication with respect to E), i.e. | 


2 8 (y6 2) — (z 8 y) 6 (z 8 z). 


Examples can be found in paper (5). Some of them are: 


ak . 
zOy=(1"+y")2, p>0 and zgy-z-y on (0, +09] 
or zOy—max(z,y) and zGy-z4y on [—co, +o). | 


Pseudo-addition @ is idempotent if for any z € [a,b] 


rĐr=r holds. 


Let X be a non-empty set. Let Y^ bea c—algebra of subsets of X. 


A set function m : > — [4,6]. (or semiclosed interval) is a @ de^ 
posable measure if there hold 
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m(0)-— 0 (if @ is not idempotent) 


m(AU B) = m(A) 6 m(B) 


for A,B € Y; such that An B = 9. 
In the case when @ is idempotent, it is possible that m is not defined on the 
empty set. 


A €) -decomposable measure m is a - €) — decomposable if 
oo oo 
m(\J A;) = Qm) 
i=l 1—] 
hold for any sequence (A;) of pairwise disjoint sets from 5). 


Proposition 1. If m : > — [a,b], is a (D — decomposable measure with 
respect to the idempotent pseudo-addition @, then we have 


m(AU B) = m(A) 6 m(B) 
for any A,B € S. 


3. Integral 


a mbeao-E —decomposable measure. A function f : X — [a,b] is 

non from below if for any c € [a,b] the sets {z : f(z) < c) and 

d f(z) < c) belong to >>. f is measurable, if it is measurable from below 
the sets (z : f(z) > c) and {z : f(z) > c) belong to 5^. 


Let f ang g be two functions defined on X and with values in [a,b]. 
en, we define for any z € X 


(fOg)(r)= f(z) 6 g(z) , 


(f & g)(z) = f(z) & g(2) 
and for any c € [a,b] 


(c& f)(z) = eG f(z). 
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We suppose further that ([a,b],&) and ([a,5], &) are complete lat 
ordered semigroups. A complete lattice means that for each set A c la m 
bounded from above (below) there exists sup A (inf A). Further, we Suppos | 
that [a, b] is endowed with a metric d compatible with sup and inf and which 
satisfies at laest one of the following conditions: 


tice E 


(a) d(z 6 y, z^ € y) € d(z, 2) + d(y, y) 


(b) d(z 8 y, z' 0 y) € max(d(z, z'), d(y,y')). 


Both conditions (a) and (b) imply that : 


d(2,,9n) > 0 implies d(z, Oz, y, Oz) > 0. ) 


Condition (b) implies 


UD zi, D y;) < min max d(2;, y;). 


i=1 jl J 
We suppose further the monotonicity of the metric d, i.e. 


2<2<y implies d(e,y) > max{d(y,z),d(2,2)}. 


Let € be a positive real number, and B C [a,b]. A subset {If} is a e—net if} 
for each x € B there exists If such that d(I£,z) < e. If we have If < 2, then | 
we shall call (i£) a lower £—net. If li < lf; holds, then (I$) is monotone 


We define the characteristic function 


x= [t 2 | 


1, zEdA . 


A mapping e: X — [a,b] is an elementary (measurable) function if it has | 
the following representation 


\ 


eo 
e-(DaiOx, for a; € [a,b] 


1=1 


and A; € >> disjoint if & is not idempotent. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A integral generated by a decomposable measure 139 


Theorem 1. Let f: X — [a,b] be a measurable from below function if 
the pseudo-addition is idempotent, or f is measurable and for each positive 
real number € there exists a monotone £—net in f(X). Then, there exist a 
sequence (pn) of elementary functions such that, for each z € X, 


d(pn(z),f(z)) +0 uniformly as n — co. 


Proof. Suppose first that & is not idempotent.We take a lower monotone 
c-net {ff} on f(X 
Let 


e - Dr: 8 Xx, 


i=1 


where Xf = (z: ff > f(x) > ff). 
For each point z from X there exists f£(z) such that 


d( ff (x), f(z)) S e, 


where ff(z) = fF Q 9 Xx. (z). Hence, by the monotonicity of d and e*(z) 2 
ff(z), we obtain 


d(e (x), f(£)) <£, TE X. 


1 
n 


Taking ¢ = + we define the desired sequence (pn) as Yn = en. 


If the pseudo-addition @ is idempotent, then we take in the preceding 
Procedure a lower e—net (f£) and 


Xf = {x: f(z) 2 ff}. 
We have used that e*(z) < f(z) holds, which follows by 


(2) < (2) @ f(z) < (Uf 8 xx (2) 6 /()) < f») 
1-1 


Jue integral Z a simple function s = QL; a; & x4, for a; € [a,b] with 


isjoint Aj, A2,...An, if O is not idempotent, is defined by 


& n 
f s &® dm := Da &m(A:). 


i=l 
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The integral of an elementary function 


>> 
= 


e= Da 8 xa; for a; € [a,b] (i € N) with (A;) 
t=1 
disjoint if © is not idempotent, is defined by 


(1) [cod asm (49): 


ae 


The integral of a bounded measurable (from below for @ idempotent) | 


function f : X — [a,b], for which, if & is not idempotent for each € > 0 
there exists a monotone ¢—net in f(X), is defined by 


| 
) 


® o è 
2 a= JR | 
(2) jJ. fedm:= lim f n(x) Q dm, | 
Where (pn) is the sequence of elementary functions constructed in Theorem | 


1. 


Theorem 2.. The integral defi 


ned in (2) is i J | 
naši (2) is independent of the choice of | 


cir 3. Let O and & be continuous and ® infinitely commutative and 
associative. Then the integrals defined by (1) and (2) have the following ( 


properties: : 
(0 f£ 65) 8 dm = [€ fa dm (9 5G dm | 

.. Đ | : 
(ii) Jx (c8 f)@dm=c@ [€ f & dm | 

for any c € [a,b]. | u 
Proof. (i) Let f and g be elementary functions, i.e. ! 

H 


fe Bla: o x4), I= b8 Xa.» 
t= t=1 : 
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where (A;) and (Bi) are (if O is not idempotent, disjoint) partitions of X in 
s). Hence, f O g is also an elementary function and 


f09= CQ 05) 8 xana,. 


By (1) we obtain 


{tegedm= Gs ot) enin B) = 


1=1951 


= Ga; onu, NB) ODDS; 8 m(A; N B;) = 


4=1 j=1 i=l j=1 


El 


(a; 9 m(A; N UZ, Bj ae; 8 m(UZ,A;N Bj) = 
i=1 j=1 


= Dla: Q m(A;)) e Di; e m(B;)) = 
j=1 


1=1 


=| fedme | 18 dm 


Now, let f and g be measurable (from below if is idempotent). Let 


(pn) and (V4) be the corresponding sequences from Theorem 1 to f and g, 
respectively. The integral 


[ve )& dm 
x g 


exists, since it can be defined by the sequence (?n(2) € v«(z)) 


e : ® 
ll. (f ®9)@dm= Jim f (ex(z) 6 Yn(z)) 8 dm 
RE (n (z)) and (v«(z)) satisfy, for any z, 
d(e«(z),f(z)) — 0 and d(v,(r),g(r)) > 0. 
» Since d satisfies (a) or (b) 


d(pn(z) 6 V. (z), f(z) O g(z)) > 0. 
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Now, we have 5 


& 3 E À 
[929m - iim f (Yn D Pn) @ dm = 


Đ e 
= im) pr 8m | Yn Q dm) = 
noo PX X 
e & 
= lim f Yn ® dm ® lim | Yn Q dm = 
noo Jx n—co Jy 


Đ & 
=| fede | g @dm. 
X X 


Property (ii) easily follows by the continuity of Q. 


m(A)=supg(z) AEB, 


Example 1. For any function g bounded above we can define i 
| 
TEA | 


where B is the Borel a—algebra on [—co, 00) | 
Taking ® = max = sup, ® = + , We obtain | 


® 
[o 18 dm = sup(f(2) + a2) 
zeR | 
f bounded above. 


If & is a strict pseudo-addition with a monotone generator g, 
gom: > [0,g(c)] and c € [a,b] is an additive measure then we | 
have (see [3], [5]) for the simple function 


& n 
jA s 8 dm = g (Y (aj) -(g o m)(A;)) 


i| i=1 


and for the measurable function f 


J, 19 = of e 0-22) 


where dz = d(g o m) is the Lebesgue measure and u & v=g-'(g(u) -g(v)) 


Example 2. ([5]) f c > 0, then we define 
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u@v= —cln(e"* +e?) and 


ugv-u-d v. 


The corresponding integral is 


Đ 
/ f&dm = -eln / Ga 
R R 
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| 
REZIME | 
I 
INTEGRAL GENERISAN DEKOMPOZABILNOM MEROM | 
Uveden je integral pomoću pseudo-sabiranja €, pseudo-mnozenja & i @ -. | 
dekompozabilne mere. Korišćena je metoda bliska konstrukciji Lebesgueo- | 
vog integrala. | 
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B CONTINUITIES OF MULTI-PRESEMINORMS 


Árpád Száz 

- Institute of Mathematics, 
Lajos Kossuth University, 
| H-4010 Debrecen, Hungary 


By using the results of [8], it is shown that a multi-preseminorm on 
a product preseminormed space is boundedly uniformly continuous if 
and only if it is continuous at the origin. 
A particular case of this assertion allows the easy proof of some 
| essential improvements of the fundamental theorems of [1, p. 72) and 
| [7] on continuities of multilinear maps. 


) 
| Abstract 
| 
| 
| 


AMS Mathematical Subject Classification (1980): 46Axx 
) Key words and phrases: Preseminormed spaces, bounded nets, bounded 
| uniform continuity, multi-preseminorms, multilinear maps. 


| L. Prerequisites 


ied of topological vector spaces it is ofter more convenient to use pre- 
normed spaces [4]. 

$ Preseminormed space over K = Ror C is a pair X(P) = (X, P)) consisting 

* Vector space X over K and a nonvoid family P of preseminorms on X. 

\ x dz eminorm on X is a subadditive real-valued function p on X such that 

2) < p(z) for all | A |< 1 and z € X, and lim, op(Az) = 0 for all z € X. 

at these latter properties imply, in particular, that p(x) > p(0) = 0 


Note th 
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for all z € X, and p(Az) = p(z) for all | À |= 1 and z € X. 
Among the various basic tools definiable in X(P), we shall actually neq 
only null nets and bounded nets [8]. 


5 


f 


| 


A net (za) in X(P) is a null net if lima p(za) = 0 for all P € P. Moreover, | 


a net (za) in X(P) converges to a point z in X(P) if (za — z) isa null | 


net. And two nets (za) and (ya) in X(P) are coherent [6], if (za — ya is | 
a null net. Note that several useful properties of null nets in X(P) can be | 
easily derived from the usual properties of null nets in R by using the abow | 


properties of preseminorms. 
A net (Za) in X(P) is bounded if 


lim limap(Aza) = 0 


for all p € P. Moreover, a nonvoid subset A of X(P) is bounded if the 
identity function of A is bounded as a net whenever A is considered to be 
directed, such that z < y for all z,y € A. Note that A is therefore bounded, 
if and only if 


Sea 


for all p € P. And thus nets contained in bounded subsets of X(P) are 
bounded. 


Under this new definition all Cauchy nets in X(P) become bounded. And | 


null nets and bounded nets in X(P) become equivalent tools. Since a ne | 


(za) in X(P) is bounded if and only if (Agyg) is a null net in X (P), when! 


(Ag) is a null net in K and (yg) is a subnet of (za). And a net (Za) in ) 


X(P) is a null net if and only of each subnet (yg) of (za) has a subnet (a) | 


for which there exists an unbounded net (Ay) in K such that (4424) 15 stil | 
a bounded net in X(P). Having the above definition, it is also possible to | 


introduce an important new continuity property of functions. 

A function f from a subset D of X (P) into another preseminormed spac? 
Y (9) is boundedly uniformly continuous, if (f(ra)) and (f(ya)) are coher 
ent nets in Y (Q), whenever (z4) and (Ya) are bounded coherent nets in ^^ 
Recall that f may be called uniformly continuous if it takes coherent 1% 
into coherent nets. Thus, if f uniformly continuous, then f is also bout” 
edly uniformly continuous. Moreover, note that if f is boundedly unifor 
continuous, then f is necessarily continuous and the restrictions of 
bounded subsets of D are uniformly continuous. 


In the sequel, we shall also need a straightforward notion of a product m" 


seminormed space from [5]. 


C 


If 


Cc 
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If X;(P;) is a preseminormed space for each i in a nonvoid set J, and more- 


over 
X = XierXiand P = | J Piox;, 
ier 
where 7; is the projection of X onto X; and Pior; = (pom; : p € Pj}, 
then the preseminormed space X(P) is the Cartesian product of the spaces 
X;(P;) and the notation 


X(P) = XietXi(Pi) 


is used. An important consequence of this definition is that a net (za) in 
X(P) is a null net (bounded net), if and only if each of its coordinate nets 
(Zai) is a null net (bounded net). 


2. Multi-preseminorms 


To estabilish easily the continuity properties of multilinear maps, it seems 
convenient to introduce an appropriate notion of a multi-preseminorm. 


Definition 2.1. Let X; be a vector space over K for all i = 1,2,...,n and 
For each x = (zi) € X andi=1,2,...,n, denote by ori the function defined 
on X; by 

oxi (t) = (2355555 Tig by Tip acon) 


A real-valued function p on X will be called a multi- preseminorm on X if 
(i) Pri = poó;; is a preseminorm on X; for all z € X and i = 1,2, ...,n. 
(ti) Pri(Az;) = Pzk(Azk) for all À € K,z € X and i,k =1,2,...,n. 


Thi 3 r A T f 
his rather restrictive definition of a multi-preseminorm is mainly motivated 


E next simple example which can easily be extended to multilinear re- 
lons, 


E 
E 
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Example 2.2. If f is a multilinear map of X = XT, X; into a Vector | 


space Y and g is a preseminorm on Y, then p = qof is a multi-preseminor 


on X. 


Another ample reason for having Definition 2.1. is that it allows us to Naty. | 
rally extend several useful properties of preseminorms to multi-preseminorn, | 
First, we shall prove a rather complicated, but important inequality fy | 
multi-preseminorms whose one-dimensional particular case is, however, quite | 


trivial. 


Lemma 2.3. If p is a multi-preseminorm on X = X{_,X;, and moreover 


z,y € X and I = {1,2,...,n}, then 


plz) € >> p(xa(z — y) + (xr — xA); 
i ACI 


where xa is the characteristic function of A on I and the multiplication is 


taken in the usual pointwise sense. 


Proof. By Definition 2.1., it is clear that 


p(z) < Plina = Yn) oF P(21, ron), 
and the mapping 
zeX Xi x »(a, sory Zn—1y s) 


is a multi-preseminorm on X7: X; for all s € Xn. 
Thus, if the corresponding ineguality holds for n — 1, then 


P(z)< , s(xa(s- y) + (xray — xa)u + X{n}(2— 9))+ 
ACI\{n} 


+ X Plxa(r— 9) + (xi\{n} > XA)Y + X{n}¥) = 
ACI\{n} 


= È Puy =y) + (Xr\Xauta})y)+ 
ACI\{n} 


25, r(xa(a — y) + (xr — xa)y) 
ACI\(n) 


whence the stated inequality follows immediately. 


| 


? 


tiv 
Remark 2.4. Note that thislemma depends only on the multi-subaddi“ 


of p. 
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Next, we shall prove a very unusual statement about continuities of multi- 
reseminorms which depends only on the easy consequence of Definition 2.1. 
that p(Az) = p(z) whenever AcX", such that [T., | A; |= 1. 


Lemma 2.5. If p is a multi-preseminorm on the product preseminormed 
space 


X(P) = XX), 


such that p is continuous at the origin of X(P) and (za) is a bounded net 
in X(P), such that (rai) is a null net in X;(P;) for some i = 1,2, ...,n, then 
(p(Za)) is a null net in R. 


Proof. To prove this, we need only show that each subnet (p(yg)) of (p(z4)) 
has a subnet (p(z,4)) such that (p(z,)) is a null net in R. If (yg) is a subnet 
of (za), then, because of the assumption that (zai) is a null net in X;(P,), 
it is clear that (yg;) is also a null net in X;(P;). Thus, by (8, Lemma 3.3], 
there exist a subnet (zy) of (yg) and a net (A4) of positive numbers with 
lim, Ay = oo such that (Ayzyi) is still a null net in X;(P;). Define o, cR" for 
all 4 such that 
Wi = A, and 


Wyk =”! AR if k € (sale sn) \ {i}. 


Then, because of TIX=1 wyk = 1, we clearly have 


P(2y) = P(WyZy) 


for all y. Moreover, because of the assumed boundedness of (za) and some 

basic properties of bounded nets listed in Section 1, it is clear that (wz) is 

(= net in X(P). Thus, because of the assumed continuity of p at o and 
€ above equality, (p(z,)) is a null net in R, and the proof is complete. 


KRON 2.6. For an easy illustration of this lemma, one can at once 
EE the bipreseminorm p defined on R? by p(z) =| Em |l z2 |. 

5 ining Lemma 2.3. and Lemma 2.5., we can now easily prove the follow- 
5 useful criterion for the bounded uniform continuity of multi-preseminorms. 


a Theorem 2.7. If p is a multi-preseminorm on the product presemi- 
"med Space 


X(P) = XEiX(Pi), 
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then the following assertions are equivalent: ) 


(i) p is boundedly uniformly continuous; 
(ii) p is continuous at the origin of X(P). 


Proof. Since the implication (i) — (ii) is apparent, we need only show tha 
(ii) also implies (i). For this, assume that (ii) holds and (z4) and (Ya) A 
bounded coherent nets in X(P). Then, by Lemma 2.3., we clearly have | 


| (Za) = P(Y) IS. 9 (p(xa(Za — Yo)+ 
0zACI | 


+(XI = XA)Ya) + P(XA(Ya — Ta) + (xr — XA)Za)) 


for all a. Hence, by the assumption and Lemma 2.5., it is clear that 
lim | p(x) — p(ya) |= 0. i 


That is, (p(z&)) and (p(ya)) are coherent nets in R, and thus (i) also holds. 


Remark. To see that this theorem includes Lemma 2.5., note that il | 
(Ta) is as in Lemma 2.5., then by defining y, = (xr — X{i})Ta for all a, We | 
get a bounded net (ya) in X(P) such that (Za) and (ya) are coherent nets | 
in X(P) and p(ya) = 0 for all a. | 


3. An application 


By using a convenient reformulation of (1, (18.3) Lemma | and a particula | 
case of Lemma 2.5., we can now. e 


asily i i nt of [l | 
(18.2) Theorem]. y prove as essential improveme 


I 


Theorem 3.1. If f is a multilinear map from a product preseminorn 
space | 


X(P) = XIX) | 
into an arbitrary preseminormed space Y(Q), then the following assertio™ ) 
are equivalent: ; 

(i) f is boundedly uniformly continuous; 
(it) f is continuous at the origin of X(P); 
(iii) qof is continuous at the origin of X(P) for all q € Q. 
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Proof. ltis clear that (i) implies (ii), and (ii) implies (iii). 

To prove that (iii) also implies (i), assume that (iii) is true, and let (za) and 
(ya) be bounded coherent nets in X(P), and moreover q € O and p = qop. 
Then, similarly as in Lemma 2.3., we have 


f(za) - f(ya) = XO f(xa(za — Ya) + (xr — XA)Va), 


9€zACI 
and hence 
q( (zo) PY f(yo)) = yy P((XA(Ta s Va) + (XI = XA)Ya) 
O#ACI 


for all a. On the other hand, by Lemma 2.5., it is clear that 
lim p(XA(Za — ya) + (XI — XA)Ya) = 0, 
whenever § £ A C I. Consequently, we have 
lim q(f(za) — f(ya)) = 0. 


And this proves (i). 


Remark 3.2. By [8, Theorems 2.2, 2.11 and 2.13] it is clear that a 
boundedly uniformly continuous map also preserves Cauchy nets. t 
Thus, the above theorem also improves the important particular case of a 
recent theorem of Jürg Ratz [3, Theorem 11] when the valuated field is K. 
For an easy illustration of this theorem, we can at once state 


Theorem 3.3. If X(P) is a preseminormed space over K, then the scalar 
multiplication defined on K x X by 


(A,z) > Az 
is c boundedly uniformly continuous map of K(||) x X(P) into X(P) which 
55 uniformly continuous if and only if P = (0). 


Proof. It ((A5, 4)) is a null net in K(||) x X(P) and p € P, then because 

of the inequality i 
P(Aaza) < ([| Ao I] + 1)p(za) 

[ ] denotes the integer part, it is clear that (aTa) is a null net in 

- Thus, by Theorem 3.1, the scalar multiplication in X(P) is always 


Where 
X(P) 
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boundedly uniformly continuous. | 
On the other hand if P # (0), then there exist p € P and z € X such that ; 


p(x) £ 0. Thus, by defining | 
An =n+n"!, u, = n and z, = Yn = nz 


for all positive integers n, we can get coherent sequences ((A,,2,)) and 
((Hn>9n)) in K(]|) x X(P) such that (Antn) and (unyn) are not coherent 
sequences in X(P). Thus, in this case, the scalar multiplication in X(P)is | 
not even sequentially uniformly continuous. 

Finally, we note that if P = {0}, then any two nets in X(P) are coherent, 
and thus the uniform continuity of the scalar multiplication in X(P) holds | 
in a trivial manner. 


Remark 3.4. Note that the addition in X(P) and the members of? 
are always uniformly continuous. 
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REZIME 


NEPREKIDNOST MULTI - PRESEMINORMI 


Korišćenjem rezultata iz [8], pokazano je da multipreseminorma nad proizvod 
preseminormiranom prostoru je ograničeno uniformno neprekidna ako i samo 
ako je neprekidna u nuli. 


TOC 


Specijalan slučaj ovog tvrdjenja omogućava jednostavan dokaz nekih bit- 
nih poboljšanja fundamentalnih teorema iz [1,p.72] i [7] o neprekidnosti mul- 
tilinearnih preslikavanja. 


Received by the editors December 20, 1989. 
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OF DISTRIBUTIONS 
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Abstract 


Sebastiao e Silva introduced in (7] the "order of growth" of dis- 
tributions, which fitted very well into his axiomatic approach to the 
distribution theory. This notion enabled him to define a limit of distri- 
butions (both at finite and infinite points), the Landau "oh" symbols 
for them, and most important, the definite integral which led natu- 
rally to the convolution and Fourier transformation. In this paper 
the "equivalence at infinity" (analysed in [10]) is compared with the 
"order of growth" of distributions, and using both notions an asymp- 
totic expansion of distributions is applied to the distributional Stieltjes 
transformation in the sense of [3]. 


AMS Mathematics Subject Classification (1980): 46F12 
Key words and phrases: Order of growth of distributions, asymptotic 
expansion, Stieltjes transformatrion. 


| l. Order of growth and equivalence at infinity of 
| distributions 


T . 

= letters m and n will always denote natural, while a and p > —1 will 
we real numbers. The set of negative integers will be denoted by Z_. 
€ distributional detivation operator in z will be denoted by D. 


We rewrite Sebastiao e Silva’s extension of the Landau symbols first: 


155 
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Definition 1.1. ([7], 8.3) Let I be an unbounded interval to the right ang 
let r € C** (I). We write T = O(r) (respectively T = o(r)) as z > +09 T, 
there ezist an a € R, a continuous function F and an n € No such that 


T 2rD"F on (a,co), 


and 


mla : , F(a | 
(1) Ue) is bounded on (a,œ0), (respectively lim ( ) = 0) | 

zn z=>+00 g^ | 
If r = 1 on J we get the definition of ” , att T = 0", or, mor | 


generally, if the limit in (1) is equal to %, then we write = lim Toe | 
As can be expected, this notion generalizes the usual Landau symbols and | 


limits for continuous functions, while the opposite is not true. For instance, 
sing = o (1) (i.e. , lim sing 2 0) in the sense of Definition 1. In the 
same manner one can define the Landau symbols and the limits at —oo or 
at finite points. The latter was defined by Lojasiewicz in 1957 (see [4]). | 


The case r(x) = z^,z > 0 for a> —1 is the archetype of the | 
functions r. For such an r we have | 


Lemma 1.1. ([7], 8.4) If T is O(z?) (resp. o(z)) as £ — oo, then DT i | 
O(2°")) (resp. o(z2-!)) as — oo for any a € R. | 


A more precise notion was used in [2], [3] and [10], which is an asymptotic ) 
behaviour of distributions: 


Definition 1.2. A distribution T is equivalent at infinity with a regularly | 
varying function r(x) = z“ L(x) if | 
i fora d Z_ there exist a € R,n E No,n+a > 0 and ¢ | 


continuous function F on R such that T = D"F on (a, | 
and 


lim _ F(z) - = 1 Us 

z> gnto D(z) (n+1)...(n+a) ` ) 

ii. for a € Z_ there ezist a € R and a continuous function 
on R such that T = F on (a,00) and.. 

F(z) _ 


zoo z^L(zr) | 


Can | 


1. I 
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2 E 
We then write T ^ r(x) as z — oo. 


We recall that a function r(x) = z^L(z) is termed regularly varying 
at infinity if the function L :(a,oo) — (0,00) is measurable and satisfies 


the condition Lx) 


L(z) 


(L is then called slowly varying at infinity.) 


lim; oo = 1. for each A > 0. 


We shall now prove a few "expected" properties of these notions. 


Theorem 1.1. If a distribution T is equivalent at infinity with r(z) = z^, 
then T = O(x%) and T £ o(x?^) as x > co. 


Proof. The statement is obvious for a € Z_. So, let T E z^ as 
z>0,a Z Z_ and let a,n and F be as in Definition 1.2. This means that 
on (a, oo) 

T= DA (Conceal + w(z))), 
where w is a continuous function such that w(z)—>0 as z — oo. 


From the Leibniz formula it follows that 


T 


u 


DRZI ti (GRANU t w(z)) + Can D(z - w(z)) — w(z))| = 
= D"-\(z2+"-1D(w(z))) on (a, co), 


Where wi is again a continuous function such that |w(z)| < Ciz for z 
sufficiently large. Continuiting in this manner, we get 


T = z? D"(wn(z)) 
where the continuous function Wy, satisfies 
Q) les(z)| € Cnr”, for z sufficiently large. 
So, T = O(z"). 
WURDE then T = z^ D"G(z), where G is a continuous function 
(z)/z" — 0 as z — oo. So, we obtain 


aS Do ( je ) a(o —1)...(a—k + 1)D™-*(2* *G(z)) 
k=0 
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| | 
| on (a,oo) and. z?-^G(z) = o(z^*"-*) as x > oo in the ordinary Senge | 
But, then, it is impossible to find an n and a continuous function p i 
that | 


F(z) ~ Cz^*" as t > oo. * 


From the proof of Theorem 1.1. we get 


Theorem 1.2. If T E x" asz oo, then on some interval (a, co) we hay. 
| 


T'—zT-4 R, 


where R € D' satisfies R = o(z^) as x — oo. 


As usual, z$ is the tempered distribution which regularizes the function” 
H(z):z?, H is the Heaviside function. | 


If z% is replaced with a regularly varying function, then we can | 
prove | 


Theorem 1.3. If T & z^L(z) as z — oo, then T = o(a***) and T= | i 
o(z^-*) for any € > 0, such that a +e (resp. o —& ) is nota negativ | | 
integer if a d Z_. | 


Proof. u E well known ((6]) that for a given € > 0 a slowly varyilé 
function L at infinity satisfies the inequalities 


(3) Ciz * < L(z) < Coa forz > ay ae 
LTD | i 
for some positive constants 01,C; and C5 which depend on €. P 


We shall give only the proof for o £ Z_ ofthe statement "T = o(z | 
the others are similar. We can write on (a, co) 


— NDn(,a+n+e'! L L 
T- prassi, 2) , 28, y 
for a > a; and n > —o as in Definition 1.2. and w(z)—0as z > e 
choose 0 < £'x min(1, £) such that o +n +e'g N). In the same way 2 
the proof of Theoren 1.1, using (3), we get Po 


T = z*** D^(u, (z)) 
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PT where Wn(z) is à continuous function satisfying (2). 


such | : 
i A regularly varying function does not need to be continuous. However, 


by [6], p.17, for a given slowly varying function L there exists another, 
infinitely differentiable slowly varying function Lı such that Li(z) ^ L(z) 
asz— oo and Li(n) = L(n) for all sufficiently large integers n. If Lı has 
this property, then we have 


| Theorem 1.4. If ri(z) = z^L,(z) is an infinitely differentiable regularly 
varying function at infinity, and T A Tı as z > oo, then T = O(r;) as 
T OO. 


Proof. As in the proof of Theorem 1.1, we can write T = D^F on 
(a,co) for some a,n > —a and some continuous function F such that 
F(x) = Cao z^*"Ló(z)(1-4 w(r)), where w(x) > 0 as z > co. So we 

| obtain (compare to the proof of Theorem 1.1) 


| 
| T 2 D"F - z? Li(z)D"w,(z) 


z where w, is a continuous function such that |w,(z)| € C,z“ for z sufficiently 


ki large; we used the fact that limz—oo gue — 0 (sce [6], pp.6-7). 


2. Asymptotic expansion of distributions at infi- 
| nity 


Let a distribution T and an increasing sequence of real numbers (nx)f29 be 
Sven. We say that T has the asymptotic expansion Xi A, * at oo 


possem 
i. either T Ë Agz-"? as z — œ, or T = o(z-"?) (by definition 
we put Ag = 0); 


ii. if the conplex numbers 4o, ..., Am (m € No) are already cho- 
sen, then either 


if (1) = E 2 
2 Tin: = "= Mer ^ Am+1Z niki 


k=0 
as z — 00 or 


"= oo(z 77): we put then 4544 = 0. 
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Then we write p 
(Bes 74 » Apr”: as t — co. ! 
k=0 | 


It is clear that the asymptotic expansion of a distribution T is unique | 
provided it exists; however two different distributions can have the sam | 
expansion. In view of Definition 1.2 it is clear that if j | 

oo | 

TS Y^ Amt as z — 00, | 

m=0 | 

and at least one of the numbers nm is a natural number with Am "I 
then Tm is a locally integrable function on some interval (4,09) and th! 
asymptotic expansion of Tm can be taken in the usual sense. 


Similarly as the equivalence at infinity, this asymptotic expansion nd 
local property of a distribution which generalizes the classical asymptotic 
expansion and preserves some "expected" properties of an asymptotic er 
pansion. For instance, the distribution Tj, from (2) is o(z~"™) as z ^ o.| 
Furthermore, the asymptotic expansion can be added or multiplied with | 
nonzero constants. As in the classical case, it is possible to "integrate" the | 
asymptotic expansion (i.e. to convolve it with the Heaviside function), pro | 
vided that T € Di, which means that the support of T is in (0, co). However, 
in general, one can not differentiate it. 


On using Theorem 1.2, we obtain | 
f 
) 
Theorem 2.1. If T € Di, satisfies T ^P DU eo Anz "* as x — 00 ue 
nk € Z_ for each k = 0,1,..., and ng < n, < ..., then on some interv 
(am, o0) (0 < ao < a € ...) | 


oo 
(S) T= Akr ™ + Rm(2), where R,(z) = o(z-"") as z > co: 
k=0 


| 
From Theorem 1.2 and Theorem 3 form [10] we get an important pro | 
perty of the asymptotic expansion: l 


Theorem 2.2. If T satisties the conditions of Theorem 2.1., then iod 
o(z-"") satisfies 
i p(z/A) 
(4) lim (E (z), SEEN )=0 
for each p € D with a support in (am, CO). 
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A special case of the asymptotic expansion gives 


Theorem 2.3. A distribution T € E' has the asymptotic ezpansion at in- 
finity related to any sequence (17°)? o, no < ni <..., just zero. 


due | 
ame | 
| This statement remains true if T is rapidly decreasing at infinity, i.e. 
| for each a < 0 there exist continuous functions F; and natural numbers 
| nnb 5 1,...,m such that 
TN C. pni ; 
'| "= 5D F; on some interval (a, co) 
the | ; 
E 
Ma and 
at Fi = o(s) for | = 1,...,m. 
ex 
0. 


m 3. Integrals of distributions 


pro: | The limit of distributions from Section 1 allows a definition of their integral. 


Definition 3.1. Let [a,b] C R be interval and T a distribution. The integral 
of T over [a,b] is defined by 


«| : xd 
| S -f MO Tr 92) — TES) 
rva | a 
| where T-! is a primitive of T (i.e. D(T-!) =T)), provided that the limits 
T7'(6+) = lim T-'(z), imT-'(a-)= lim T (e). 
ym | Cist in the distributional sense. 
| 
3 | Me letter "S" stands for Sebastiao E Silva, since he gave this definition in 


Especially the integral over (a, oo] is defined as | 


(1) S — B T(z)dz := T-'(+00) - T^! (a—), 
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where 


T—'(+oo):= Jim T-'(2). ; 


It was shown in [7] that this integral generalizes properly the usual def. | 
inite one. We need the following two statements. | 


Lemma 3.1. ([7], Section 9) The integral (1) exists if T = O((x — ay) 
as z—>a+0 for some B > —1 and T = O(z?) as x — oo for som | 
a « —1. 


Lemma 3.2. (Compare to [8], Section 2.) La T € D’, and e € C*(R) | 
If T = O(2%) and o) = O(zP-*) as x > oo, fork = 0,1,..., and som | 
a,B E R, then T- o = 0(22+0) and for each n < 0 with the properly 
a+B<n—1 we have 


(2) $- | PDT=(-1(S- Pe) 


Observe that v(z) = Gare satisfies the conditions of this lemma. 


4. Distributional Stieltjes transformation 


The classical Stieltjes transformsof a function f is defined by the integral 


«Xs = |" 


or more generaly 


Lip, s E€ A := C/(—o9,0], 


(1) 5 = f ey 
. Fl f)(s) 3 Gta” sEA, | 
where p > —1 is called the order of the transform. A sufficient conditio? U | 


the convergence of (1) is that 
the condition 


(2) J = O(c me as 1 — oo for some E > (0. 


There are several definitions of the Stieltjes transform of a distribution 
from Di. In [2] the following one was given: 
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Definition 4. 1. If T € Di can be written as T = DF for some k €N, 
; continuous function F on R which is zero on (—co,0) and satisfies the 


| condition. x 
det | (3) sup(]F(z)z ^^|,z 2 b} < C < co, 
| then the Stieltjes transforms of T is given by 
| 
: ka esc ees 
Hp (4 e (T)(s) = (o t 1)k f (a + sth s€ A. 
ome | 
| Here (p+ 1)o:= l,(p- 1) = (p 1)...(p- k) and p > a. As usual, 
| we use the same letter in (1) and (4) for the classical and the distributional 
R). | ("generalized") transform øp; this makes sense, since if T is defined by a 
ome | locally integrable function f on [0, 00) satisfying condition (2), then the two 
erly notions coincide. | 
j (In a later paper ([3]), a slightly more general condition on F' was given, 
namely that the integral fp Eeer converges. However, in what follows 
condition (3) is sufficient.) 
If F = O(zt^t*-5) as z — oo for some € with the property p+ 
1>€> 0, then T = D*F = O(z^-). Since, y a DIF = 0, 
, Jos d ue) =0 for 1=0,1,...,k, we have by partial integration 
(see Lemma 3.2) 
| k 
al GE pao T(x) npn ts = Mijo D F(z 
0— (z + s)eti + u (z + Ard 
v — F(z)iz — CONTE (oda 
s- (z + s) t+ =| (x + s)et} = o,(T)(s). 
This suggests defining the Stieltjes transform of T € D} as 
5 
(5) oue 6= JE aie seA. 
for | T Formula (5) can be used for a greater set of distributions than (4); namely 
fies | a O(z^- €) as r > oo is a sufficient, but not a necessary condition for 
| om © existence of (5). We remark that if T = B € Ef (distributions with a 
"pact support in (0, 00)), then | 
d | _B(z)dz n(z) a ey) 


2(BXs)=5- |" čase BO Gy yet 
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where n € C*(R) has the properties n(x) = 0 for z < —2e and n(z) = 1 | 
z > —£,€ > 0. Furthermore if T = 24, then (see [2]) i 
(6) e, (s3(5) = Bip — o, a 157^, p > a, 


and fora € Z_,s € A. As usual T and B are the gamma and beta functi 
more precisely their analytic continations. From now on we suppose th 
is real and positive. 


Ons, | 
ats | 


The following theorem was proved in [5] (compare with (6)) 


Theorem 4.1. IfT € D!, is equivalent at infinity with the regularly varying 
function r(x) = z*L(z) as x > oo, then 


o(T)(s) ~ B(p — a, p + 1) - s*"^L(s) ass > oo, 


provided that —1 < a < p. 


: Remark 41. The condition a > —1 is essential; if a < —1, then the | 

quasiasymptotic behaviour" from [1] of distributions is more appropriate | 
for this analysis than equivalence at infinity. Especially if T = B € E, | 
then using the structural theorem from [1] one can show that it has a quasi- | 
asymptotic behaviour of some order —mo(mo € N) and | 


(7) e, (B)(s) ~ € . s- (tmo) as S > oo \ 


(see the Abelian theorem from [9]). 


We can now prove 


Theorem 4.2. If -1 < q 
a, (T) = oj(s*-^) as s co, 


| 


€ p and T € D', satisfies T = o(z^), then 


| 


, Proof. From T = o(z*) as 2 > oo it follows T = z^ D"^F(z) on por 

interval (a, co), for some continuous function F on R and some n € N G 
: (z) 

= ST pues 5. 1 put G(z) = F(x) for z > a,G(z) = 0 for a 
1 = L — z^ D"G(z). The support of T, i bset of [^^ 

so bu Lemma 3.1 from [3] follows E renne 


(8) lo,(T1)(s)| € € + s-@*)) as s co for some C > 0 
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(see also (7)). From (3.2) it follows that 


= 1"D"G(t) ;, m 


- (c+ s)etl 


o Cor” + C3: s: 2971 E. CAS" 2G 
= = ji o Ga G(z)dz. 
for some constants C;,t = 0,1,...,n. The last S-integral is also an "ordi- 


nary" integral, hence, from Theorem 4.1. it follows that 
(9) le,(* D^G(z))(9)l < C - s, 


s sufficiently large, since G(z) = z"*w(z) and w(x) > 0. Hence (7) and (8) 
imply 
lim, s"-2g,(T)(s) = 0, or a,(T)(s) = o(s??) 


as S — oo. 


In a similar way one can prove 


Theorem 4.3. If —1 < o < p and T € Di satisfies T = O(z^), then 
o,(T) = (s*-^) as s > co,s ER. 


À consequence of these statements is 


Theorem 4.4. Let pas XXE. EE. nk as x — oo (in the sense of Defini- 
tion 2. 1) for —p<n <n <...<1. Then 


(10) o,(T)(s) ~ ue p 


as s — oo in the ordinary sense. 
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REZIME | 


O SEBASTIAO E SILVA "REDU RASTA? DISTRIBUCIJA 


do E al 
U ovom radu se uporedjuje "red rasta” koji je uveo Sebastiao E silva” | 


"ekvivalencij beskonačnosti? : jma* | 
exviva'encijom u beskonačnosti" za distribucije. Pomoću ova dva POJ 


ee : dead jt | 
uvodi asimptotski razvoj distribucija, koji se primenjuje na uopštenu su 


jesovu transformaciju. 
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ON S - QUASI - CONTINUOUS MULTIVALUED 
MAPS 


Janina Ewert and Tadeusz Lipski 
Department of Mathematics, Pedagogical University 
Arciszewskiego 22, 76-200 Stupsk, Poland 


Abstract 


Among various generalizations of continuity we can sce two types; 
in one of them it is assumed that the inverse images of open sets belong 
to some class larger than the topology, this way leads - in particular - to 
quasi - continuous maps (11, 17]. In the second one the inverse images 
of sets from some subfamily of the given topology are considered. Then, 
as an example there are s-continuous maps [13, 14, 15, ]. Joinging both 
the above methods the class of s-quasi-continuous maps is introduced. 


AMS Mathematics Subject Classification (1980): 54C60, 54C08 
Key words and phrases: Multivalued map, quasi-continuity, locally 
connected space 


1. Basic definitions and properties 


For a subset A of a topological space X the symbols CI(A) and Int(A) are 
used to denote the closure and the interior of A. 
A set AC X is said to be: 
"Semiopenif A C Cl Ini(A), [17], 
_Semi-closed if X\A is semi-open [2, 3]. 
he sets Sel(A) = ((B : A C B, B is semi-closed) 


167 
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and Sint(A) =U{B: B C A, B is semi-open} are called the semi-q 


tr . . OSU? \ 
and the semi-interior of A respectively [2, 3]. ey 


Now, let F be a multivalued map defined on a topological space x and | 
having values in the non-empty subsets of a topological space Y ; for the | 
simplicity we will write F: X — Y. Forany set V CY we denote | 
PV) = {cE X:F(z)CV} and F-(V) = {z € X:F(z)nVgm | 


A multivalued map F : X — Y is called upper (lower) s - quasi. | 
continuous at a point zo € X, if for each open set V C Y having the | 
connected complement and F(zo) C V (resp. F (to) NV z 0), ther | 
exists a semi- open set U C X such that zo € U C F+(V) (zo € Uc 


F-(V)). A map F is called upper (lower) s - quasi - continuous if it ha 
this property 


at each point. 


If, in the above definitions, we omit the condition that YVV is cor 
nected, then we shall obtain the definitions of the upper and the lower quasi 
- continuity respectively [19, 20]. 


Any function f: X — Y can be considered as the multivalued map | 


F given by F(z) = {f(z)}. In this case we have s - guasi - continuous 


(guasi - continuous (11, 17|) maps. | 
| 


The standard proofs of the following two theorems we shall omit. 


| 
1.1 "Theorem. ) 


A multivalued map F:X >Y is upper (lower) s - quasi - continuo" | 


at zo € X if and only if for each openset V CY with the connectel | 
complement and F(zo) C V (resp. F(zo) NV # 0), and for ead | 
neighbourhood U of zo there exists an open 


non-empty set U; CU su | 
that Ui C F*(V) (resp. Uic F=(V)). ee 


1.2 Theorem. 


For a multivalued map F: X 
lent: 

(a) F is upper (lower) s-quasi - continuous; 

(b) for every open set V C Y having the connected complement the set 


—Y the following statements are equi? 


==, (emere 


nm 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


A boni 


Pa a C3, 


= a ^ tot cH (8 


) 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


guasi - continuous multivalued maps 169 
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p*(V) (resp. F-(V) ) is semi - open in X; 

(c) for every connected closed set M C Y the set F^ (M) (resp. F*(M) ) 
is semi - closed; 

(d) for every set B C Y having the connected closure, the following in- 
clusion holds: | Sci(F-(B)) C F-(CI(B)) (resp.  Sel(F*(B)) C 
p+(CI(B)) ) 

(e) for every set ACY such that Y\Int(A) is connected, F*(Int(A)) C 
Sint(F*(A)) (resp. F-(Int(A)) C Sint(F-(A)) ). 

Now, let (Y, T) be a topological space and let ç denote the collection 
of all the open sets whose complements are connected. Let 7" denote the 
topology on Y generated by taking < as a subbase. Obviously, 7“ C T. 

For any map with values in Y, it holds that: 

quasi - continuity > T"-guasi - continuity — s - quasi - continuity 

and none of the above implications can be reversed neither for multivalued 
maps nor for functions. 


1.3 Examples. 


(a) Let R be the set of real numbers with the natural topology and zo € R 
an established point. The multivalued map F:R— R given by 


[1,2] forz < zo, 
F(z)-4 [3,]  forz- zo. 
[4,5] forz > zo, 


is upper and lower s - quasi - continuous but it is neither upper nor lower 
“ - quasi - continuous at zo. 

(b) Let X be the set of real numbers with the natural topology and (Y, T) 

the Sorgenfrey line (4, p. 39]. Then T7" is the co-finite topology on Y [22, 

Prop. 1]. Let a,b, zg be established numbers with zo « a « b. We define 

the multivalued map F:X-—Y assuming 


a,b] f = To, 
Pla) =| e uc is 


m ; X 5 3b: 
= map F is upper and lower T" - quasi - continuous but it is not upper 
? lower quasi - continuous. 
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2. Points of continuity 
( 
For a multivalued map F, the symbols C*(F),C-(F) are used to denote 
the sets of all the points at which F is upper or lower semi - continuou 
respectively. | 


A multivalued map F: X + Y is called upper (lower) almost contin. | 
uous at a point zo € X if for each open set V CY with F(zo) cy | 
(resp.  F(zo)QV #0) it holds that zo € IntCl(F*(V)), (resp. 
zo € IntCl(F-(V)) ), [21]. For single valued maps each of these definitions 
imply almost continuity in the sense of Husain [9]. 


2.1 "Theorem. 


Let X be a topological space, Y a locally connected regular one and let 
F:X-—Y bea multivalued map. 
(a) If F is lower s - quasi - continuous, F(x) is a connected compact for z€ 


X and F' is upper almost continuous at Zo, then F is upper semicontinuous | 
at rg. | 


(b) If F is upper s - quasi - continuous, lower almost continuous at zo, then | 
F is lower semicontinuous at Zo. | 


Proof. Assume that F is not upper semicontinuous at zo. Then, ther 
exists ee Egon Bet V CY, F(zg) CV such that each neighbourhood U' dí 
Zo contains a point z'for which F(z’) V. Because Y is regular locally 


connected and F(zg) is a connected compact set, we can choose an op! 
connected set Vj satisfying 


F(zo) C Vj C CI) c V. 


The set U = IntC(F*(Vj)) isa neighbourhood of zo, so it contains“ 


point zı such that F(z1) N (Y\CI(V1)) z 0. 

Using the lower s - guasi - continuity of F at Zi, we choose an open a 
empty set U, CU such that F(z)n (Y\C(M)) 20 for reU ©. 
UNF*(V) #0, thus for some t2E€U, wehave F(z2) C Vi, which? 
impossible. Hence, the proof of (a) is completed 

The proof of (b) is analogus. 


pu ) 


> E v- 


2.5 


C 
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2.0 Lemma. 


Let X bea topological space, Y a second countable one, and let F : X —Y 
be a multivalued map. Then: 

(a) The set of all the points at wich F is not lower almost continuous is of 
the first category [12]. 

(b) If F(x) is compact for each z € X, then the set of all the points at 
wich F is not upper almost continuous is of the first category [5, Th. 2.1.) 


Combining this lemma with Theorem 2.1 we immediately obtain 


2.3 Theorem. 


Let X be a topological space, Y a locally connected second countable regular 
one and let F:X —Y be a multivalued map. Then: 

(a) If F is lower s - quasi - continuous and F(z) is connected compact for 
each z € X, then XXC*(F) is of the first category. 

(b) If F is upper s -quasi - continuous, then X\C~(F) is of the first 
category. 


2.4 Corollary. 
Let X bea topological space and Y a locally connected regular one. A 


function f: X — Y is continuous if and only if it is s -quasi - continuous 
and almost continuous. 


3. Functions of two variables 


Let X,Y,Z be topological spaces and F: X x Y — Z a multivalued 
Map. For any ze X, y € Y by F,,F¥ we denote the multivalued maps 
2 — Z and FY:X 2 defined by F,(y) = F(z,y) = F(z). 


Sal hearer, 
= X be a Baire space, Y a locally second countable and let Z be a locally 
Onnected regular one. If F: X x Y — Z is a multivalued map with 


c = : 
Ompact values such that F,,F” are upper s - quasi - continuous for each 
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z €X,y€Y and all the FY are lower quasi-continuous, then F is Upper; ) 
- quasi - continuous. 


- Proof. We apply the method analogous to that in papers [18, 19). As, | 
sume that F is not upper s - quasi - continuous at (29,0). Then, there | 
exists an open set W containing F(zo,yo) and having the connected Com: | 
plement, and there exists a neighbourhood U x V of (zo, o) such tha 
every non-empty open set U'xV'CUXV has a point. (x,y) for which 
it holds F(2',y')N(Z\W) #9. Without loss of generality we can assume | 
that V has a countable base {V,:n > 1). The set M = Z\W is closed, | 
F(zo,yo) compact, so we can choose disjoint open sets W',W" C Z such | 
that F(zo,yo) C W' and M CW". Since Z is a locally connected space | 
and M a connected subset, there exists an open connected set W, CZ | 
such that M C W; CW". Hence, W'n CI(W,) =Ø which implies | 


F(zo,yo) C ZAC((W1) C CI(ZACI(WA)) c W. 


Let Wo = Z\CI(W,); then Wo is an open set with the connected com 
plement. The map F% is upper s - quasi - continuous at zg, therefore 
U; = Un Int(F%)*(Wo) is an open non-empty set. Let us put A, = (1€ 
Ui : Va C (Fz)*(Wo)}. For seU, we have F;(yo) = F(z, yo) C Wo | 
Since F, is upper s - quasi -continuous, we obtain Int(F;)*(Wo)nV #4, | 
so V, C(F;)'(Wo) forsome n» 1. Thus z € A, and consequently 
U, =U%, As. | 
Let n > 1 be established and let U' be a non-empty open subset i, 
U. Then, for some point (21,591) € U' x Vp, it holds that F(z) | 
(Z\Cl(Wo)) # 0. The lower quasi - continuity of F”! at zı implies the 
existence of a non - empty open set U" C U' such that 


F(z,y1)0 (ZACI(Wo)) £ 0 for z € U". 


Hence. ug (Fz)* (Wo) forz € U". But yı € Vp, so Vn £ (F,)+(Wo) for | 
z € U". This means U"nA, 20 and in consequence U, is of the D 
category. This contradiction finishes the proof. 


3.2 "Theorem. 


Let X be a Baire space, Y a locally second countable and let Z be a lo“ 
connected regular one. If P: XxY >Z isa multivalued map 5UC 
Fz, F” are lower s - quasi - continuous for each ze X,yEY and 
are upper quasi - continuous, then F is lower s - quasi - continuous. 


ally / 
t 


all P| 
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Proof. Assume that F is not lower s - quasi - continuous at a point 
(Z0,90)- Then, there exists an open set WC Z with F(zo,yo) AW # 
and Z\W connected, and there exists a neighbourhood U x V of (zo, yo) 
such that each non-empty open set U' x VV. C U x V contains a point 
(zy) for wich F(z',y') C ZAW. We can assume that V has a count 


able base (V, :n2 1j. Let zo € F(zo,yo)1W. Since M = Z\M 
is a closed connected set, there exists an open connected set W; such that 
M CW, and zo € ZACI((W1) C CI(ZACL(Wi)) C W. Denoting 
Wo = ZAC(W3), we have an open set with the connected complement 
and zo € Wo. Since F% is lower s - quasi - continuous at zo, the 
set Uy = UN Int(F%)-(Wo) is non-empty. Let A, = {z € Uy: Va C 
(F,)~(Wo)}. Using the lower s - quasi - continuity of maps F, at yo, we 
can show the equality U; = Url, An. For established n > 1 and an 
open non-empty set U’ C Ui, there exists a point (z1,91) € U x V, 
such that F(zi,9y1) C Z\Cl(Wo). Since FY is upper quasi - continuous 
at xı, there exists an open non-empty set U" C U’ such that 


F(x,y) C ZACI(Wo) for z € U". 
Thus yi £ (Fr) (Wo) for z € U", and yy € Vn, so Vn É (Fr) (Wo) for 


t € U". This implies U"n A, = (0. Hence, A, are nowhere dense sets 
and U, is of the first category. 


This is the contradiction finishing the proof. 


Let us observe that in the above theorems assumptions on the spaces 
X,Y,Z are not necessary. 


3.3 Example. 
Let Z= (0, co), M = {iin >1} and 


»[Zn(z-iz-l) ifr #0, 
uate) | (0,2)\M, ifr= 0. 


t Then {V,(z):n 2 1, z€ Z} is a neighbourhood system for some 
"Pology T on Z. For each number a > 0, the topology T restricted to 
* Subspace (0,a] or [a,co) coincides with the natural topology, so 
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à (0.a) and {a,co) are connected sets in (Z, T). Moreover, 0 belongs | | 
the T-closure of (0,a], therefore [0,a] is connected. Now, let * à 
the set of real numbers and M the c-ideal of sets of the Lebesgue nom | 
zero. Let us consider the topology 7r = ((a,00):a € X}U (0, x); M | 
ty = {W\H:W € vr, H € N) is a topology on X [8]. | 


Assume that g :(X,r) > (Z,T) is an s -quasi - continuous function | 
such that g(z1) < g(z2) for some 21,22 € X,zi # £2. Let us tak 
numbers a;,a? such that g(x1) < a1 < a2 < g(z2). The sets (0, a,) | 
and (a2,00) are open and have the connected complement in (Z,T) | 
so Intg-!([0,a1)) £ 0 Z Intg-'((a2,00)). From the definition of T, for | 
some b € X we have (b,oo) C g^!([0,a1)) N g71((a2,00)), whichis 
impossible. Hence, only constant functions g : (X,T) > (Z,T) ares 
- quasi - continuous. It is easy to see that the same holds for function | 
g:(X,rw) > (Z,T). E 


Now, let f:(XxX,rx TN) > (Z,T) bea function such that all the 
fz are s - quasi - continuous and f" are quasi - continuous. Then, f;,f! 
are constant functions, so f is too. Thus f is s - quasi - continuous. But 
(X,T) is not a Baire space, (X,Tx) is not locally second countable and 
(Z,T) is not regular [4, p. 61] nor locally connected. 


| 
| 
| 
| 
| 
| 
f 
I 
f 
I 
| 


4. Limits of seguences of S - quasi - continuous. 
maps | 


) 


The pointwise convergence does not preserve the s - 


; + tty evel 
uasi - continuity € 
for real functions. ; 


4.1 Example. 


In the space R of real numbers with 


the nat 1l consid? | 
functions fj, f: R— R given m e natural topology we sha. 


-1 for z € (-x,-—1) 
falz) = 4 22H forse (1,1) 


n for z € (1,00) 
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—1 forz--1 
ieesw dese 
0 forze R\{-1,1}. 


Then fn are s - quasi - continuous functions, f, — f and f is not s - 
quasi - continuous at points -1 and 1. 


The other situation is in the case of transfinite sequences. To begin with, 
we shall give some symbols and notions. 
Let Q be the first uncountable ordinal number. 


A transfinite sequence (ag : £ < N} of elements of a topological space 
Y is said to be convergent to a € Y if for each neighbourhood U of a there 
exists E< Q such that ag € U for each £, & € € « €l, [16]. In the 
sequel we shall use the following 


4.2 Lemma. [16] 


Let Y be a first countable T;-space. If a transfinite sequence {ag : € < N} 
converges to a € Y , then, there exists £o <Q such that ag =a for each 
& ćo < £ <Q. 


A transfinite sequence {fe : E < Q} of maps of X into a topological 
space Y is called convergent to a map f: X — Y ifforeach z € X 
the sequence {fe(z):€< Q} converegs to f(x); then we write je 
limeeg fe. 


Now, for a transfinite sequence {Fe :£ < 9} of multivalued maps the 
Symbol F = limgeg F; means the convergence of all the sequences (Fez) 
<Q) for ze X, in the space S(Y) of all the non-empty subsets with 
the Vietoris topology. 


43 Theorem. 


Let X bea locally separable first countable space and Y a topological one 
Such that the space C(Y) of all the non-empty closed subsets of Y is a first 
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countable T;-space. Assume that F,F;: X — Y, € « Q, are multival ) 
maps with closed values and F = limeća Fe. If Fe are lower (upper) 


. 5 . . 5 §. 
quasi - continuous, then F is lower (upper) s - quasi - continuous. 


| 

Proof. Suppose that F is not lower (upper) s - guasi - continuous | 
point zo € X. Then, there exists an open set V C Y with Yy 
connected and F(zo)NV #0 (resp. F(zo) C V ), and there ex 
a neighbourhood U of zo such that each open non-empty set U' CU 
contains a point z'for which F(z’) C Y\V_ (resp. F(z')n (Y\V) 44 
). Without loss of generality, let U be separable. Let (z,:n > 1} beal 
dense subset of U and let {W,; :j > 1} be an open base at z,, W,; CU 
for n,j 21. So, foreach n,j > 1 we can choose a point z,;€ Wij 
such that 


(1) F(2nj) CY\V, (resp. F(2n;) N (YW) # 0). 


According to Lemma 4.2 there exist numbers £0,€n; < Q, n,j21, sud 
that F(t) = F(zo) for €,& < € < 9, 


Fe(2nj) = F(z5;) for n,j > 1, Eng ZEZA. 
Thus, we can choose a < Q such that £o < a,Enj <a for n,j >) 


Then, we have Fa(zo) = F(zo) and Foe(znj) = F(anj) for nj 2 1 ) 
Since F is lower (upper) s - quasi - continuous at zo, for some W,,; it hols 


Falt) NV z 0 (resp. Fals) C V) for z € W,;, 


Which is contradictory to (1). Thus the proof is completed. : 


5 à :quols 
Now, we are going to consider the uniform limits of s - quasi - contin? | 


by * For a uniform space (Y,**) by Ti. is denoted the topology indu" | 


For any point y € Y, a set ACY and Wes we denote M 


Wis] - {z EY :( 2) € W) and wA] = Utwty: y € A). 


An open cover A of Y is said to have the Lebesgue property [10] 
exists W € xx such that (Wíz]:z € Y) is a refinement. 
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44 Lemma. [10] 


Each binary open cover has the Lebesgue property if and only if for any 
disjoint closed sets A,B CY there exists W € «« such that W[A]n 


W(B] = 0. 
We shall use the following property 


(*) for each connected closed set M C Y and each open set U with 
MCU, there exists W € *« such that W[M]CU. 


It follows from Lemma 4.4 that if each binary open cover has the Lebesgue 
property, then (*) is satisfied. Then converse does not hold. 


On pages 10-12 instead of the symbol *x to give the script or German 
U. 


4.5 Example. 


In the space R with the natural uniformity, the condition (*) is satisfied. 
But the open cover consisting of the sets 


= 1 1 
U = R\ (ET V = U= nt) 
n=1 


has not the Lebesque property. 


Let F,F,,n > 1, be multivalued maps defined on X with values in a 
uniform space (Y,**). The sequence {F,:n > 1) is called uniformly 
convergent to F', if foreach W € ** there is ng such that F,(z) C W[F(z)] 
and F(z)C W[F,(z) foreach n > no, TE X. 


46 Theorem. 


Let X bea topological space, (Y,*«) a uniform one with the property (*) 
and such that (Y,T..) is locally connected. Let F,F,:X — Y,n > 1, 


€ multivalued maps and the sequence {F,:n2 1} uniformly converge 
to F. Then, 


(a) If F, are lower s - quasi - continuous, then F is lower s - quasi - 
Continuous. 
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(b) If F has the closed values and Fn are upper s - quasi - continuons 


then F is upper s - quasi - continuous. 


Proof. (a) Let to € X,U be a neighbourhood of zo and let y be 


an open set with Y\V connected and F(zo)NV £ 9. Let us take | 


yo € F(zo) AV, then yo ¢ M = Y\V. Using the regularity of y 
and the property (*), we can choose W € **, W = W-! such tha 
W{yo] Nn W[M] = 9. For each y € M there exists a connected ope 
set V, satisfying y € Vy C W [y]. Because M is connected, the set 
Vo = U(W : y € M) is connected and M C Vo C W[M]. Thu, 
we have CI(Vo) 1 Wl[yo] = 0. Moreover, according to (*) there exists 
Wi € x,W = Wi CW for which Wi[M] C Vo. Let n bea 


established number such that F,(z) C W;[F(z)) and F(x) c WF.) | 


foreach z € X. 


Since yo € F(zo) C Wi[Fn(zo)], for some z € F,(Zo) we have 
(90,2) € Wi. From this it follows that z £ CI(Vo) and, thus, = F,(zo)N 
(Y\Cl(Vo)) Z 0. The map F, is lower s - quasi - continuous at zo, so there 
exists an open non-empty set U; C U such that F,(z) n (YXCIVo))? 
Ø forz €U. Letustake z € U, and y € F,(z)n(YXNCI(Vo)) Th 


condition y € Cl(Vo) implies y ¢ W,[M], and Wi[y]n M z 0. From | 


y € Falz) C Wi[F(z) 
] it follows that (y,z) € W, for some z€ F(z). Thus zg M and 


| 
| 


( 


consequently F(z)a(Y\M) £ 0. Hence, we have shown F(z)N Vi | 


Ø forz € Ui, ie. F is lower s - quasi - continuous at zo. 


(b) Forany zg € X let U bea neighbourhood of this point and ve J 
an open set with Y\V connected and F(zo)C V. The set M = Y 
is connected closed, so applying (*) we can take W € xx such that ure 
W-! and W?[M] C Y\F(zo). Hence, we have W(M]n W[F(zo)] = ). 
Similarly as in the proof of the point (a), we can choose an open connectel 
set Vo satisfying M C W% c W[M]. Thus, Cl(Vo) n W[F(20)] A 
Using once more the assumption (*), there exists W, € ++, W1 = w, he 


1 
which Wi[M] C Vo. Let n>1 be an established number such that | 


Then: 


Falz) C WiF(z) and F(z) C Wi[F,(z) for each z € X. 
we have F,(z0) C Wi[F(zo) C Y\CI(Vo). Since F, is upper 5 
- continuous, there exists an open non - empty set U; C U suc 


, quas 


F(t) C Y\CI(Vo) for z € Ui. Hence, F,(z)nW;[M] — 0 for ue. 


and consequently W,[F,(z)N M = 0 for x € Uj. Combining this fact 
e 


F(z) C Wi[Fn(z), we obtain F(z)CV for z€U,, which finis 
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On 5 - 


proof. 


5. Remarks on S - quasi - continuous real functions 


In this section R denotes the set of real numbers with the natural topology. 


A real function f defined on a topological space X is said to be upper 
(lower) quasi-continuous at a point zo € X if for each neighbourhood U 
of to and each € > 0 there exists an open non-empty set U, CU such 


that 


f(z) < f(zo) + € (resp. f(zo) - € < f(x)) for z € Uj. 


A function f is called upper (lower) quasi - continuous if it has this property 
at each point [6]. 


The simple examples show that a function which is upper and lower quasi 
- continuous simultaneously need not be quasi-continuous. But we have 


5.1 Remark. 


A function f:X > R is upper and lower quasi-continuous if and only if 
it is s - quasi - continuous. 


We have the following 


5.2 Theorem. (6, Th. 6.1 and 6.2] 


Let X be a Baire space, Y a second countable one and let f : X x Y ^ 
R be any function. If fc, f” are lower (upper) quasi-continuous for 
TE X,y € Y and f” are upper (lower) quasi - continuous, then f is lower 
Upper) quasi - continuous. 

Looking carefully at the proofs of these theorems it is easy to see that 
they are true for a locally second countable space Y. Thus, from the above 
We obtain immediately. 
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5.3 Theorem. | 


Let X be a Baire space, Y a locally second countable one and let r 
X xY > R bea function such that f;,f" ares- quasi - contionuoys for | 
each z€ X,y€Y. Then f is s - quasi - continuous. 


Furthermore, we have 


5.4 Theorem. [7, Th. 5] 


Ifa function f:X — R is the pointwise limit of a sequence {f,:n> 1} 
of upper (lower) quasi - continuous functions f, : X — R, then the set 


of 
points at which f is lower (upper) discontinuous is of the first category. 


| 
From this it follows simply that: Y 
f 
5.5 Theorem. 


If a function f:X >R isthe pointwise limit of a sequence (f, :n2 1) 
of s - quasi - continuous functions fn: X —+ R, then the set of points at 
which f is discontinuous is of the first category. 


6. Problems 


It is easy to see that for real functi 
that which follows from Theore 
following 


ons Theorem 6.3 is a stronger result than 
m 3.1 or 3.2. This observation leads to the 


6.1 Problem 


Is Theorem 3.1 (resp. 3.2) 
continuity of all the FY 


4) true if the assumption of lower (upper) ques, 
Is replaced by lower (upper) s - quasi - continuity: | 


! 


and 


Let BF: X > Y be multivalued maps, X,Y topological due ris 
0 


let S(Y) be the space of all the non-empty subsets of Y, with the Vie ; 
topology. We write F = lim E Sila if foreach z € X the seque", 
{Fn(z) : n > 1) converges to F(z) in S(Y). We do not know Y 
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the limits of upper (lower) s - guasi - continuous maps are. But looking at 
Theorem 5.5 we obtain 


6.2 Problem 
Let F,, F:X + Y be multivalued maps and F = lim,—, Fy. 
If F, are upper (lower) s - quasi - continuous, then, - perhaps under ad- 


ditional assumptions -is the set of points at which F is not lower (upper) 
semicontinuous of the first category? 
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To, > REZIME 
| O S - KVAZI - NEPREKIDNIM VISEZNACNIM 
g PRESLIKAVANJIMA 
| 
T to | Medju raznim uopštenjima neprekidnosti posmatraju se dva tipa i kod jednog 
od njih se pretpostavlja da inverzna slika otvorenih skupova pripada jednoj 
klasi široj nego topologija — ovaj put vodi — specijalno — kvazi — neprekid- 
a nim preslikavanjima [11,17]. Kod drugog inverzne slike podskupova neke 
"n podfamilije date topologije su razmatrane. Tada, kao primer postoje s - 
ege | preslikavanja (13,14,15). Spajanjem obe ove metode klasa s — kvazi — pres- 


| likavanja je uredjena. 


TT Received by the editors November 18, 1988. 
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Abstract 


The purpose of the note is to investigate some properties of weakly 
continuous multifunctions and almost continuous multifunctions and 
to obatin new characterizations of almost continuous multifunctions 
using the notion of a semi-open set generalizing the results from [7] - 


[9]. 
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Key words and phrases: Multifunctions, weakly continuous multifunc- 
tions, almost continuous multifunctions. 


Weak continuous multifunctions are defined by us in [11] as a general- 

ization of univocal weak continuous applications defined by Levine in (6). 
Smithson also defines weak continuous multifunctions in (22). The proper- 
ties and some applications of weak continuous multifunctions are given in 
(1(2),1],[12),[14],[16] and (18). 
Almost continuous multifunctions are defined by us in [13] as a general- 
ization of univocal almost continuous applications defined by Singal in (20). 
= pereo of almost continuous multifunctions are studied in (4),[15],[16] 
and [17]. 

Let X and Y be two topological spaces. For a multifunction F : X — Y, 
We shall denote by F*(G) and F-(G) the upper and lower inverse ef the 
Set G C Y and thus 


F*(G)- {2 e X : F(z) C G-SF- (9) = {2 € X : Fe) NG 7 0). 


th As the paracompact sets can be defined in two way [3], we shall define 
* Paracompact sets in the following way: 


185 
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Definition 1. The set M in the topological space X is called strictly K | 
compact if every covering of M by open sets from X can be refined bya 
covering by open sets from X, locally finite in X [3]. 


we 


It is known from [3] that the notion of the strictly paracompact set and 
that of the paracompact set defined with the help of the relative topology 
do not coincide. 


Definition 2. Let X and Y be two topological spaces. 


(a) The multifunction F : X — Y is upper weakly continuous 
(u.w.c.) respectively, upper almost continuous (u.a.c.) in th 
point zo € X if for every open set G C Y with F(zo) C G, ther 
exists an open set V C X containing zo, se that F(V) c CIG, 
respectively, F(V) C IntClV (Cl G stands for the closure of G), ; 


(b) The multifunction F : X — Y is lower weakly continuous 
(l.w.c.) respectively, lower almost continuous (l.a.c.) in the point 
To € X if for every open set G C Y with F(xo)NG £ 0, there 
exists an open set V C X conataining zo, so that F(z) NG 70 
Vz € V, respectively, F(z)n IntClG £ 0,Vz € V. 


The multifunction F : X — Y is weakly continuous (w.c), 
respectively, almost continuous (a.c.), in the point zo € X if Fis | 
E upper and lower weakly continuous, respectively, upper and lower 

| almost continuous, in the point zo € X. 


The multifunctional F : X —, Y is weakly continuous (u.w.c, 
respectively, almost continuous (u.a.c.,l.a.c.) if it has this prov | 
erty in any point z € X [11],[13],(22]. 


(c 


— 


e 


(d 


— 


The following implications hold 


l. u.s.c. > u.a.c. > u.w.c. 


2. Ls.c. > u.a.c. > lw.c. , | 
If the range Y is a regular space and F(z), Vz € X is a strictly paracom | 
pact set then j 


(1) u.s.c. & u.a.c. & u.w.c. 
If the range Y is a regular space, then 
(2) Ls.c. & La.c. & Lw.c. [11], [13], [14], [22] 
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Definition 3. A topological space X is almost regular if for any point z € X 
and each regular closed set A C X with z€A there exist disjoint open sets 
U and V such that z € U and AC V [21]. 


Every regular space is almost regular, but the converse is not always true 
(21]. 


Definition 4. A topological is said to be almost compact if every open cover 
admits a finite subfamily, the closures of whose members cover the space [19]. 


Theorem 1. Let X and Y be two topological spaces. If F : X — Y isa 
surjective multifunction with an X compact space and Y T4 space, so that: 


1) F is punctually compact. 

2) F is u.w.c., 
then F is u.a.c. 

Proof. Let V = (Vi: i € I} be any open cover of Y.F(z) being compact 
Yz € X, there exists a finite subfamily V' = (Vj, : k = 1,...,n) of V such 
that F(z) C Ut, V4. Let Ve = Ute, Vi, then F(x) C Vz. The family 
{Vz : x € X) is then an open cover of Y.F being v.w.c.. By Theorem 6, 
implication (1) > (2) from [11] it follows that F*(Vz)c Int F*(CIV,). 
F being a surjectiove multifunction the family (F*(Vz)) is a covering of Y 
and the family (Int F*(CIV;): z € X) is an open cover of Y. Since X 
is compact it has a finite family (IntF*(CIVz;) : j = 1,2,..,m) such that 
X= Ujz1 IntF'+(CIV,,). F being a surjection, then 


Y = F(X) = F(|J IntF*(ClV;;) Cc U F(F*(CVz;) C U CIV 
j= 


j=1 j=1 


Hence we have Y = Ua CIVz;. This implices that Y is almost compact. 
Every almost compact and T4-space is almost regular (10). pp.139).Thus, 
by Theorem 2.3 of [16], F is u.a.c. 


Corollary l. If f is a weakly-continuous univocal mapping of a compact 
“Pace X onto a T4-space, then f is almost continuous ([8], Theorem 3). 


Theorem 2. If the multifunction F, : X — Y is u.s.c. and the multifunc- 


ea Fn: Y — Z is u.a.c., then the multifunction F=hoh:X —>Z 
S u.a.c. 
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Proof. Let G be any regularly open set of X. Then F*(G) = F}(F}(G), | 
According to Theorem 2.4, implication (1) = (3) of [13], FF (G) is an às 
set of Y. Then, F*(G) is an open set of Y because F is u.s.c. and Fi | 
u.a.c. from Theorem 2.4, implication (3) > (1) of [13]. | 


Theorem 3. If the multifunction Fj : X — Y is l.s.c. and the multifune. | 
tion Fp: Y — Z is La.c., then multifunction F = Fz o Fy : X — Z jg 
a.c. 


The proof is similar to the proof of Theorem 2 and follows from Theoren | | 
Let X be a topological space. The family of regularly open sets of Y 
forms a base for a semi-regular topology which is called the semi-regularizatis | 


of the topology of X [19. In the present note we shall denote by Xs the sel 4 
X endowed with such a topology. ( 


Theorem 4. IfF:X — Y is a multifunction so that: 
1) Y is an almost regular space, 
2) F is punctually strictly paracompact, | 


| 

then F is weakly continuous if and only if F : Xs — Y is almost continu: | 
ous. | 
| 


Proof. Necessity. Suppose F is weakly continuous. Let V be any reg! | 
larly open set of Y and z € F$ (V) = F*(V), namely F(z) C V. | 
Let F(z) = Uses {yi}. Y being an almost regular space, for the regular 
; open set V and for every y; there is a regular open set V;, so that yi € Ke 
CIV; C V according to Theorem 2.2(a) of [21]. So, we have 


T F(z) c (JV c U civ; c v. 
i te] iE] | 


F(z) being a strictly paracompact set, there is a family A = (Aj jj a | 
of open sets, so that A; C V; for some i € I and A is a local finite cove™” | 
of F(z). We shall have 


F(z)c U A;c UVic Uemcv 
JEJ ier ier 


and 


F(z)c U A; c Uca; c civ; c v. 
JEJ JEJ iel 
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Let Vo = Ujeg Aj. The family A being locally finite, then CIV, = 
Uje; CAs, so F(z) C Vo C ClVo C V. 

Since every u.w.c. multifunction, punctually strictly paracompact into 
an almost regular space, is u.a.c. from Theorem 2.3 of [16], thus by Theorem 
2.4, implication (1) > (2) of [13] it follows that 


z € F*(Vo) C IntF*(IntCIVo) C F*(ClV) C F*(V). 


Int F+(IntClVo) is an open set and F+Y(CIV)) is a closed set from Theorem 
2.2, implication (1) > (6) of [13] because F being 1.w.c. from Theorem 2.4 
of [16] F is l.a.c. and ClVo being a regularly closed set. 

We shall have 


z € F*(Vo) C IntF*(IntClVo) C 


C Int CIF*(IntCIVo) C F*(ClVo) c F*(V). 


Let U = IntCIF+(IntCIVo) be. Then, U is a regularly open set of X 

and 
z € Ft(Vo) CU c Ft(ClY) c F*(V) = F$ (V). 

This implies that F+(V) is an open set of Xs. Therefore, by Theorem 24, 
implication (3) > (1) of [13], Fx, is u.a.c. 

Then we can prove that Fy, is l.a.c. Let V be any regularly open set of 
Y and z € Fy (V) = F-(V), then F(z nV # 0. From Theorem 2.2 of [21], 
there is an open set G C Y such that F(x) NG £ o and CIG C V. Thus, 


z € F-(G) c F-(CIG) c F7(V). 


The multifunction F being l.w.c., from Theorem 2.4 of [16], it follows 
that F is La.c.. Then, by Theorem 2.2 of [13], it follows that 


z € F-(G) C IntF-(IntCIG) C F-(CIG) c F(V). 


Int F*(IntClG) is an open set and F*(CIG) is a closed set from Theorem 
2.4, implication (1) = (6) of [13] because F being u.w.c. and punetually 
strictly paracompact from Theorem 2.3 of [16] is u.a.c. and CI G being a 
regularly closed set. We shall have 


* € F"(G) C IntF-(IntCIG) C IntCIF-(IntCIG) C F-(CIG) C F-(V) 
Let y = IntCIF-(IntCIG) be.Thus U is a regularly open set and 
t€ F-(G)CUCc F-(CIG) c F (V) = Fx,(V). 
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This implies that F~(V) is an open set of Xs. Therefore, by Theorem 2) ' 
impication (3) > (1) of [13], Fx; is l.a.c. f ; i i a 
Sufficiency. Suppose FX; is almost continuous. Since the identity 
mapping ix : X — Xs is a continuous function (multifunction) and ( 


F = Fx, oix, then, by Theorem 2 and 3, F is almost continuous. Therefor 
F is weakly continuous from (1) and (2). 


Corollary 2. Let Y be an almost regular space. Then, a univocal mapping | 


f:X —Y is weakly continuous if and only if fx, : Xs — X is almos 1 
continuous ( [9], Theorem 1) ( 
Theorem 5. For a multifunction F : X — Y the following are equivalent : 
1. F is u.w.c. 
2. For each open set G C Y,CIF-(G) C F-(CIG) [18]. i 
1 


Theorem 6. For a multifunction F : X — Y the following are equivalent. 


1. F is l.w.c. 


na 


2. For each open set G C Y,CIF*(G) C F+(CIG) [18]. | 


Now, we shall prove two similar theorems for almost continuous multifune | 
tions. 


Definition 5. Let X be a topological space. A set V C X is said tok) 
semi-open if there exists an open set G C X such that G C V C CIG [6] 


E. 
= 
L 


Theorem 7. For a multifunction F : X — Y the following are equivale! 


1. F is u.a.c. | 


2. For each semi-open set G C Y,CIF-(G) C F-(C1G). | 


: ef | 
Proof. (1) > (2). Let G be a semi-open set of Y , then CI G is? ae 
set and according to theorem 2.4, implication (1) > (5) of [13], we have 


F-(CIG) 2 CIF-(CIIntCIG) 5 CLF- (CIIntG). 
n " i | 
The set G being semi-open, then from Theorem 1 of [6], G C ci 
therefore, 
CIF" (CUntG) 5 CIF-(G) 
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and 


CIF-(G) C F-(CIG). 


(2) > (1). Since every regularly closed set is semi-open, therefore, for every 
regularly closed set G, we have 


CIF (G) c F (CIG)= F (G). 
Therefore, F-(G) is closed and F is u.a.c. from Theorem 2.4, implication 
(6) > (1) of [13]. 
Theorem 8. For a multifunction F : X — Y the following are equivalent 
1. F is la.c. 
2. For each semi-open set G C Y,CIF+(G) C F*(CIG). 


The proof is similar to the proof of Theorem 7 and follows from Theorem 
2.2 of [13]. 


Corollary 3. A univocal application f : X — Y is almost continuous if 
and only if CLf-*(G) C. f-(CIG) for each semi-open set G C Y. ((T), 
Theorem 2.1). 
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REZIME 


SLABA NEPREKIDNOST I GOTOVO NEPREKIDNOST ZA 
MULTIFUNKCIJE 


Svrha ove note je da se istraže neke osobine slabo neprekidnih multifunkcija 
i i skoro neprekidnih multifunkcija i da se dobiju nove karakterizacije skoro 
neprekidnih multifunkcija korišćenjem pojma poluotvorenog skupa, čime se 
uopštavaju rezultati iz [7]-[9]. 
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RECURRENT MANIFOLDS 
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Abstract 


In §1 the condition for the conformally quasi-recurrent manifold 
(CQR-manifold for short) is found to be conformally recurrent.In §2 
the conformal change of CQR- manifold is disscused and some results 
of [6] completed. In §3 some examples of CQR-manifolds are given. In 
§4 the umbilical hypersurface of the conformally quasi-recurrent space 
is studied. 
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1. Introduction 


2 o h 
Let (M,g) be an n-dimensional(n > 3) Riemannian space and let Ci. 
be its conformal curvature tensor, i.e. 


(1.1) Ch, = Rb, — zio (Rhoi — Rjgi + ôk Rij — 6} Rix) + 


R h h 
(6/0; — On Gk) 
+ Geo kJij 5 gik) 


195 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri = 


| 


PSA RT S aje 


196 Mileva Prvanoy. 
where R}, denotes the curvature tensor of (M,g), Rij is the Ricci tensor ! 
while R is the scalar curvature. It is well known that tensor (1.1) satisfies è 
the relations 


(1.2) Chijk = —Cihjk F —Chikj = C}jkhi, 
(1.3) Ch, + Chi + Ch; = 0, 
(1.4) C = CE = Che = (0), 


(M, g) is said to be conformally recurrent (CR for short), if Ch satisfies 
the condition 


(1.5) VsChijk = AsChijk, : 


where V is the operator of the covariant derivative with respect to metric 
and a; is a vector field. 


(M, g) is said to be conformally quasi-recurrent (CQR for short) if 


(1.6) VsChijk = 2a5Chijk + G&Csijk + aiChsjk + G5Chisk + OkChijs: 
If in (1.5) or in (1.6) a; = 0, we have 


(1.7) VsChijk = 0. 


The Riemannian space satisfyng (1.7) is said to be conformally symm 
ric (CS for short). 


Thus, the class of CR-manifolds as well as the class of CQR-manifolć 
contains all CS-manifolds. There arises the question: do there exist REUS | 
folds which are not CS-manifolds but are CR - as well as CQR-manifoló* | 
And if such manifolds exist, do there exist CQR-manifolds which are gu 
CR-manifolds and CR-manifolds which are not CQR-manifolds? | 


To answer these questions, we shall first mention the following 


Lemma 1. (/(7), Lemma 3) If Cj,Pj; and Bj; are numbers satisfying 
Cs Bhijk + PhBsijk + piBhsjk + Pj Brisk + pp Brijs = % 


Bhijk = Bjkhi = BE Bhijk + Brjri + Bhkij = 0, i 
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in A ihen each bic GET 2pj is zero or each Bhijk is zero. 
1 
Now, we can easily prove 


Theorem 1. The necessary and sufficient condition fora CR-manifold to 
bea CQR-manifold and for a CQR-manifold be a CR-manifold is 


(1.8) asChijk + ajChiks + akChisj = 0. 
fies 


Proof. - Let (M,g) be CR and CQR-manifold. Then, besides (1.6), the 
| relation 
? VsChijk = ksChijk 


icg is satisfied, too. Therefore, we have 
(1.9) (2a, — ks)Chijk + ahCsijk  GiChsjk + ajChisk + akCnijs = 0. 


In view of (1.2) and (1.3), the conditions of the preceding Lemma are satis- 
fied. Supposing that (M,g) is not conformally flat, it follows that k, = 4a;. 
Hence, (1.9) takes the form 


(1.10) —2a,Chijk + ak Csijk + 4 Chsjk + 4; Chisk  akChijs = 0. 


Permuting the indices s,j,k, cyclically, adding the obtained equations 
to the preceding one and using (1.2) and (1.3), we obtain (1.8). Now, let 


us suppose that (1.8) holds good. Then, taking into account (1.2), we also 
have. 


olds asChijk + anCisjk + aiC shjk = 0 
Adding this to (1.8), we get (1.10). Therefore, (1.6) reduces to 


not | (1.11) Cn- = 4asChijk 


and (1.11) reduces to (1.6). This completes the proof of theorem. 
y As an immediate consequence of (1.8) and (1.4), we have 
j 
| (1.12) asC};, = 0. 
( 


| The converse, of course, is not true, i.e. (1.8) does not follow from (1.12). 
| 


CC-0. In Public Domain. Gurukul Kangri Collection j 


Digitized by Arya Samaj Foundation Chennai and eGangotri --— 


| 
L 
198 Mileva P FVanoyić | A 
| 
I 


On the other hand, relation (1.12) is satisfied for any CQR-manifolg "i 
Thus: a CQR-manifold which is not a CR-manifold is that satisfyng (19 f 
(and consequently (1.12)), but not satisfyng (1.8). In $3 we give examples | 
of such manifolds. | 


A CR-manifold which is not a CQR-manifold is that which does no | 
satisfy (1.8). Example 2 given in [9] is an example of such a manifolds. 


(M,g) which is a CR-manifold as well as a CQR-manifold is that which ( 
satisfies (1.5) (or (1.6)) and (1.8). We call such a manifold a CRQR (con. 
formally recurrent and quasi-recurrent) manifold. In 82 we mention examle 
of CRQR-manifolds. 


We have shown in [6] that if the vector field a; in (1.6) is a gradient 
vector field, a CQR-manifold can be conformally related to a CS-one. In this ' ( 
paper, in §2, we discuss the conformal change of whichever CQR-manifold. / 
Particularly, we investigate the conformal change of a CQR-manifold intoa 
CQR-manifold as well as into a CR-one. 


In $4 we study the umbilical hypersurface of a conformally | 
quasi-recurrent manifold. 


2. Conformal change of a CQR-manifold 


Let us consider the conformal change 
(2.1) Gh Sass 


The Christoffel symbols of metrics g and g are related as follows 


fs S in a ðo 
[5] 7s] ta + n. 4107 


while the conformal curvature tensor is invariant 


Sade 
(2.2) Cis, = Ch, | 
= jc 
Let V be the operator of the covariant derivative with respect to ner 
5. Applying it to (2.2), we get 


S Ai 
aCi = VC 
CC-0. In Public Domain. Grid Kangi? ollection, Haridwar 
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6 1 = 205Ch, — a" Cy — ei C — oC, — oCh, + 
ó Í + eC. Jisa” Chik + 9js0" CÈ, + 9ks0" Ci. 
les 
Now, let us suppose that both metrics g and g are conformally quasi- 
lol recurrent. This means that beside (1.6) and (1.12), we have 
S ^h o. ^h 
d (24) VC = 2b5C;;k 3r 
ic 
JN: ; á 
les + V Cu + OCR, + bile + delije 
ent = 
ld. xn. 
* Substituting (1.6) and (2.4) into (2.3) and taking into account (2.2), we 
find 
(2.6) 2(b, — às + as)C};, -+ (b^ — q^ + a" JC,k + (b; —_a+ ei) CE, T 
+ (b; — aj + 05)CR. + (bk — ak + ey)Cs, = 
T roth 
= ho, CT; + giso” CË k ar 9587 Ce + gksC Ce 
) Transvecting with respect to h and s and using (1.12), (2.5) and (2.2), 
We get 
(n — s)e, Cij, = 0 
OT 
(2.7) oC =), 
because of n > 3. Therefore, (2.6) reduces to 
h 
| 2(b, — a, + 2.) 5k T — a^ + o^ )C,igy + (bi — ai + ci) Ck + 
iru 
trit t (b; —aj+ o;)CEk + (bk — ak + Gk )Cijs = 0, 


from Wich, according to the Lemma of $1, there follows bs — a, + 2, = 0. | 
hus, we have | 
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Theorem 2. The conformal change (2.1) transforms a CQR-manijoy à 
a CQR-manifold if and only if function o satisfies condition (2.1) 1 
corresponding vector fields are related as follows | 
b; = a; — Oi. 
| 

If in (1.6) vector field a; is a gradient vector field, then we can 
function c in (2.1) such that a; = c;, condition (2.7) being satisfied b 
of (1.12). But, then b; = 0, and (M, 3) is a CS-manifold. So, 


Choo; 
ecaus | 


I 
Corollary 1. [6].- A CQR-manifold (1.6) whose vector field a; isa gradieni 
vector field, can be conformally related to a CS-manifold. 


Roter proved in [7] facts which we can summarize as follows: H 


The conformal change (2.1) transforms a CR-manifold into a 
CR-manifold if and only if function o satisfies the condition 


(2.8) OsChijk + Oj Chiks + OkChisj = 0. 


The corresponding vector fields are related as follows 


bi = a; — 40;. 


If in (1.5), vector field a; is a gradient vector field satisfyng (1.8), We ca 


choose function c in (2.1) such that o; = Si. Then b; = 0 and (M,9) ist 
CS-manifold. Thus, we have 


Corollary 2. A CR-manifold (1.5) 


= whose vector field a; is a gradient ani 
satisfies (1.8), 


can be conformally related to a CS-manifold. 


The CR- 
conformally 
we have 


5 4| 
manifolds of Corollary 2 are called by Roter [8] SCR (speci? 
recurrent) manifolds. According to the results obtained 12 ?' | 


Looking at Corollaries 1 and 2 on the part of a CS-manifold, we can s" 
as follows: 


\ 


Corollary 3. Any SCR-manifold is a CRQR-manifold. | 
|| 


i 


Lam) 
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m Theorem 3. If a CS-manifold allows function o satisfyng (2.8), it can be 
iil conformally related to a CRQR-manifold. 


| Ifa CS-manifold allows function o satisfyng (2.7) but not satisfyng (2.8), 
it can be conformally related to an essentially COR-manifold (that is, to a 
| CQR-manifold which is not a CRQR-manifold). 


I So, to construct examples of essentially CQR-manifolds, it is sufficient 

to find a CS-manifold allowing function c, such that the conditions of the 

| second part of Theorem 3 are satisfied. We shall show in $3 that such SC- 
diei manifolds exist. 


In the remaining part of this $, we shall investigate the conformal change 
of a CQR-manifold into a CR-manifold. In other words, we shall suppose 
> that metric g satisfies (1.6), while metric g satisfies 


(2.9) V.Ch, ee E 


Substituting (1.6) and (2.9) into (2.3) and taking into account (2.2), we 
find 


(2.10) eC. = 2(a, — os)Chy + (a^ — o*)Csijk + (ai — 01) CR, + 


+ (a; — NCE + (ak — 9%)Cf;, šli 


+ 6ko, Chp gia Ch + 9590" Cink + JksCijr0"- 
Now, following step by step the way described in [7], we can conclude: 


If the conformal change (2.1) transforms a CQR-manifold into a CR- 
manifold, function a satisfies condition (2.7). 


a Substituting (2.7) into (2.10), we get 


(2a, —c, — 20,)Ch, = 


h 
2 oC nije + (ai — 01)C%, + (aj — 0;)%%% + (ak — 0). = 0, 
ftom which follows, according to the Lemma of §1, 


BI Gu 


c, = 4(a, — Gs). 
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Therefore, the preceding relation reduces to | 
—2(as — 0s)Chijk + (ah — On)Csizk + (ai — 0i)Chsik + i 
+ (aj — 0;)Chisk + (ak — ok )Chijs = 0. 
Permuting the indices j, s, k cyclically, adding the obtained ép | 
the preceding one and using (1.2) and (1.3), we get 


(2.12) (a; 53 04) Chisk 3r (ak = €x )Chijs SE (as 2 os)Chijk =A, 
Reversely, suppose that the vector field a; and function c satisfy the | 

conditions (1.6) and (2.12). Then, the condition 
(ak "= 0h)C sijk + (a; — Fi) Chsjk 3E (as — 05)Cinjk =0 


is satisfied, too, so that, adding, we can find 3 


(2.13) M(as — 05)Chijk = 2(a, — os)Chijk+ 


+ (ah = OR)C sijk + (i — 2) Choi + (a; — 0;)Cnisk + (ak — o%)Crijo: 

Transvecting (2.12) with g^*, we get 
(a, a o5)C?.y, = 0, 
| which, because of (1.12), reduces to (2.7). N ituti d (2) 
| into (2.3), we have (O ion esa onai ae ( 
V.Ch, = 
VsCijk = 2(a, — 05)C{;x + (a^ — oO” )Csijzk + (a; — ai) uk + 

+ (aj — 0;)Ch, + (a — ex)CÀ 


js" 


This can, taking into account (2.13) and (2.2) be rewritten in the fom 


V.Ch, = 4(a, — o,)Ch 


| 
| 
ik: | 


Theorem 4. Let (M,g) be a COR-mani nf | 
9) b -manifold (1.6) and let (2.1) be a €? 
mal change. Then (M,g) is a CR-manifold if and only if a condition (2 / 


is satisfied and (2.11 ) is the corresponding recurrence vector. 


i 
| 
| 
Thus, 


The conditions (2.11 EUH UR RAK 
manifold. (211) and (2.12) show that (M,g) is, in fact, c i 
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3. Examples of CQR-manifolds 


Investigating CS-manifolds, Derdzihski and Roter [4] proved that any es- 
sentially CS-manifold (i.e. a manifold which is neither conformally flat nor 
locally symetric), admits a unique function F (called the fundamental func- 
tion) such that 


PChijk = Rij Rng — Rik Rnj- 


Also, Derdzinski proved [1] that if (M,g) is an essentially CS-manifold 
with a non-recurrent Ricci tensor and whose fundamental function F is a 
constant, then one of the following cases hold. 


1. F #0, rankR;; = 2 andRij is semidefinite at each point of M; 


2. F £0, rankR;; = 2 everywhere and Rij is semidefinite at no point 
of M; 


3. F=0; then rank Kj; <1 everywhere. 


These three cases are called elliptic, hyperbolic and parabolic, respec- 
tively. Derdziüski determined the metrics for all those manifolds ([1], (2), 
[3]). For example, he proved thet if (M,g) is an n-dimensional (n>4) 
elliptic CS-manifold and p € M is a point at which V; Ri; # 0, there ex- 
ists a coordinate system (ul, u?,..., u") in a neighbourthood of p such that 
V (p) =... = u"(p) = 0 and 


gn 912 0...0 0 Jin 
92 922 0...0 go: 9 
0 0 0 0 
(3.1) CS T < RE 


© 

© 
oo 
oo 


0 Gn—-12 0...0 
Gn 0 0...0 0 0 


w 
here x,y run over 3,...,n — 2; 
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oe n=l ToT. | a 2n 
411 = 2u € +2u € Duž n—2€€ Ne Ez(u?)? 


D 

DL 

I 

| 

{ 

WT 3 
-(n-2)F- ee", ( 


aT - 
(3 2) 922 = 2u"(eT 21, =e T) = zl;celT dos Ez(u?)2 
—(n— 2)eT eT. 
gia = ce B - vri B eet), | 


Jin = 92n-1 = eT, Izr = Er, lez zu 
T is a function of the first two variables u!, u? and is given by | 


1 
ME -51% S, 
where i / 
25(p) = max(V,R;;vv/v^|v! € T,(M), R;;v'v! = €,€ = +}, 
and satisfies the guasi-linear elliptic partial eguation 


; EDIE a?T = 
UD Bud + uzor — 20 7 + Leet = 0. 


Reversely, given the real number F £ 0,€,€,with|e] = |e,| = 1 anda 
function T of two real variables (ul, u?) satisfyng (3.3). Then, (3.1) and (3.2) | 
define an essentially CS-Riemannian metric with a fundamental function 
equal to F, which is elliptic (namely, its Ricci tensor is e-semidefinite). 

| 
| 
I 
| 
I 


With respect to this coordinate system, the only non-zero component 


of the conformal curvature t E C 
enso n TEEN et us 
ider th i r are Cia, and C%12,C 72. Now! 

consider the function 


| (3.4) c= o(u,...,u"-2), 
Then 
00 
0n-1 = Juni 0,0, = Ba = 0, 
and 
do 
Or = aut # 0,2 = 3,...,n—-2. 

Therefore, 


0zC1212 + 01C122, + 92C 1251 = 02C1212 Æ 0, 
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but 
n = 
0,0512 = 050712 = 0 and 0,C {2 = 0n-1C""! 112 = 0. 


So, condition (2.7) is satisfied while (2.8) is not. According to Theorem 3, 
the conformal change (2.1), (3.4) of the metric (3.1), (3.2), (3.3) is essentially 
CQR-metric. But if 


a=o(u,u?), 
then condition (2.8) is satisfied too, and (M,g) is CRQR-manifold. 


Proceeding in a similar manner in the case of a CS-manifold of the hy- 
perbolic type [2] or of the parabolic type [3], we can obtain new examples 
of essentially CQR-manifolds. 


4. Totally umbilical hypersurface of conformally 
quasi-recurrent space 


Let (M,g) be an (n 4- 1)-dimensional Riemannian space covered by a system 
of coordinate neighbourhoods (U,y?). Let (M,g) be a hypersurface of M, 
defined in a locally coordinate system by means of a system of parametric 
equations y^ = y^(z'). Here and in the sequel, Greek indices take values 
1,2,...,n + 1 and Latin indices - the values 1,2,...,n. Let N? be a local 
unit normal to (M, g). Then, we have 


(4.1 Jij = Jap BE Bj, 
C2) GagN%BP = 0, Jap N^ NP =e,e = +1 
and 
ea Be BÊ g = g^? — eN* NP, 
where 
EA 


The (M,g) is called a totally umbilical hypersurface of the (M,g) ifits 
Second fundamental form hj; satisfies. 


hij = Hgij, 
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SR 


where H is a scalar function. For a totally umbilical hypersurface (M,g) , j 
(M,g), the equations of Gauss and Codazzi, respectively, can be Written i l í 


the forms 
(4.4) Rapys B? By B} Bf = Rijki — H (gagjk — gixgji), 
| (4.5) Repno N° B? BY BE = gj Ii — gji H. 


Here, Raps are the components of the curvature tensor of ( M, g) and H= 
Vul. 


Contracting (4.4) with g and taking into account (4.3), we find 


(4.6) Rp, BY B} = cRag, No BY BIN? + Rj, — e(n — 1)1129;. Con 
tracting (4.6) with g?* and using (4.3), we obtain | 
(4.7) H5,NPN* = £(R— R) 4 26-0 pe. 


On the other hand, contracting (4.5) with g*, we find 
(4.8) Ras N° BS = (n — 1). 


Now, let us consider the conformal curvature tensor of the space (M,3): 


I - 1 | 


3 Capys = Rapys — uq esp, — Ravõps + 
f 


Ec EIS on | 
+ ReyGas = Re5Gay) 3r n(n — 1) 908984 = Ta+966):- | 


Then we have [5]: | 


(4.9) Caps; N^ B? B1 Bj = 0. 
Also 
Capre N“ B? By N° = Rag, N“ B? B, N’ = 


PESE. z R 
Leu : B E 
a g Pas N N Ijk + ERpy B; P= 
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)d f Substituting (4.6) and (4.7), we obtain 


" n—2- 
Cp. NOB; BIN =e = | Ros Bj Bi - ER + 


nc» 1 Re. 
E ———— eR + ——H-*lg;k. 
Heer Ra niet 3 ! de 


This can be rewritten in the form 


(4.10) zi Rp B; B} = pig Qik + aig Rik + 
+ ee 
Jon. 2n(n — 1) 2(n — 1)(n - 2) 2 Vr 


i where we have put 


(4.11) Capri N” BY BYN? = £Q s. 


Substituting (4.10) into 


Capys B? BÊ BY BË = Rag, B? B$ B} Bi — 


1 B ps 
: = za (as B? Bj jk — Ray B? B; kai t fg, D? Bygil = Ros Bj Bi gik) + 


+ H (gügjk — 9ik9;1) 
| n(n — 1) gigjk ik 5l)» 
| and taking into account (4.4), we find 
| (4.12) Cyprus B? B? B B] = Ciji — zen (Quggk — Qingit + Qik Git — Q iigik); 


Where C;;,)is the conformal curvature tensor of the hypersurface (M, g). 


| 
I 
| We note that 


(4.13) Qik = Qk; and 0;,9'" = 0, 
and 
(4.14) Caps B? B? BY Big th gu 
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Let V be the operator of the van der Wearden-Bortolott; covar a 
derivative. Then Tay 
V. B? = eh, ; NP. 
Applying the operator V to (4.12) and using (4.9), we have 


V Cops BP B? BY B, B] = V.Cij — 
(4.15) = aia (Gin VrQu — 9V Qik + gaV-Qk — ga V.Q;). 


Now, let us suppose that (M,g) is conformally quasi-recurrent. Then, 3 


V pCapys = 2a5Cs545 + daC pars + agCapys + AyCopps + a6Ĉapy | 


and we have 
VoCapy5 B? B? BP BY Bb = 2a, BPC aps B? B? BX B] + 


+ aa BP Copy5BP BY BY BE + ap BÉC, 4B? B? By BE + 


+ e BiCapps Bf Bj BE Bf + asBPCopyp B? BP BY BE. | 


As for vector field a4, it can be decomposed, at the points of (os 
follows | 


(4.16) da = Gana! = Jer(Bra' + aN7). 


nja dika: this, (4.15) and 


MI 
= gnat, we find (4.12) into the preceding relation and put“ 


(4.17) VC = DC) ee G:C, jt + ajCirkt + ak Cigrt + Ce : | 
“E n a (IV -Qu = 931V Qik + gi V-Qjk — Jik V rQ) — 
— 20,(95k0 1 — 91Qik + Qik — ga Qj) — 
= 4(95k051 — 931Q,% + 9110 jk = Gre Qt) — 
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— a;(GrkQit — GriQik + HQ rk — gaQz) — 
— ak(gj«Qu — gjiiQic + gaQjr — Gir Qj) — 
— ai(gjkQie — Gir Qik + Hir Qjk — GikQjr)}- 


The space (M, g) being conformally quasi-recurrent, the condition of the 
| form (1.12) is satisfied, i.e. a^ C ag, = 0. Thus, 


a’ Cras B^ BY Bj = 0 
| which can, taking into account (4.16) and (4.9), be rewritten in the form 


a"Č,p,s B? BY B} Bf = 0. 


( Substituting (4.12) into this equation, we find 


(4.18) Or Cty = zia (95011 — IQ rk + GIrtQjk — Srki). 


Contracting (4.18) with g/* and using (4.13). we get 


(4.19) aQ; = 0. 


T Therefore, (4.18) reduces to 
(4.20) a Crjet = zi5(a(Qjk — Qj). 


On the other hand, contracting (4.17) with g’*, and using (1.2). (4.13), 
mud (4.19) and (4.20), we have 


V,Qu = 204,01 + Qr + dir. 


| Substituting this into (4.17), we find 


) V.Ciju = 20, Cijki + 4iCrjki + aj Cirki + UCijrt + UCijkr + 


(4.21) +, [9ri(aj;Qiz — aiQ;k) + gre(aiQ jt — ajQa) + 
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| + gri(aQik — aQi1) + Hri(axQji — 16 5k)). i 
Thus, if 

| (4.22) a;Qik = aiQ;k 


then (M,g) is conformally quasi-recurrent. Conversely, if (M, g) is confor | 
mally guasi-recurrent, then (4.21) reduces to | 


Iri(a;Qik — a(Q5k) + gex(aiQ5i — a;Qu)9- 


9rj(UQik — Qil) + gri(akO ji — a1Q5%) = 0, 


from which, contracting with g"!, we obtain (4.22). Thus, we have 


Theorem 5. Let (M,g) be CQR-manifold and let (M,g) be its totally um 
bilical hypersurface. The (M,g) is CQR-manifold if and only if the vecior 
field a; = a, BẸ satisfies (4.22). If a; = 0,1.e. if at the points of (M,g), the 
vector field a^ is orthogonal to (M, g), (M,g) is CS-manifold. 


Now, let us suppose that (Mg) is CRQR-manifold. Then, the condition | 


(4.23) a5C ops + GC apso qr 050 Boy =0 


m qum uz 


is satisfied, too, Contracting it with N° B&B? B? B? and using (4.9) | 
we find ERIN 


PRI Oren. 


a N° Co, B? B? BY B) = 0. 


If, at the points of (M, g), vector filed a* satisfies a, N7 £ 0 the precedit | 
relation reduces to 


Capé B? B? BY BË = 0, 


= which, using (4.14), we obtain Qjk = 0. Therefore, (4.12) reduce to 
ijkl = 0. 


On the other hand, contracting (4.23) with B? BS BẸ BiB; we get 


a5 C555 B? BË B} B} + ap Capes B BE BBS + 
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| 
+ UČago, B? BY B? B] = 
| which, in view, of (4.12), can be written in the form 
| 
| an) asCijkl + AkCijis + UCijsk+ 
| 1 
nfor. | + "iL — akQis) + gjs(axkQu — aiQik) + gjs(aiQis — a4Qii) + 


| 
| ga (asQ;i — UC js) + ga(axQjs — asQ;k + gis(a(Q;k — a&Q;i)] = 0 
I 


According to Theorem 5, the hypersurface is conformally 
| quasi-recurrent if and only if condition (4.22) is satisfied. But in this case, 
(4.24) reduces to 

asCijk + a&Cijis + aiCijsk = 0. 


| This means that the hypersurface is CRQR-manifold. Thus, we have 


, the Theorem 6. Let (M,g) be a CRQR-manifold and let (M,g) be its totally 

unbilical hypersurface. If at the points of (M,g) the vector field a% is not 

tangetial to (M,g), (M,g) is conformally flat. If at the points of (M,g) the 

tion | vector field a% is tangential to (M,g) and (M,g) is a CQR-manifold, it is a 
| CRQR-manifold, too. 
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| PRIMEDBA O KONFORMNO KVAZI REKURENTNIM 
| MNOGOSTRUKOSTIMA 


Ispitani su uslovi pod kojima se konformno kvazi reku rentna mnogostrukost 
svodi na konformno rekurentnu. Dati su primeri konformno kvazi rekurent- 
nih prostora koji nisu ni konformno simetrični ni konformno rekurent | 


| Ispitane su totalno ombilične hiperpovrši konformno kvazi 
| rekurentnih prostora. 


Recived by the editors April 19, 1989. 
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SINGULARLY PERTURBED NONLOCAL PROBLEM 
sI | 
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| 
Abstract 
The numerical solution of a linear singularly pertubed nonlocal 
problem is considered. To approximate the differential eguation, the 
Hermitian scheme on a special nonuniform mesh is used. The fourth 
order convergence uniform in the perturbation parameter 1s proved. 
kost The numerical results show the pointwise convergence, too. 
ent- | AMS Mathematics Subject Classification (1980): 65L10, 65L50. 
tni. | Key words and phrases: Singular perturbations, nonlocal problems, 
) finite differences, uniform convergence. 
1. Introduction 
In this paper we shall consider the problem 
| 


(1) u(0) = 0 
u(1) = » c;u(si) + d, 
i=l 


d,c; E R, i= 1,2,...m, s; € (0,1), 1 = 1,2,...,m 
t 


D 


| 1 
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| where, € € (0,€0), £o << 1 is a small perturbation parameter. 


Gra . We ma 
that the following conditions are satisfied: : 


(2) beC*(, k EN, 0 < 8? «b(z), zer | 

(3) -œ< 3. ciwo(s;) <1, | 

1=1 | 

i where | 
| _ (exp(aoz) — exp(—aoz)) di B | 


Some problems of type (1)-(2) arise as a model problem for some physid 
phenomena, see [2], [9]. In [2] the numerical solution of problem (1) unde 
conditions (2)-(3) was given. The finite elements on an equidistant me! 
was applied there and second order uniform convergence was obtained. Tk | 
case 2.2, [ci] <1 was considered in [8], too. 


In this paper we use a uniform fourth order difference scheme develope 
in [5]. This sheme is constructed on a special nonequidistant meshes. Th 
reason for using these meshes is our aim to obtain more mesh points in th 
region of boundary layers, whose width is O(e). It is known, see [2], th 
conditions (2)-(3) imply that problem (1) has a unige solution u, for whid | 


one can estimate the derivates, see [3]. In general, the solution te 1| 
boundary 


layers at z = 0 and z = 1. So, knowing the behaviour of the e. 


solution of our problem, we use the mesh generating function X(t) which! 
suitable for problem (1). 


; 6 
We end our paper with some numerical results, which show that the | 
retical order of convergence is also established numerically. | 


S: A 
The constans M will be independent of the discretization mesh and | 


2. The numerical method | 
We shall consider discretization Du 


on discretization mesh I, = In U{s1 
-++,Sm} where 


"Tan 


, n= 2no,” 


Ty = (zi = X5) 24 = 0,1,...,n}, ti=ih, h= A 
n 
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with mesh generating function [10], (11), [5]: 


w(t) = FEU te [0,a], 
A(t) = 4 4(A)+w(a\(t—-a), t€ [o,0.5], 
1-A(1-t), te [0.5,1], 


and 
q € (0,0.5), ago < q. 


The parameter a is 


pe vage(l — 2q + 2a€) 
» 1 + 2a€ : 


It is easy to see that A(t) is a monotone increasing function on J, 
and we can consider the points s; as values of A(t,;), for some tsi; € 
(0,1), 22 1,2,...,m. From now on we denote the points of the mesh I, 
as z;,1=0,1,...N,n<N<n+m. | 


The other properties of mesh generating function A(t), which are 
important for our analysis, are given in [5], (10), [11], [12]. 

Let JR 

3 
Ij = {ai € In:q- Qh « ti-1 < a or 1-a<1-Qh). 

Let us note that the set Ij can be empty. 

In order to obtain the numerical solution of problem (1) we shall consider 
as in [3] the following two boundary value problems 
(4) — e?z" + b(z)z = 0, 


z(0) = 0, z(1) = 1, 


(5) — &y" +b(z)y = f(t), 
In [3] it is proved that 


£1 Cie i) td | 
ue(z) = y(2)+A.2(2), Ac = yo m 
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| is the solution of problem (1), where ze and ye are the solution to Proble 
| (4) and (5) respectively. 


= 
ey 7 


Since, sce [3], 0 < z(z) € wo(z), Ae is well defined and bounded. 


If we have numerical solutions of the problems (4) and (5), Say zi and 


) Yh, we can form in the same way the numerical solution u, of (1): 
i EE 
yn(si) + 
6 un = Yh tArzZh, Àh = bima GG) +d. 
n aes 1= XR. on(s) 


Let us consider now problem (4). Problem (5) can be treated in the same 
way. We discretize problem (4) on the mesh J, by using the same scheme as 


in [5], [6], (7]: 
3 
(7) 2,(0) = 0 
e (ay(i)z(zi-1) + ao(i)z,(z;) + a2(i)2n(2:41))+ 
TBi(i)b(zi-1)  Bob(z;) + Bob(zi41) 20, i= 1,2,...,N — 1, 


Zi — l, 
where 


a(i) = T ao(1) = PA a(i) = zak ze M 
hihi + biga)" hihi higy(hi + hi+1) 


hi = zi — zi, i=1,2,...,n, | 


and, if z; € I, / 1}, 


Bili) = (4? — 2), + hihip), 


Bo(i) = LT: Y h2 + 3hihi41), 


: za 
Bo(i) = = EO E. - h? + hihi+1), 
OT 


Bo(i)=1, Bi(i)= B(i), if z; € I1. 


. c : m. 
Now, in the same way as in [5] we can prove the following theore 
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L 

} Theorem 1. Suppose that condition (2) is satisfied with k = 8. Let |W'(z)| 
? «L,z€l andlet ze bethe solution of (4) and zen = [ze(0), ze(z1), 
400 Es If 


and TEN 
(8) n » max 38*(1-29)K —9g9K' 


then there ezists a unique solution zp, = [z,(0), zy (21)... . , Za(1)]" to (7) 
and it holds 


2) 0<K «1, 


= (9) lize — zrllo S MA*. 
eas | 


Analogously, under the same assumptions by using same scheme, we 


3 obtain that there exists a uniqe numerical solution yp, = [yn(0), ya(z1),--- 
...,Un(1)]7 and that it holds that 


Ma) Ilen — Yrlloo € MA“, 
| where y. is the solution to problem (5) and yen = [ye (0), y. (21); --- e). 


Now, we can prove the main result. 


Theorem 2. Suppose that conditions (2), (3) with k — 8 are satisfied. Let 
|b'(x)| < L, x € I and let zn and yj be the numerical solutions to (4) and 
(5) respectively on discretization mesh I, with (8). Then, if 


~~ 


(11) 1— 3 Ge) £0 
1=1 


it holds that 


(12) | usa — uallo < MA", 


where u, is given in (6), ue, = [ue(0), ue(r1),-.-,Ue(1)] and ue is 
the solution to (1). 


Proof. In [3] it is proved that under considered conditions there exists 
à unique solution u, to problem (1). Also, it is shown that |A| is bounded. 
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| 
From [1], [4] it follows that ze and ye are bounded. Also, from (9) 


f 
: à 
(10) we conculde that zh and yh are bounded. Obviously $ 4 
(13) lues — unlloo < lue, — Yrlloot+ 
[Ae] Ilze, — Zrlloo + 122 — Aal Ilzalloo. 
S 
From the definitiones of A, and A, we obtain 
m m 
A — An = Y, ci(ye(si) — gn(si)) + D> ci(Aezn(Si) — A2Zh(s;)) 
=) =l 
and thus ‘ 
m m ( 
(Ae — M) — 5 cize(si)) = Y cilye(si) — valsi) + A(ze(si) — Zh(s;))|, 
=l i=1 
Ie — Ar| < M (lluca — Yall + |lZe,h — Zhlloo) < Mht. 
Now, from (13) follows (12), that is, we have a numerical solution to 
problem (1) which is of the fourth order accuarcy uniform ine. 0 
Remark. Condition (11) is an artificial one. In effect, zj is the fourth 
order approximation of z and for a sufficiencly small h from (3) follows (11). 


3. Numerical examples 


As illustrative test problems to verify our method we consider well-known 
problems, [5-7], [10-12]: 


(14) —€u tu=1 

(15) — eu" tut cos*(x2) = —2(er)? cos(27z) 

with the conditions 

1 m 
(16) u(0) = 0,u(1) = Y^ c;u(s;) + d. 

i=1 

$ The exact solutions of these problems in case u(0) = u(l) = 0, u 
given in (5-6). Now, for given m,c;, i = 1,2,...,m, we determine d 


that u(1) z. 
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| he nu 
eg | Ont 
i | We denote by Ex the maximum of | u,(r)— u(z)|, z€ 1,, i.e. 
i 3 
Ey = fua — unlle: 
| Also, we define in the usual way the order of convergence Ord for two 
successive values of n with respective errors Ey and Ey: 
_ log En — log En, 
TETE TE 
We expect that Ord = 4. Table 1 presents the results for the numerical 
solution obtained by our method for example (14), (16), where a = 1, q = 
0.48, m = 3 and 
) 
e i 5i Ci 
1 0.99999 0.0300 
2 0.10000 0.2000 
t 
i 3 0.20000 5.0000 
th 
). 


yn 
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'Table 1. 


cM SO TEET I EN ECCO 


2-30 me 9-50 


N(n)\e 


7(2) 3.1959E-01 3.3668E-01 3.3722E-01  3.3724E-01 


11(4) 
19(8) 
35(16) 
67(32) 
131(64) 
259(128) 


f 515(256) 


2-10 


5.9696E-02 
3.7120 


9.4931E-03 
3.3642 


2.9128E-03 
1.9339 


1.5315E-04 
4.5360 


9.1652E-06 
4.1999 


5.6859E-07 
4.0785 


3.5390E-08 
4.0398 


2-15 


5.9980E-02 
3.8168 


9.4948E-03 
3.3726 


2.9128 
1.9342 


1.5315E-04 
4.5360 


9.1652E-06 
4.1999 


5.6859E-07 
4.0785 


3.5390E-08 
4.0398 


2-20 


5.9989E-02 
3.8200 


9.4949E-03 
3.3729 


2.9128E-03 
1.9342 


1.5315E-04 
4.5360 


9.1652E-06 
4.1999 


5.6859E-07 
4.0785 


3.5390E-08 
4.0398 


5.9989E-02 
3.8201 


9.4949E-03 
3.3729 


2.9128E-03 
1.9342 


1.5315E-04 
4.5360 


9.1652E-06 
4.1999 


5.6859E-07 
4.0785 


3.5390E-08 
4.0398 
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3 In Table 2 are given the results for example (15), (16) where € = 
= | 9-5 a=1,4= 0.4 and si, c;, i = 1,2,3, are as above. Here T is the 
number of mesh points in (0,g)U(1—e, 1). 
ma) Table 2. 
il | Li i i PR A 
n N T Ord Ak 


>> 


TI i3888EUI 85650601  3346631EQ9 — 
| 4 11 3 1.2686E-01 8.8056E-01 -1.715722E--00 

8 19 1.4140E-02 4.0145E--00  4.865624E-01 
16 35 13 2.9822E-03 2.5476E+00 2.129330E+00 
|| 32 67 25 3.3565E-04 3.3639E+00  2.844466E4-00 
d 64 131 51 1.9299E-05 4.2595E+00 3.173170E+00 


PRI 


128 259 103 1.1801E-06 4.0996E+00 3.330554E+00 


265 515 205 7.3429E-08 4.0403E+00 3.407553E+00 
I 512 1027 409 4.5861E-09 4.0179E+00 3.445636E+00 
d 
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REZIME 


O NUMERICKOM RESAVANJU SINGULARNO 
PERTURBOVANOG NELOKALNOG PROBLEMA 


Posmatra se numeričko rešavanje linearnog singularno perturbovanog nell 
problema. Koristi se specijalna mreža diskretizacije i diferencna šeM Ga 
snovana na Hermitovoj aproksimaciji diferencijalne jednačine. De = 

je uniforma po malom parametru konvergencija četvrtog reda. Nine | 


rezultati takode pokazuju tačkastu konvergenciju. 


Received by the editors February 20, 1990. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


len, 
blen, j 


S and 


Du 


| 
| 
| 
blem, 

D | 
rint), | 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Univ. u Novom Sadu Review of Research 
Zb. Rad. Prirod.—Mat. Fak. Faculty of Science 
Ser. Mat. 20, 2 (1990), 11-19 Mathematics Series 


SOME CLASSES OF DIHEDRAL n-QUASIGROUPS 


Zoran Stojaković! 
Institute of Mathematics, University of Novi Sad 
Trg Dositeja Obradovića 4, 21000 Novi Sad, Yugoslavia 


Abstract 


An n-quasigroup (Q, f) is called dihedral iff f (21, +) 2n) = £n41 € 
Ff (20(1)) +) Zo(n)) = Zo(n+1) for every permutation g € Dn+1, where 
Dn+1 is the dihedral subgroup of the symmetric group Sn+1 of de- 
gree n +1. Dihedral n-quasigroups (D-n-quasigroups) represent a 
generalization of totally symmetric binary quasigroups. In the paper 
several classes of D-n-quasigroups are considered: (i,j)-associative D-n- 
quasigroups, D-n-groups, medial D-n-quasigroups, self-orthogonal D- 
n-quasigroups and D-n-quasigroups satisfying Menger identities. Their 
properties are described and some characterizations given. 


AMS Mathematics Subject Classification (1980): 20N15 
Key words and phrases: n-quasigroup, n-group, parastrophe 


1. Introduction and Definitions 


First we give some basic definitions and notations. Other notions from the 
theory of n-quasigroups can be found in [1]. 

The sequence tm,2m41)---1tn We shall denote by 2%, or (zi)t-,- I 
M > n, then z? will be considered empty. 


!This research was supported by Science Fund of Serbia, grant number 0401A, throught 
atematicki institut. 
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An n-ary groupoid (n-groupoid) (Q, f) is called an D-quasigrouy iff th | 
equation f(ai, 2, a", 1) = b has a unique solution z for every a?,be 0 d 
every i € (1,...,n) = Nn. | 
| An n-quasigroup (Q, f) is called (i,j)-associative iff the following ident | 
| holds mi 
I eife uis) = Ft fj) 235). 


Ae 


An n-quasigroup which is (i,j)-associative for all 7,7 € N, is called a 
n-group. 
An n-quasigroup (Q, f) is called m-associative iff for every i,j € N, ai 


every sequence za of elements from Q which contains at most m different 
elements (1) holds. | 


An n-quasigroup (Q,f) is medial iff f(y?) = f(27), where y = 
f((z5)ja) zi = f((z5)&) for all zi; € Q, ij € Nn. | 

By 5, we denote the symmetric group of degree n, by A, its alternating 
subgroup, and by D; its dihedral subgroup. 


mm e 


If (Q, f) is an n-quasigroup and a € $541, then the n-quasigroup jj 
defined by 


F((To(i)}i=1) = 2e(n41) > /(27) = asi 


i is called a g-parastrophe (or simply parastrophe) of f. If f = f^, then ai 
called an autoparastrophism of f. The set of all autoparastrophisms of JF 
a subgroup of 5,4, which is denoted by II( f). 
An n-quasigroup (Q.f) is called 
a) totally symmetric (TS) if f — f? for all e € S441, 
b) alternating symmetric (AS) iff f = f° for all a € Ahan (151); 


c) cyclic iff f = f? for allo € C, where C isa subgroup of $5.1 general 
by the cycle (12...n+1) ([4]). | 


In [7] a class of n-quasigroups called dihedral n-quasigroups Was ab 
and considered. An n-quasigroup (Q, f) is called dihedral iff f= j af! 
all o € Dny1. Such n-quasigroups Tepresent a generalization of Sd $ 
quasigroups, different from other generalizations such as TS-n-quasić", to 
or AS-n-guasigroups. In [6] a class of D-3-guasigroups which is equiv go! 
a new class of quadruple systems which lies between Steiner and end 
quadruple systems was cosidered. 
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An n-quasigroup (Q,f) is dihedral iff f = f? = f% where ¢ = 
(12...n+1), y= Il2<i<n+3-i(i n+3—:) are generators of D,+1. In 
the sequel $ and V» will always denote these two permutations. Every D- 
n-quasigroup can be defined by a system of idetities ([7]). The existence 
tity of an n-quasigroup (Q, f) of order mp for every m > n, p > 2 such that 
II(f) = Dn+1, follows from [2]. 


Here we shall continue investigation of D-n-quasigroups and consider 
several classes of D-n-quasigroups satisfying some additional conditions. 


aj. 2. Dihedral n-groups 


Since every D-n-quasigroup is cyclic, by the results from [8] we get the 
» following theorems. 


Theorem 1. Jf (Q, f) is an (i,j)-associative D-n-quasigroup, then for every 
ting integer m f is (itm,j+m)-associative n-quasigroup, (where i+ m, j +m are 
reduced modulo n). 


4 
pf Theorem 2. Let (Q, f) be an (i,j)-associative D-n-quasigroup, where j — i 
is relatively prime to n. Then f is an n-group. 


Theorem 3. Let (O, f) be an n-group, where n = 2k, k € N. The n-group 
[i (Q, f) is a D-n-group iff there exists a commutative group (Q, +) such that 
t — —z for all z € Q and 


n 
fat) =} zite 
1 
where c is a fized element from Q. 


atel ) Theorem 4. There ezists a nontrivial finite D-n-group (0, f) of order 4, 
where n is even, iff q = 2t, t€ N. (An n-groupoid (Q, f) is called trivial 


sl iF IQ] =1.) 

/ bi | Theorem 5. Let (O, f) be an n-group, where n = 2k+1,k € N. The group 
A (0, f) is a D-n-group iff there exists a commutative group (Q, +) such that 
"m (2) f(z2)221—22- 23... Za +C, 

jo Where c= -e is an element from Q. 
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Theorem 6. A nontrivial finite D-n-group of order q, where n — 9k 
k € N ezists for every Q € N, and every such n-group is represente by 0) 

When n = 2k, k € N, an n-group described in Theorem 3 is an n 
with unity. A unit of that n-group is the element c € Q, and there 
other units. 


"group | 
ate no | 


eon. 


When n = 2k +1, k € N, then an n-group described in Theorem Bin | 
the case c = 0 is an n-group with unity and every element of that N-group 
is a unity, and in the case c £ 0 it is an n-group without unity. 


In [3] it is proved that the Hosszi-Gluskin theorem is valid fy | 
m-associative n-quasigroups, where m > n+2, which means that every such 
n-quasigroup is necessarily an n-group. Hence the theorems analogous to 
Theorems 3 and 3 of the present paper can be proved for dihedral m. 
associative n-quasigroups, m 2 n + 2. 4 


3. Medial D-n-quasigroups 


Theorem T. Let(Q, f) be a medial n-quasigroup. (Q, f) is dihedral iff ther 
ezisis a commutative group (O, +) such thai 


a) when m —2k, kc N, 


f(z3) = - Soa; 48, 


t=) 


8) when n = 2k+1, ke N, 


a = E xz 
f(x) = 67, — 22 4 Org — 24 +... pO, + 6, 


where @ is an automorphism of the group (Q,+) suck that F = € (ideni 
mapping) and b is a fixed element of O such tha? 85 = —&. 

"T et | 
Proof. In [i] it is proved that for every medial n-quasigroup (0.0) 
exisi a commutative group (Q, +) such that 


" 
PRI 
f(z?) = Man +, 
ial 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


| _  ——————E——— 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
| Some classes of dihedral n-guasigroups 15 
| 


tl y 
(2 à where ĵi, i= 1,...,n are automorphisms of the group (Q, +), 6:0; = 0,0; 
i for all i,j € Nn and b is a fixed element from Q. 


oup If f(z?) = In+1) then 
BN) - 
EO Dy bizi +b = In41, 
Sin | i=1 
oup and since f is dihedral, f = f", hence 
for (4) 0121 + 027,41 + 031, +... + 0,13 +b = 12 
uch : 
sto | Putting in (3) and (4) za = ... = Za = 0, where 0 is the neutral 


element of (Q, +), we get 


(5) 6,2; +0272 +b — 0 
and 
(6) 0121 +b = 22. 
here Subtracting (6) from (5) it follows that 0222 = —x2. Since in (3) any n 
elements can be arbitrarily chosen, it follows that 822 = —z for all z € 0. 
Putting now in (3) and (4) z2 = z4 =... = Tn+1 = 0, we get 


bızı + 6323 Hb = 0 


and 
0121 T 6,23 + b= 0, 


which implies 03 = 6,. By a similar procedure we get that 0; = 0n43-i for 
all i = 350 cy Me 


Since f is dihedral the following identity is valid 


till | 
flan, f(z2) 21) = Zn-1, 

pee | thats, 
(7) 0124 — (0111 — z2 + 0323 +... + 0,254 + b) 
+632 Jos 04,24—2 T b= Tn-1> 


Where 9; = 9,43-: for all i = 3,...,n. 
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Putting in (7) z2 = ... = Zn = 0, we get 01 = 63, then puttin | 
$9 = T4 =... = Tn = 0 we get 63 = 05 and similarly Stis A 


; os We obtain that 
automorphisms 6; with odd indices are equal. d 


Further, putting in (7) zy = z3 =... = £n = 0, it follows that O42 = 
putting zj = 12 = 273 = T5 =... = Tn = 0, we get Bez = —z and simila, 
we get that for all even indexes 2, 0;z = —z. W 


From the dihedrality of f it follows that the identity 


NOCO) = In 
holds, that is, 


61(0123 + 0522 T. 0,2, + b) + 8271 +... + 05,241 +b= T 


Putting in the preceding identity zy =... = Zn = 0, we get that fb: | 
—b, and putting 12 =... = z, = 0 we get that 02z = z for all z € Q. 
When 7 is even, from 65 — 6, it follows that biz = —z for all i € N,. 


Hence, if we denote 62441 = 0 for all k, we have proved that when nis 
even 


f(z?) = —) zi +b, 
1=1 
and when n is odd 


f(z1) =021—22+023—24+...+02, + b, 
where 6? = € and 6b = —b. 


The converse part of the theorem is straightforward. 


4. Self-orthogonal D-n-quasigroups 


= 3s Q, fi)s---4(Q; fa)} of n-quasigroups is said to be orthogonal if 
or ea (a?) (= Q 3 there exists a unigue (bt) € Qn such that 


f(b) = nci d. n. 


I (Q. f) is an n-quasigroup such that the set (f, fi, ..., fa-1) s 


: Sl n) 2 
onal, where fi, i=1,....n—1 are parastrophes of f defined by f(a, 


fGkon)» i = Laogacd hogo” 
ERA 5 - 1, then (6, f) is called a selfort? 
n-quasigroup. Self-orthogonal cyclic n-quasigroups were considered in (9) 
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t | Theorem 8. If (Q, f) is a commutative group, n > 2 odd integer, such that 
s ( the mapping t > 2z is a bijection,then by 
n 

(8) f(z1) 5 Y (-1y s; 
s ^h t=1 
la | | 
" a self-orthogonal D-n-quasigroup (O, f) is defined. 

Proof. It is obvious that f = f? = f*, hence (Q, f) is a D-n-quasigroup. 

Let a? be arbitrary elements from Q and consider the system 
f(z?) =a 

g) MG i=l on-l 
be where the parastrophes fi, i = 1,...,n—1 of the n-quasigroup f are 

defined by f;(z?) = f(z3,,,21). Adding the i-th and (i+1)-th equation 
from (9) for i = 1,...,n — 1 and the first and the last equation, we get that 


zi = (a; + aj41)/2, i=1,...,n—1, tn = (a1 + an)/2 which is a unique 
nis solution of (9). 


Theorem 9. If n,q > 2 are odd integers, then there exists a self-orthogonal 
D-n-quasigroup of order q. 


Proof. In the ring Z, of integers modulo q, the mapping z — 2r isa bijection, 
hence using the group (Z,, +) by (8) we get a self-orthogonal D-n-quasigroup 
of order q. 


If (Q1, ®;) and (Q2,D2) are two commutative groups having the prop- 
erty that z œ> 2@;z, i = 1,2, are bijections, then their direct product 
Q1XQz has the same property. This means that if by (8) two self-orthogonal 
D-n-quasigroups of orders qı and q2 respectively, are constructed, then us- 
ing a direct product a self-orthogonal D-n-quasigroup of order 4142 can be 
al if constructed. 


5. Menger D-n-quasigroups 


e If (Q,f ) is an n-groupoid, the identity 
> | (10) He f(y), zi) = f(x ae); 
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€. where (0,.) io 
DOE group. 
; A the iih Menger identity fy 
;.iBen ther exists a commutative G. 
that HoT — o ( x 
that firj) = zi...z, ([1])(a group (Q,-) 
x € Q, where e is the unit of the group). 
Leti ( r A Lc PD 15 .1 = . . 
per brads beia D-n-quasigroup Satisfying the i-th Menger identity fo 
2 € Ns. If f(z) = 2,41, then 
lose = Tn+1: 
Mi and since f = f%, we have 
T2...T541 = Tı. 


S na BARNA A <. 


From the last two equations it follows that 
(12,54)? =e. 


= ST COR. = TEQ, 22=e. Hence if n is odd from the fi 
DI AM E O, 11745 eand 1? = ei = ze 
UC ROME z^ = eit follows that x = e for all 
If n is even, since all nonidenti der ^ 
È , entity elements from (Q,-) are of or 
(Q,-) is a boolean group, hence the order of (Q, -) is X A N. 
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REZIME 


NEKE KLASE DIEDARSKIH n-KVAZIGRUPA 


n-kvazigrupa (Q,f) se naziva diedarska ako je ske) = Gem m7 
(Toa), To(n)) = To(n+1) ZA svaku permutaciju o € Dn41, gde je Digi 
diedarska podgrupa simetrične grupe 5,41 stepena n + 1. Diedarske n- 
kvazigrupe (D-n-kvazigrupe) predstavljaju generalizaciju totalno simetričnih 
binarnih kvazigrupa.U ovom radu razmatrane su sledeće klase D-n-kvazigru- 
Pa: (ij)asocijativne D-n-kvazigrupe, D-n-grupe, medijalne D-n-kvazigru- 
Pe, samoortogonalne D-n-kvazigrupe i D-n-kvazigrupe koje zadovoljavaju 
Mengerove identitete. Odredjene su neke njihove osobine i date neke karak- 
terizacije. 


fact 


eu | 


A 
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SPECIAL ELEMENTS OF THE LATTICE AND 
LATTICE IDENTITIES 
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Abstract 


Special elements of a lattice L (distributive, codistributive, neutral 
etc.) induce a congruence relation on L. Here we consider the following 
problem: If the lattice identity is satisfied on a class of that congruence 
(a sublattice of L ), under which conditions this identity holds on the 
lattice itself? 

Several algebraic results are deduced from the obtained lattice prop- 
erties: characterizations of the congruence extension and of the congru- 
ence intersection properties, and some general properties of the weak 
congruence lattice of an algebra. 


AMS Mathematics Subject Classification (1980): 06B10, 08A30 
Key words and phrases: Lattice identites. 


1. Preliminaries 


In the paper [3], it was proved that the weak congruence lattice CwA of an 
algebra A (i.e. the lattice of all the congruences on all the subalgebras of A 
is modular if and only if both ConA and SubA are modular lattices, and A 
has the CEP and the CIP (the congruence extension, and the congruence 
Intersection property ). ConA and SubA are two sublattices of CwA. Thus, 
under some conditions (the CEP and the CIP), a lattice identity (modular- 
tty) holds on CWA if and only if it holds on two special sublattices of that : 
lattice. To consider the general problem, concerning any istuc Po les | 
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any algebraic lattice L, provided that this identity holds on the special S 

lattices of L, we need the following definitions and propositions, which a [ 

mainly from [1], [2], and from the references given there. | 
An element a of the lattice L is codistributive, if for all z,y c L 


a ^ (z V y) 7 (a^ z) V (a ^ y); 


or, equivalently, if and only if the mapping ma : 1 > zAa is a homomorphism 
of L into the ideal (a). 

Note that for a codistributive element a of L, the filter [a) is the class of 
the congruence induced by ma. 

A distributive element a of L, is defined dually (the corresponding 
homomorphism from L into the filter [a) is obviosly x — z V a, and the ideal 
(a] is the class of the congruence induced by that mapping). | 

An element a of L is said to be comodular, if z < y implies zV(aAy)= 
(z V a) ^ y. 

The lattice CWA of weak congruences of an algebra A = (A, F) is the 
lattice of all the symmetric and transitive subalgebras of A? under the sel 
inclusion. The diagonal relation A = ((z,z) | z € A) is a codistributive 
element of that lattice , |A) is ConA , and SubA is isomorphic with (A) 
under p > {x | zpz). 

Recall that A has the congruence extension property (CEP), if 
every congruence on a subalgebra of A is a restriction of the congruence | 


A. 


\ 


A has the CEP if and only if A is a comodular element of CwA ((2)). I 
A is said to have the congruence intersection property (CIP) 


for p € ConB, 0 € ConC, B,C € SubA, 


(pn6)4 = pa N bA, 

= pvd 
where pA stands for the least congruence on A extending p. Since PA 7 pV 
in CwA, A has the CIP if and only if A is a distributive element of OW 


2. identities on lattices 


. n B 1 ] ptit 
In this section we shall describe the conditions under which a lattice pu 
sas 


holds on L, provided that it holds on (a] and (or) on [a), where ai 


element of L (distributive, codistributiv .). 
( CC-0. In Public Domain. Gurukul ive, modular, etc.) 
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Lemma 1. Ifaisa distributive element of the lattice L, and f(Z1,...,Zn) 
is an arbitrary latlice therm, then for all z,...,24 € L, 


f(zi,...,24)Va- f(z1Va,...,25 V a). 


Proof. Straightforward, by induction of the number of operational sym- 
bols. 


O 


A dual proposition is the following. 


Lemma 2. Ifa is a codistributive element of the lattice L, and f(Z1,...,Zn) 
is an arbitrary lattice therm, then for all z1,...,z4 € L, 


f(v1,---,%n)Aa= f(z, Aa,...,2n ^a). 


The following three lemmas will be necessary in the algebraic applica- 
tions of the results in this section. We shall assume that the classes of the 
congruence induced by the mapping z > z ^a, where a is a. codistributive 
element of the lattice L, always have the greatest elements. For the class to 
which z € L belongs, the greatest element will be denoted by z. 


Lemma 3. Ifa is a codistributive element of the lattice L, then the following 
are equivalent, for all z,y € L: 


(i) ifzNa- y^aandzVa-yVa, then z =y; 
(ii) if z < y, then z V(a^ y) 2 (zVa)^W 

(ii) if z < gj, then z V (a^ y) = (z V a) ^ 5; 

(iv) z V (a ^ y) 2 (z V a) ^ (z V y)- 


Proof. (i) <=> (ii) <=> (iii), proved in[2]. 
(iv) => (ii), obvious. 
(ti) = (iv). Since z € x V y, it follows that 


z V (a^ (z V y)) = (z V a) ^ (z V y): 
Moreover, a is codistributive, and 


zV (a^ (z V y)) 2 z V (a^ z) V (a^ y) = z V (a^ 9). 
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Lemma 4. Ifa is a distributive element of the lattice L, then the follow; 
are equivalent, for all x,y € L: Ing 


(i) if z € y, then z V (a^ y) = (zVa)^y; 
(i) z ^ (a V y) 2 (z ^a) V (z ^ y). 


Proof. (ii) > (i), obvious. 
(i) > (22). Since z A y € z, it follows that 


(z ^y) V (a^ y) 2 ((z ^ y) V a) ^ y, and 


((r^y)Va)^y — (zVa)^(yVa)^y — (z V a) ^ y. ( 


U 


Lemma 5. If a is a codistributive element of the lattice L, satisfying any 
of the conditions from Lemma 3. then the following are equivalent : 


(i) a is a distributive element of L ; 


(ii) for all z,y € L,(z Na) V (s^ y) = ((z ^a) V y) Az. 


| Proof. (i) > (ii) 
| &^((z^a)V(zAy)) 2 (aAz ^a) V(aAz ^y) 2 a^z- 


| aA((zAa)Vy)Az)=aAz. 

aV ((z^a)V(z^y)) aV (z ^ y). 
aV (((z^a)Vy)Az) = (aV (z^a)V y)A(aV z) = (aVy)A(aVz) = av(ehs) | 
Now, by (i) in Lemma 3, it follows that 


(z ^a) V (z ^y) = ((z ^a) V y) Az. 
D - 
(ti) > (i). We shall use condition (iii) from Lemma 3. Therefore a 
Z=2zVy. Hence, ZAa = (z V y) ^ a, and thus 


žAa=(zAd)V(yAa), and ZAa>zAa, ZAa>yAa, EVE) 
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Now, we have 
aV(z^y)-aV(y^a)V(z^y)-aV(((r^a)Vy)Az)-— 
-aV(((z^a)V(y^a)V y)^z)-aV ((((z Vy) ^a) Vy) Az) = 
-aV((Z^a)Vy)^z)-aV(ZA^(aVy)^z)-aV(zA(av y)) = 
((a V y) ^ a) V (z ^ (a V y)) 7 (a V z) ^ (a V y). 

O 


Theorem 1. Ifa is a distributive, codistributive and comodular element of 
the lattice L, then an arbitrary lattice identity is satisfied on L, if and only 
if this identity holds on (a] and on [a). 


Proof. 
(>). Obvious. 
(=). Let the identity 


f(z1i...,2a) = g(T1..-, 4) 
hold on (a], and on {a). Then, for y1,..-,Yn € L 


f(mAa,...YmnAa)=gmAa,...,ynAa), and 
f(y. V a,..-,Yn Va) = 9(y1 V a,..., Yn V a). 
By Lemma 1 and Lemma 2, it follows that 
fy, 9n) ^a = g(yi.---. yn) ^a, and 


f(v1,--..9) Va = g(91,---»9a) V a. 
Now, by Lemma 3 it follows that 


I(H1,---29n) cope E 
O 


Lemma 6. Let 1 be ihe greatest element of ihe lattice L, f(zi,...,24) = 
9(z1,... ;Zn) an arbitrary lattice identity, and b € L. 
Now, if for all z1,...,24-1€ L 


(ca pea 19) = g(T1,+--, Tn—1, 1), 
then for all z,... 24 € (8] 


f(11,- on 322-2150) = g(T1,- ++52n—118). 
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Proof. Follows by the fact that 1 is the greatest element of L, anq b 
ae ightf d proof by induction th u s 
greatest in (b]. It is a straightforward pr y lon that any egualit 
of the form ; | 
cue), 0) = 9(£1,--+;2n—1,0), f 
where 21,--.,Zn—1 € (b], reduces to b = b, or to an equality not Containing 
b. 
s 
0 
Dually, we have the following. 
Lemma 7. Let 0 be the smallest element of the lattice L, f(zi,...,2,) - 
g(Z1,...,Tn) an arbitrary lattice identity, and b € L. 
If for all z3,...,2, 1€ L S 
Joss VJESTI GAS n-i 0), I 
then for all z1,...,24.1 € [b) 
eiie ab) = g(21,.. . »Tn-1,b). 
0 
Theorem 2. Letabea distributive, codistributive and comodular element 
of the lattice L, and let f(21,...,24) = g(z1,...,24) be an arbitrary lattice 
identity. Let also b € (a], and let b be the greatest element of the class to 
which b belongs, under x — x Aa. 
Now, if the equality 
J(z1,..., 251,8) = g(21,... 241,2) l 
. . ( 
is satisfied on (a) and on [a), then 
) 
f(21,... 251,5) = g(215-..., 251,0) 
holds on the ideal (b) (i.e. for all x,,... Tn- € (b] ). ] 


Proof. Let 21,...,25—1 € (b. Then, by Lemma 2 and Lemma 6 
(zi, --,Zn—1,b)Aa = f(z1^a,...,z4 1 Aa,b) = g(zi Aa,... Za nA obe 
= g(21,...,25 1,5) Aa, 
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since TLA &,...,Zn-1^a € (b], and the corresponding equality holds on (a] 
by assumption. Similarly, by Lemma 1, 


f(zi == 2n-1,b) Va = f(ziVa,...,z4 1Va,b) = g(ziVa,...,z4-1Va,b) = 


= g(Z1,...92n=mb)Va, 


since the corresponding equality holds on the filter [a). 
Finally, by Lemma 3, it follows that for all 2;,...,2,—1 € (0] 


fi Cincy TI) = 9(Z1,...,Zn-1,b) 


O 
3. Application to algebra 
Lemma 8. The following are equivalent for an algebra A: 
(0) A has the CEP; 
(i) if for p,0 € ConB, B € SubA, pV A =OV A inCwA, then, p=6; 
(ii) if for p,0 € CwA, p < 0, then p V (A ^0?) = (p V A) A82; 
(ii) if for p € CWA and B € SubA, p € B?, then p V (AA B?) = 
(pV A)A B?; 
(iv) for p, € CwA, p V (A ^0) =(pVA)A (pV 0). 
Proof. Algebraic reformulation of Lemma 3. 
O 


Proposition 1. If an algebra A has the CIP, then A has the CEP if and 
only if for all p, € CWA, pA(AV9)=(pNA)V(pA 8). 


Proof. By Lemma 4. 
[| 


Proposition 2. If an algebra A has the CEP, then A has the CIP if and 
only if for 5.8 € CwA, 0 € ConB, B € SubA, 


Ag V (p^ 8) = (Aa V p) ^ 8. 
(Ap stands for B? N A.) 


| 
i 
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Proof. By Lemma 5. 


D d 
Theorem 3. If an algebra A has the CEP and the CIP, then an arbitran 
lattice identity is satisfied on C wA if and only if this identity holds on sy 
and on ConA. 
Proof. Immediately by Theorem 1, since A is a codistributive element g 


CwA, and since A has the CEP and the CIP if and only if A is distributis 
and comodular as well ( the latter because of Lemma 8, (ii)). 


0 


The following two propositions were proved in [3]. We give them as the 
consequences of Theorem 3, and of the lattice interpretation of the CEP and | 
the CIP (the preceding lemmas). 


Corollary 1. An algebra A has a modular lattice of weak congruences || 
and only if A has the CEP and the CIP, and SubA and ConA are modular 
lattices. 


Corollary 2. An algebra A has a distributive lattice of weak congruences i 


and only if A has the CEP and the CIP, and SubA and ConA are distrib- | 
tive lattices. 


Theorem 4. Let A be an algebra which has the CEP and the CIP, and ki 
f(21,...,24) — g(z1,...,24) be an arbitrary lattice identity. If the equalil 


fan mm 4) = g(z1,..., 25-1, A) 
is satisfied on SubA, and the equality 


Pen e Tan A) = g(21,. ote ;£n-1, 4) 
holds on ConA, then for every subalgebra B of A 
f(21,.--,%n-1, AB) = g(T1,...,Tn-1, AB) 
holds on CwB. 


Proof. By Theorem 2. , 


bol 
Corollary 3. If an algebra A has the CEP and the CIP, then ever? s 
01 


gebra of A has the CIP. 
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y \ REZIME 
si ( SPECIJALNI ELEMENTI MREŽE I MREŽNI IDENTITETI 


Daju se uslovi pod kojima proizvoljan mrežni identitet važi na mreži, ako je 
on zadovoljen na podmrežama (nekim) te mreže, indukovanim specijalnim 
kongruencijama te mreže. 

Navedene su algebarske primene tih rezultata na mrežama kongruencija, 
podalgebri i slabih kongruencija proizvoljne algebre. 


lity Received by the editors December 6, 1989. 
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GROUP THEORETICAL METHODS IN 
GRAY-SCALE MATHEMATICAL MORPHOLOGY 


G. Crombez 
State University of Ghent, Seminar of Higher Analysis Krijgslaan 281, 
B-9000 GENT (Belgium) 


Abstract 


We show that for the morphological operations involving a finite 
number of bounded functions a mathematical foundation in group- 
theoretical terms can be given which unifies the notions for subsets 
and for gray-scale images, and this as well in the Euclidean as in the 
digital case. 


AMS Mathematics Subject Classification: 68U10, 68U05, 52A22 
Key words and phrases: Mathematical morphology, image process- 
ing,image analysis 


l. Introduction 


For some years, the operations of standard mathematical morphology for 
Subsets of R^ or Z^ (dilation, erosion, opening, closing) have been 
generalized to the case of gray-scale images; we refer to [1] and [2] for a 
complete description of that method. 


There seem to be, however, some draw-backs in that method, among 
Which we mention: E y 7 
(i) The use of the umbra transforms of the functions, instead of the functions 
themselves (which is more natural). 


31 
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(ii) A separate construction has to be made for the morphology for Subse, | 


of R?(or Z?) and for gray-scale images. 


It would be valuable if a uniform theory could be constructed in 
distinction has to be made either between the morphological oper 
subsets and for gray-scale images, or between the Euclidean and t 
case, and without using the umbra transform. 


which Qo 
ations for | 
he digit 


In what follows we shall show that such a construction is indeed Possible 
when we start by defining the morphological operations immediately for 
functions defined on subsets of a group G (e.g., G is Cie. +)or(Z?, 4)) and 
with values in a suitable group V (V is either (R, +) or (Z, +) or (0); for = 
(0) we obtain the notions for subsets). In that manner the construction of 
a dilation, ..., does not suffer from the draw-backs mentioned above. 


In section 3 we shall define the r-dilation and r-erosion of two functions 

the resulting quantities are in general not functions, but, rather, general / 
subsets of G x V. We shall then show in section 4 that, for bounded func. 
tions, the needed morphological operations dilation and erosion are obtained 
by taking the "surface" of the corresponding r-quantities in section 3. The 


other notions such as opening, closing, ... are then derived from these two. 
Of the multitude of properties only a few 


are quoted at each step, just to give a flavour of them. 


We finally mention that we onl 


vector space or module conce 
here. 


y stressed the group theoretical pe 
pts like convexity have not been consideret | 


An algebraic basis for mathe 


matical morphology in terms of complete 
lattices has also been constructe 


d recently; for this we refer to [3] and (4) 


2. Classical definitions of dilation and erosion 


A : ila: 
For selfcontainment, we state in this section the classical definitions of di 
tion and erosion, first for subsets of R", and then for functions define 

a subset of R"-1; these definitions may be found in [1] and [2]. 


addition) 
Given two subsets A and B of R", the dilation (or Minkowski additi? 
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of A by B is the set D(A,B) defined by 


D(A,B) = (A+), 
beB 


while the erosion of A by B is the set £(A,B) defined by 
€(A,B) = (ze RP: B+ aC A} 


(see figure 1, figure 2). 


For a gray-scale image, defined as a real-valued function f on a subset 
A of R"-!, the umbra U[f] of f is the set consisting of all the function 
values f(x) and everything below it; this means U[f] = ((z,y) € Ax R: 
y < f(z)). Hence, the umbra of f is a subset of R”. Given two real valued 
functions f and g defined on subsets A and B of R^-! respectively, the 
dilation D(f,g) of f by g is defined as the "top" of the set-dilation of U[/] 
and U[g], i.e., for z € D(A, B) 


D(f,g)(z) = sup{y : (z,y) € D(U(/], U[g])), while the erosion £( f, g) of 
f by g is given as the top of the set-erosion of U[f] and U[g] (see figure 3, 
..., figure 6). 


3. Relational morphological operations 


Let G be a (not necessarily commutative) group with a multiplicative group 
operation and group identity e. For a € G en BCG we denote the 
left multiplication of B by a as aB, where aB = (ab :b € B); analogously, 
the right multiplication of B by a is Ba = (ba: b € B). The inverse of an 
element a € G is a-l,and Bu! = {b7' : b€ BJ. 

By V we denote either the additive group (R, 4-) of real numbers with 
Zero element 0, or the additive group (Z, +) of integers again with zero 0, 
or the group {0} containing only the zero 0. 

G XV is also a group for the following operation: fo TEG, y€ 
G, r€V, seV we define 


(2,7).(9,5) = (241 + s). 
Eor V= (0),G x V can be identified in the usual manner with G. 
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| 
Let f:D;>V an g: D, > V be functions defined On subse | 
e; x 


D; and D, of G. Clearly, any function like f is a subset of Give 
write g «« f when the following two conditions are satisfied: | 


(i) D, C D; 
(ii) gly) < f(y) forall y € Dy. 


When V = {0}, the condition g << f reduces to the ordinary inclusi 
relation D, C Dy. 


Definition 1. The r-dilation Dr(f,g) of two functions f: D, 5y 
and g:D,—V is the subset of GxV_ defined by | 


{(z, f(z)).(y, 9(y)) : £ € Dy,y € D,) 
{(zy, f(z) + g(v)) : 2 € Dy, y € Dy}, à 


Hence D,(f,g) is just another notation for the result of applying the grow | 
operationin GXV on its subsets f and g. 


D;(f,g) 


For the special case when V = (0), we identify f with Dy,g with 
D,,GXV_ with G, and we obtain the usual definition of the dilation of ti 
subsets Dy and D, of G. From the definition it readily follows that fo 
V = {0} we have (with h:D, > V ): 


D(Dj,Dy)= (U Dry U 2D, 
vED, TED; 5 
D,(D,(D5, Dg), Dp) = D,(Dys,D,(Dg, Dh)), | 
for f << h: D.(Dj, Dj) C D, (Dr, D,). 
We just give a proof for one property in case V = (0). 


Proposition 1. | 
D,(D;,D,) ={zEG: zD;! ND; £ 0}. 
Proof. | 
D,(D;,D;) = (zeG:ze U;cp,zD;) / 
= {z€G:4re Dy such that z-!z € Dj) 
(2€G:3zc Dy such that z € zD;") 
(2€G:zD;'np,49y. O 
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Ses 3 For general V and (z,t)€GxV, the set g.(z,t) is defined as the group 
uf product in GxV ofthe subset ((y,g(y) : y € Dg) with the element 

| (z,t); hence g.(z,t) = {(yz,g(y) +t): y € Dy}. We remark that g.(z,t) 

is in fact just the right translate gzs) of the function g, defined by 

genu) = g(uz-')+t for all u such that uz! € Dy, i.e., 


u € D,z. Analogously, the left translate (2,)g of g is defined by 
Usioy | englu) = g(z!lu)tt for we zDy, and this is precisely the subset 
| (z,t).g. The following result then follows immediately 


>) Proposition 2. 
| D,(f,g.(z,t)) = D,(f,g).(z,t) 
D,((z,t)-f,9) = (2,t).D,(f, g).O 
h Definition 2. The r-erosion £,(f,g) of two functions f: Dy > V and 


group g:D, —V is the subset of GxV defined by 
&(f,g) = {(z,t) € Gx V :(z,t).g << f}. 


Since 


{(zy,9(y) +t: y € Dg} 
{(u,g(z 'u) +t: u € zDg), 


Vt for (2,1).g 


we also obtain 
) &(f.g) = {(z,t) € GxV :zD, C Dy,g(z 'u)+t < f(u) 
| for all u such that zlu € Dy. 


For fixed g it follows from f << h that &(f,g) << £.(h,g), while 
for fixed f and g << h we have that &(f,h) << E(f,9)- Wines 
(y, s) € GxV it may also be verified that €(fs(y,s).9) = £,(f,9).(9,s)7', 
and analogously £,((9,3).f,9) = (y»8)-E(S,9): 

For V = {0} we obtain 

£,(Dy, Dg) (z€ G:zD, C Dj) 


; N {2€ G:zy€ Dj} 
à y€D; 

= (1 Dyy |. 

, y€Dg 
Moreover, when e€ D, then £ (Dj, D,) C Dy. 


I 
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4. True gray-scale morphological operations 


E 
rm 


The relational morphologic operations of section 3 associate with two gr 

scale images f and g a new subset of GX V which, except for the tig 
case when V = (0), is in general not a function, and hence is not a ney | 
image. In order to obtain from the r-dilation and r-erosion real Bray-scab | 
images (which will then be called the dilation and erosion), it is Sufficient | 
to take a suitable subset of those relational morphologic structures, This 
is easily obtained by taking the surface of such a subset, according to the | 
following definition. 


Definition 3. When AC G x V, we call surface of A (denoted by S(A)) 
the set 


S(A) = ((z,t) € G x V :z € projgA,t = sup(s € V : (z,s) € A}}, ? 


where projgA denotes the projection of A on G, and where sup possibly 
might be replaced by mazimum; we always suppose that sup exists in V. 
Hence, S (A) is a function defined on projgA. 


Proposition 3. Let AC GxV,(z,t) e Gx V. Then 
S(A.(z,t)) = S(A).(z,t); S((z,t).A) = (z, t).S(.A). 


Proof. We shall just prove the first equality. Since (z,t) = (2,0) 64) i 


is sufficient to prove that $(A.(e,t)) = S(A).(e,t) and that S(A.(50)* 
S(A).(z,0). 


That S(A.(e,t)) = S(A).(e,t) follows from the fact that Ale) 
{(u,s+t):(u,s) € A}, which leads to proja(A.(e,t)) = projcA, and fro 
the fact that S(A.(e,t)) = {(z,r)€ Gx V: 2 € projgA,r = sup(s t" | 
(2,9) € A}}, and hence r = sup(s: (s,s) € A}+1. In an analogous mà?" | 
we obtain projg(A.(z,0)) = (projgA)z, and when (z,s) € SA h | 
then s=sup(r€V :(z,r) € A). o 


O sng f0! 
Now we are able to introduce the gray-scale morphological notio "^ | 


functions f : Dj + V and : D, > V, which we suppose to be bounde" 


Definition 4. The dilation D(f,g) of f and g is defined by 
D(f,g) = S(D.(f,g) 
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{(z,t) EGXV:z € PTOJGD, (f,9),t 
sup(s € V :(z,s)€ D,(f,g)}}. 


U 


In view of the definition of D,(f,g),z belongs to D, D,, and hence it can be 
written in different manners in the form z = zy with z € D;,y € Dj; the 
value of D( f, g) in such a point z is then given by 


D(f,g)(z) 


sup(f(z) + g(z^! z) : z € Dy,z^!z € Dy} 
sup(f(zy^!) + g(y) : y € Dj, zy^! € Dy}. 


According to our definition, dilation of two bounded bu is an opera- 
tion which is always defined and is associative. For = (0) it leads to 
the usual definition of dilation of two subsets, and in T case D(f,g) 
and D,(f,g) coincide. 


In view of the results given before, a lot of properties about dilation may 
be proved. We shall just mention a few of them and give only a proof of the 
first one. 


Proposition 4. For (z,or) € Gx V we have 
D(F, g.(z,r)) = D(f,g).(z,r);D((z,1r).f,g) = (z7)-D(f. 9). 


Proof. 
D(f,g.(z,r)) = S(D,(1,9(2,7))) = S(D,(f,g).(z,r)) = 
= S(D,(f,g)).(z,r) = D(f,9)-(2,7). 8 
Proposition 5. If fı << fa then D(fi,g) << D(f2,9). 9 


Proposition 6. If D, = Di, then D(f,max(g,h)) = max(D(f,g), D(f,h)). 


Definition 5. The erosion £(f,g) of f and g is defined by 


E(f,g) S(Er(f,9)) 
((z,t)eGxV:=D,C D;,t 
= sup(s€V:g(z7'u)+s < f(u)}} 


for all u such that z-!u € Dir. 
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Hence the domain of E(f,g) is the set of those points ze G 
that 2D, C Dy; the value t of E(f,g)(z) may also be given by one É 
following expressions: 


Sud * 
f the 1 


E(f,g)(z) = sup (s € V :g(9) +s < f(zy)) 
= sup(seV:s& f(zy)—g(y)) 
y€Dg 


inf (ley) - «G))- 
For V = {0},€(f,g) and &(f,g) coincide, giving the usual definition 
of erosion of two subsets. 
Proposition 7. For (z,r)E GX V we have 
£(f (bs r).9) = £9). (5,7) Í 
Proof. 
E(f,(b,r).g) 


S(£(f(b.r).9) = S(E,(f,g).(b,r)!) = 
E(f,g).(b,7)~".0 


Proposition 8. For fj << fy we have £(fi,g) << £(f2,9). 8 


P Proposition 9. For gı << g2 we have E(f,92) << E(f,m). 8 


The other morphologic notions can be derived from the two basic one | 


dilation and erosion. We restrict ourselves to the definition of opening: 
Definition 6. The opening 0(f,g) of two functions f and g is defined by | 
0(f,9)= D(E(f, g), 9); 


hence, 
0(f,9)(2) = sup{E(f, g)(z) + g(z !z):z € Delja T 77 € Dj) 
which leads to one of the following alternative ezpressions 
: S D 
O(f, 9)(z) sup{ inf (f(zy) = 9(y)} + gl£ tz) : 2D, C D»? See) 


ni :tS f(zy) - g(y)} + 


} 


g(2'z2):2D, C D;,z€zD,). 
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P ! ion of functi 
It will be clear from the foregoing that, based on the notion of func ions 
defined on some subset of a group and with values in a suitable subgroup 
of R, all the necessary notions pertaining to the morphology of subsets 
or grayscale images, whether digital or not, may be derived in a unifying 
Manner using only the functions themselves. eee " 
In any case, it is no longer necessary to make a distinction in the definition 
between the cases where subsets are used, or functions defined on subsets; 


j nor do we have to distinguish between continuous or digital images. One 
definition is sufficient, since we only have to adapt the set V Morever, v 
Umbra transform has not been used. This leads to a very economic way o 


treating the morphologic machinery. 
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figure 3 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


(2] 


(3) 


(4 


RI 


Po 
fu 
mi 
id 


Re 


w-—— (SA ali 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
Group theoretical methods = 
ri 


| References 


al Giardina, C.R., Dougherty, E.R.: Morphological methods in image and 
signal processing, Prentice Hall, Englewood Cliffs, New Jersey, 1988. 


(2 Haralick, R.M., Sternberg, S.R., Zhuang, X.: Image analysis using 
mathematical morphology, IEEE Transactions on pattern analysis and 
machine intelligence, vol.9, 1987, pp. 532-550 


(3) Heijmans, H.J., Ronse, C.: The algebraic basis of mathematical mor- 
phology, Part I: dilations and erosions, Computer Vision, Graphics and 
Image Processing (to appear). 

(4) Ronse, C., Heijmans, H.J.: The algebraic basis of mathematical mor- 


phology. Part II: openings and closings, Centrum voor Wiskunde en 
Informatica, Report AM-R8904, 1989. 


as 


(5) Matheron, G.: Random sets and integral geometry, John Wiley and 
Sons, New York, 1975. 


[6] Serra, J.: Image analysis and mathematical morphology, Academic 
Press, London, 1982. 


REZIME 


GRUPOVNO TEORETSKE METODE U MATEMATICKOJ 
MORFOLOGIJI SIVIH NIVOA 


n broj ograničenih 
teoretskim ter- 
i u Euklidovom 


Pokazano je da za morfološke operacije koje uključuju konača 
funkcija, može biti dato matematičko zasnivanje u grupovno 
minima, što unificira pojmove podskupova i sivih nivoa i to 
l digitalnom slučaju. 
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Abstract 


In a recent paper [6], A.Torgašev described all the finite connected 
graphs whose energy (i. e. the sum of all the positive eigenvalues in- 
cluding also their multiplicities) does not exceed 3. In this paper are 
described all the connected graphs whose reduced energy, i. e. the sum 
of absolute values of all the eigenvalues except the largest one, does 
not exceed 5. 


AMS Mathematics Subject Classification (1980): 05C50. 
Key words and phrases: Graph, spectrum of graph, energy of graph. 


In this paper we shall consider only finite connected graphs having no 
loops or multiple edges. The vertex set of a graph G is denoted by V(G), 
and its order (number of vertices) by |G|. The spectrum of such a graph E 
the set A; > Ap >... > Àn of eigenvalues of its 0 — 1 adjacency matrix. 

The sum of eigenvalues |Ao] + «<: + [An] is denoted by Rı(G) and called 
the reduced energy of G. We note that |An| 2 1, hence Rı(G) > 1 for any 
graph G. For any real a > 1, we can consider the class of graphs 


C(a) = {G| R,(G) < a}. 


In this paper we describe completely the class ARE h 
. Briefly, any graph G € Ci(5) is called admissible, and any other graph - 
Impossible (or forbidden) for this class. 

If H is any connected (induced) subgraph of a graph 
NELE. Making use of the known interlacing theorem 


G we denote it | 
[l;p-19] we have 
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R,(H) € Ri(G), whence we have that any connected Subgraph of | 
missible graph is also admissible. This implies that thé method of E | 
en | 


subgraphs can be consistently applied. 
We shall firstly prove an important property of the general class 


Ci(a) (a > 1). 


Theorem 1. The class Ci(a) is finite for every a > 1. 
Proof. Let G be an arbitrary graph from the class Ci(a). Then we have 
32 Dal ye hE Baki 
i=2 A, <0 A:>0 


thus G € S(a), where 
Sla) = (G| 5, Ail € a) 
Ai>0 
is the class treated in paper [6]. Hence, Ci(a) € S(a). Since by Theorem? 
in [6] , the class S(a) is finite for every a 2 1, our Theorem is proved. 
O 


Next, let Kuna. n, 5 Py and Cn be the complete m-partite graph, tle 
path and the cycle with n vertices, respectively. Since the complete * | 
partite graph Kn,nz..nm has just one positive eigenvalue r(G), it will belor | 
to the class C;(a) if and only if r(G) € a. i | 

We shall firstly determine the exact values of parameters ny, naen" 
for which the graph Kaun2..nm(Ni < nz <... € nm) is admissible. 


Proposition 1. The graph Kum (n < m) is admissible exactly for u 
following values of parameters n,m: 


1, n=1, m=1,2,...,25. 
2, n= 2, m= 2,3,...,12. 
3. n= 3, m=3,4,...,8. 
4.n=4, m=4,5,6. 
ô. 


n=5,m=5. 
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Proof. Since the graph K,,m is the complete bipartite graph, we have 


that r(G) = ynm. Therefore G € C1(5) if and only if nm < 25, which 
easily gives the statement. 


o 


Proposition 2. The graph Ka (n € m € k) is admissible exactly for the 
following values of parameters n,m,k: 


if v= lm suec. 
Dh Tk — 2396: 
9| n= 1, m= 3, kZ 34; 
NDE na 2 aS a 
Proof. The characteristic polynomial of this graph is 
P(A) = A7+m+k-3()3 — (nm + nk + mk)A — 2nmk). 


Hence, it is a matter of routine to see that r(G) < 5 exactly for the 
mentioned values of parameters n, m, k. 
[m 
Proposition 3. The graph Kn,m kiln < m < k < l) is admissible ezactly 
for the following values of parameters n,m, k,l: 
(n,m,k,l)= (1,1,1,1), (1,1,1,2) (1, 1, 13), (1,1,1,4), 
(1,1,1,5), (1,1,2 2), (1,1,2,3). 
Proof. It is easy to check that all the above graphs are admissible. 
Besides, since the graph KK, is forbidden for the values of parameters 


(n,m, k,1) = (1,1,1.6), (1,1, 2,4), (1,1, 3,3), the interlacing theorem pro- 
vides the statement. 


O 


Proposition 4. The graph Kam klipla € m € k € l< p) is admissible 
ezactly for the following values of parameters n,m,k,l, p: 


(n,m,k,l,p) = (1,1,1,1,1),(1,1,1,1,2) 
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Proposition 5. The graph G — Krnina..nm(M > 6) is admissible im 
if m = 6 and G is the graph Ke. 


p 


dol J a 


Proof. The graph K is obviosly an admissible graph. Besides, since th 
graphs K1,1,1,1,1,2 and K7 are forbidden, the statement is immediate, i 

31 

Next, we shall determine all the admissible graphs from the class Cis) | 
wich have at least two positive eigenvalues. By a result of Smith (5) we have 

Theorem A Graph G has at least two positive eigenvalues if and only 
if it has one of the following graphs as an (induced) subgraph. 


1 u 1 
| 5 m 
| 2) 
2 3 2 sra 
en 65 


Note that the mentioned graphs G} and Gz are admissible. Denote | 
| Gi = {Gi,G2}. If G € Gy and S is any nonempty subset from the verte 
set V(G), let G, be the graph obtained from G by adding a new ver? 
z adjacent just to the vertices from S. Denote by Gz the set of all the | 
nonisomorphic admissible graphs G+, where G € Gi, and S € vo) V9 "n 
If the class G; is constructed, we define Giz by the class obtained by | 
a similar way as G2 has been obtained by Q1. Denote 


G = UjeNG; 


By theorem 1, class G is finite, i.e. we have G; = @ for all i large end 
All the graphs G € G are, by definition admissible graphs. and A 
tains all such graphs with more than one positive eigenvalue. This RP 
from the fact that for any connected graph G and any of its conne , 
induced subgraph H, there is a sequence of connected induced subgr? 

A; € G (i= 0,1,...,r) such that ; 


H-HoCH(iC..CH,-G 
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and 
|Higi| = |H;|+1 (@=0,1,...,7-1). 
Using a computer device, we can generate the set of all the nonisomorphic 
admissible graphs with at least two positive eigenvalues. 
In this way we get the following theorem. 


Theorem 2. The class C,(5) contains exactly 137 nonisomorphic graphs 
which have at least two positive eigenvalues. The orders of these graphs run 
over the set {4,5,..., 11). All these graphs are represented in List 1. 


Proposition 1 — 5 and Theorem 3 describe completely the class C1(5). 
In particular, we get that class C4(5) contains exactly 75 + 137 = 212 non- 
isomorphic graphs. 
We should notice that all the graphs in this list are represented in the 
form 
mni N2 N3 412 413 423 - - + Qin An +++ On-line 


where n4 is the ordering number of a corresponding graph, n2 is the number 
of its vertices, n3 is the number of its edges and a12 413 423. - -Oln 42n--- 
0n—1,n is the upper diagonal part of its adjacency matrix. 
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LIST 1. ADMISSIBLE GRAPHS WITH AT LEAST TWO 
POSITIVE EIGENVALUES 


001 04 03 1 10 001 
002 04 04 1 10 110 


003 05 04 1 10 001 1000 
004 05 04 1 10 001 0100 
005 05 05 1 10 001 0101 
006 05 05 1 10 011 1000 
007 05 05 1 10 001 1100 
008 05 05 1 10 110 1000 
009 05 05 1 10 001 1010 
010 05 06 1 10 001 1110 
011 05 06 1 10 110 1001 
012 05 06 1 10 001 1101 
013 05 06 1 10 110 1010 
014 05 07 1 11 111 1000 
015 05 07 1 10 011 1101 
016 05 07 1 10 111 0011 
017 05 08 1 11 111 1001 


018 06 05 1 10 001 1000 10000 
019 06 05 1 10 001 1000 00010 
020 06 05 1 10 001 1000 01000 
021 06 05 1 10 001 1000 00100 
022 06 06 1 10 001 1010 00100 
023 06 06 1 10 001 0100 01100 
024 06 06 1 10 001 1010 00001 
025 06 06 1 10 011 1000 00100 
026 06 06 1 10 011 1000 10000 
027 06 06 1 10 011 1000 00001 
028 06 06 1 10 110 1000 10000 
029 06 06 1 10 110 1000 00100 
030 06 06 1 10 001 1000 00110 
031 06 07 1 10 001 1000 11100 
032 06 07 1 10 001 1000 10110 
033 06 07 1 10 001 1010 10100 
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034 06 07 1 10 110 1001 00100 
035 06 07 1 10 110 1001 10000 
036 06 07 1 10 100 1000 01101 
037 06 07 1 10 001 1101 01000 
038 06 07 1 10 001 1000 01101 
039 06 08 1 10 100 1111 00010 
040 06 08 1 10 100 1111 00001 
041 06 08 1 10 111 0011 00010 
042 06 08 1 10 011 1101 00001 
043 06 08 1 10 011 1101 00100 
044 06 08 1 10 110 1001 00110 
045 06 08 1 10 011 1001 00011 
046 06 08 1 10 011 1001 00101 
047 06 08 1 10 110 1000 11010 
048 06 08 1 10 001 1010 10101 
049 06 09 1 11 111 1001 10000 
050 06 09 1 11 111 1001 01000 
051 06 09 1 10 110 1000 01111 
052 06 09 1 10 011 1000 01111 
053 06 09 1 10 110 1000 10111 
054 06 09 1 10 011 1101 01001 
055 06 09 1 10 001 1101 01110 
056 06 09 1 10 011 1000 11110 
057 06 09 1 10 110 1001 11001 
058 06 10 1 10 111 0111 00011 
059 06 10 1 10 111 0111 10001 
060 06 10 1 11 111 1001 10010 
061 06 10 1 10 110 1001 11011 
062 06 10 1 10 011 1001 01111 
063 06 11 1 11 111 1000 01111 
064 06 11 1 10 011 1101 11110 
065 06 11 1 10 111 1111 00011 
066 06 12 1 10 111 0111 11011 


067 07 06 1 10 100 1000 10000 000001 
068 07 06 1 10 001 1000 00100 001000 
069 07 06 1 10 001 1000 00010 100000 
070 07 06 1 10 001 1000 00010 000100 
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071 07 07 1 10 011 1000 10000 000100 
| 072 07 07 1 10 001 1000 10000 101000 
| 073 07 07 1 10 100 1000 10000 010010 
| 074 07 07 1 10 110 1000 10000 100000 
| 075 07 07 1 10 001 1000 00100 101000 
! 076 07 08 1 10 001 1000 01101 001000 
! 077 07 08 1 10 100 1000 10000 001101 
078 07 08 1 10 110 1001 10000 000100 
079 07 08 1 10 100 1000 10000 100011 
080 07 08 1 10 011 1000 00001 100100 
081 07 08 1 10 100 1000 01101 000001 
082 07 09 1 10 100 1000 01101 100001 
083 07 09 1 10 001 1010 00100 011010 
084 07 09 1 10 100 1000 10000 101110 
085 07 09 1 10 110 1000 11010 100000 ( 
086 07 09 1 10 001 1000 10000 011011 
087 07 09 1 10 001 1010 10100 101000 
088 07 10 1 10 100 1000 01111 100010 
089 07 10 1 10 011 1001 01101 001000 
090 07 10 1 10 100 1000 01111 001100 
091 07 10 1 10 100 1111 00001 100001 
092 07 10 1 10 110 1001 11001 100000 
093 07 10 1 10 100 1000 11111 000001 
094 07 10 1 10 011 1101 00001 100100 
095 07 11 1 10 011 1001 01111 000001 
096 07 11 1 10 011 1001 00101 011010 
097 07 11 1 10 110 1000 10000 011111 
098 07 11 1 10 111 0111 10001 000100 
099 07 12 1 10 100 1111 00001 011110 
100 07 12 1 10 110 1001 10000 011111 
101 07 13 1 10 100 1111 00001 111101 
102 07 13 1 10 100 1000 01111 011111 
103 07 13 1 10 110 1000 01111 011110 
104 07 14 1 10 111 0111 10001 011101 
105 07 14 1 10 111 0111 11101 011000 
106 08 07 1 10 001 1000 00100 001000 1000000 
107 08 07 1 10 001 1000 00100 001000 0010000 
108 08 07 1 10 100 1000 10000 100000 0000010 
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109 08 07 1 10 001 1000 00010 100000 1000000 
110 08 08 1 10 100 1000 10000 100000 0000101 
111 08 08 1 10 001 1000 00100 101000 1000000 
112 08 08 1 10 110 1000 10000 100000 1000000 
113 08 08 1 10 110 1000 10000 100000 0100000 
114 08 09 1 10 100 1000 10000 100000 0010101 
115 08 09 1 10 100 1000 10000 100000 1100010 
116 08 09 1 10 110 1001 10000 000100 0001000 
117 08 09 1 10 001 1000 10000 101000 1010000 
118 08 10 1 10 100 1000 10000 100000 1011100 
119 08 10 1 10 100 1000 01101 100001 1000000 
120 08 10 1 10 001 1010 10100 101000 1000000 
121 08 10 1 10 100 1000 01101 100001 0000010 
122 08 11 1 10 100 1000 10000 100000 0101111 j 
193 08 11 1 10 100 1000 10000 100000 1101110 
124 08 11 1 10 100 1000 11111 000001 1000000 
125 08 11 1 10 100 1000 01111 100001 0000001 
126 08 12 1 10 100 1000 10000 100000 1011111 
127 08 13 1 10 110 1000 10000 100000 0111111 
128 08 16 1 10 100 1000 01111 100001 0111111 


A^ 


129 09 08 1 10 100 1000 10000 100000 1000000 01000000 
130 09 09 1 10 110 1000 10000 100000 1000000 10000000 
131 09 10 1 10 100 1000 10000 100000 1100010 10000000 
132 09 13 1 10 100 1000 10000 100000 0111111 00000001 
133 09 14 1 10 100 1000 10000 100000 1000000 11101111 


134 10 09 1 10 100 1000 10000 100000 1000000 01000000 100000000 
135 10 10 1 10 100 1000 10000 100000 1000000 10000000 100000001 


136 11 10 1 10 100 1000 10000 100000 1000000 01000000 100000000 1000000000 
137 11 11 1 10 100 1000 10000 100000 1000000 10000000 100000001 1000000000 
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REZIME 


NEKI REZULTATI O PRVOJ REDUKOVANOJ ENERGIJI GRAF 


U nedavno objavljenom radu [6], A. Torgašev je opisao sve konačne poveri | 
grafove čija energija ( tj. suma svih pozitivnih sopstvenih vrednosti uključi: 


jući takodje njihove višestrukosti) nije veća od 3. U ovom radu GL 
uu 


sve povezane grafove čija prva redukovana energija, tj. suma apsol 
vrednosti svih sopstvenih vrednosti bez maksimalne, nije veća od 5. 
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NORMAL FUZZY SUBGROUPS 


A. S. Mashour, M. H. Ghanim and F. I. Sidky 
Department of Mathematics, Faculty of Science 
Zagazig University, Zagazig - Egypt 


Abstract 


Rosenfeld in [8] has introduced the concept of a fuzzy subgroup. 
His definition has been generalised by Anthony and Sherwood in [2]. 
In this paper we introduce the concept of a normal fuzzy subgroup and 
prove some properties of this new concept. 


AMS Mathematics Subject Classification (1980): 20N25 
Key words and phrases: Normal fuzzy subgroups 


Throughout this paper G will denote a group whose operation is sup- 
pressed and indicated by juxtaposition. We use the concept of a fuzzy 
subgroup as defined in [2]. For the definition of a t - norm we refer the 
reader to [1,2]. We do not distinguish in notion between a fuzzy set [11] 
and its membership function. 


Definition 1. Let A be a fuzzy subset of G and let 

sf: G — G (fz: G — C) ba function defined by =f(9) = 
29 (f.(g) = gz). A fuzzy left (right) coset zA(Az) is defined to be 
2f(A) (fz(4)). 


If is easily seen that (xA)(y) = A(z-!y) and (Az)(y) = A(y27), 
for every y in G. 


53 | 
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Proposition 1. Let A bea fuzzy subset of G. Then the following "A . 

ditions are equivalent for each x,y in G. s 


(i) A(zyz!) > A(y). 
(ü)A(zyz ^) = A(y). 
(iii) A(zy) = A(yz). 
(iv)zA = Az. 

(v) cAz = A. 


Proof. Straightforward. 


Proposition 2. If A is a fuzzy subgroup of G, then gAg™ is alsog 
fuzzy subgroup of G forall g in G. 


Proof. Let A bea fuzzy subgroup of G, underat- norm T. Then f 
gAg (e) = A(e) = 1, gAg (zx) = A(g-'29) = A(g-'2g) = gAg™ (27) 
forall z,g in G and gAg™ (zy) = A(g '(zy)g) = Ag7'(zgg7'9)9)= 
A((g-!zg)(g-!yg)) < T(A(g-'zg), Ag 'yg)) = T(gAg"! (x), gAg7' (V) | 
forall z,y in G. Hence gAg"! is a fuzzy subgroup of G under T. 


) Definition 2. A fuzzy subgroup A of G is said to be normal if it satisfies 
one of the equivalent conditions in Proposition 1. 


Proposition 3. If A is a fuzzy subgroup of G , then alae gag * 
a normal fuzzy subgroup of G (under a t - norm as A). 


> 


Proof. Similar to the crisp case. 


Proposition 4. Let A and B be two fuzzy subgroups of G under f 
t- norms T, and Tp, respectively. Then ANB is a fuzzy subgrovt 
under any t- norm T such that 1,1 >T. 


by 
Proof. Let X ={T|T,,T, > T) and let Z bea t- norm defined ”! 
Z(a,b) = O ifa £ 1,6 £ 1 and Z(a,b) = a(= b) ifb = 1 (a=) 


1, OF 
Since Min > T' > Z, for any t- norm T’ (see [6, 10]), then ZE a 
X #9. Nowlet z,y in G. Since Min S T" ST Z (see 10] ): 
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1 A n B (zy!) = Min (A (zy7!), B (zy71)) > Min(Ti (A (z), A (y)), 
On. Y T, (B (z), B (y) > Min(T (A (z), A(y)), T (B (z), B (y))) = 
{ P (Min (A(2), B (2), Min (A (g), B (y))) = 
_T(AN B(z), AN B(y)). 
| Hence AB isa fuzzy subgroups of G under T. 
Proposition 5. The intersection of any two normal fuzzy subgroups of G 
is also a normal fuzzy subgroup of G under any t - norm weaker than the 
t- norms of the two fuzzy subgroups. 
Proof. Let A and B be two normal fuzzy subgroups of G under t - 
D norms T and T”, respectively. According to Proposition 4, ANB isa 
B fuzzy subgroup of G under any t - norm weaker than T and T'. Now, 
forall z,y in G wehave AnB(zyz^!)- Min(A(zyz-!), B(zyz-!)) = 


NT 


Min(A(y), B(y)) = AN B(y). Hence ANB isa normal fuzzy subgroup 
hen 
of G. 


JE Proposition 6. Let f:G — H be a group homomorphism. 


(i) If A is a normal fuzzy subgroups of H, then f-'(A) is a normal 
fuzzy subgroup of G (under the t - norm of A). 
fis | (ii) If f is an epimorphism and A isa normal fuzzy subgroups of 
G, then f(A) is a normal fuzzy subgroups of H (under the t - norm 
of A, which is continious). 


Proof. 


(i) Let A bea fuzzy subgroup of /T under T. Then FA) is a 
fuzzy subgroup of G under T (cf. [2,3]). Now, for ae in G, xe 
have f-l(A)(zyz-!) = A(f(2y27')) = ASSOS) ) = A(f(y)) = 
f-\(A)(y). Hence f71(A) is a normal fuzzy subgroup of G. 

(ii) Let A bea fuzzy subgroup of G undera continous t - norm 
T. Then f(A) is a fuzzy subgroup of H under T (cf. [2}). Now, for 
all u,v in H, we have 


-p 
f(A(uvu-!) = sup | A(y)- sup —- A(zyz7') 
F(y)zuvu-! F(r)=u,f(y)=v i 3 - 
= sup A(y)= f(A)(v), since f is epimorphism. 
F(y)=v 
ZU) Hence f(A) is a normal fuzzy subgroup of H. | 
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Definition 3. [9]. Let A and B be two fuzzy subsets of G. 
T - product of A and B is defined to be the fuzzy subset AB 
given by: 


Te | 
of Q 
AB(z)= sup T(A(y), A(z)) «eG. 


yz-r 


Note that a fuzzy coset zA may be also defined as the T -product of 
iz) and A. 


Proposition 7. Let f:G —> H bea group homomorphism and let A 
and B a fuzzy subsets of G. Then f(AB) = f(A)f(B), where the 
products are under the same t - norm. 


Proof. Similar to the proof of Proposition 2.2 in [5]. 


Note that Proposition 6(ii) may also be proved, using Proposition 7 
as follows: Since zAz^! — A forall z € G; then f(zAz-!) = f(A), 
i. e, f(z)f(A)f(z)'! = f(A). But since f is an epimorphism, then 
f(A) is a normal fuzzy subgroup of H. 


Proposition 8. [3]. Let A bea fuzzy subgroup of G under Min. 
Then the level subset G' = {z € G| A(z) > t), for every t in [0, 1] such 
that GA #0, is a subgroup of G. 


In the above proposition, Min can not be replaced by an arbitrary U 
- norm. The following example indicates this fact. ; 


Example 1. Let G = (e,b,c,d) be a Klein's four group and let À x | 
a fuzzy subset of G defined by Ale) = 1, A(b) = t, A(c) = & and | 


A(d) = t3 such that 13 = tt; and | > t > tg > ta. Then it is easily | 


< B D t 
verified that A is a fuzzy subgroup of G under Prod. But G4 "" 
a subgroup of G; since be = d g G? = (a,b,c). 

Proposition 9. . 
very 


() If A is a normal fuzzy subgroup of G under Min, then 
Gi, (Z0), t in [0, 1], is a normal subgroup of G. 
(ü) Let A bea fuzzy subset of G such that, for every t in 


G isa normal subgroup of G. Then A is a normal fuzzy sub 
G under Min. 


Im(A) 
roup ^ 
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Proof. From Proposition 8, it follows that G4, for every ¢ in (0, 
1), is a subgroup of G. Let y in G. Then A(zyz !)- A(y) > t. 
Thus zyz^! € Gh,i. e, y € !G^z. This implies that G is a normal 
subgroup of G. 

(ii) Let G',,t in Im (A), be a normal subgroup of G. Then 
2G, z^! C G4, forall z € G. Let y € G with Aly) = t. 
Then A(zyz !|)2 t= A(y) Since A is a fuzzy subgroup (under 
Min); then A is a normal subgroup of G. 


One may easily verify the following. 


Proposition 10. If A and B are normal fuzzy subgroups of G, then 
the T - product AB is a normal fuzzy subgroup of G under T. 


Definition 4. Let A be a fuzzy subgroup of G and M be a subset of 
G such that mAm"! = A, forall me M. Wecall M the normaliser 


of A. 


Proposition 11. The normaliser of a fuzzy subgroup of G isa subgroup 


of G. 


Proof. Similar to the crisp case. 


Note that, if A is a fuzzy subgroup of G and M its normaliser, 
then Gl C M. Note also that a fuzzy subgroup A of G isa normal 
iff its normaliser M = G. 


Example 2. Let G = (a,b, c,d,e, f}, where a = (1), b = (12) (36) (45), 
c = (13) (25) (46), d = (14) (26) (35), e = (156) (234) and 
f = (165) (243). 

1. If A isa fuzzy subset of G defined by: A(a) = 1, A(b) = 
A(c) = A(d) t, and A(e)= A(f) = tm such Vat 12 bi ve 
ti and t, in (0,1). Then A isa fuzzy subgroup of G under Min 
and G= M (M is the normaliser of A). Hence A is normal. 

2. If A isa fuzzy subset of C defined by: | A(a) = 1, A(b) = 
tı, A(e) = A(d) = A(e) = A(f) = t: such that 1 > tz > t, where t 
and t, in [0,1]. Then A isa fuzzy subgroup of G under Min 
and its normaliser M = {a,b}. Note that if t2 #0, then A £g M. 
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REZIME 


NORMALNE RASPLINUTE PODGRUPE 


Rosenfeld je u [8] uveo pojam rasplinute podgrupe. Njegovu definiciju su 
uopštili Anthony i Sherwood u [2]. U ovom radu je uveden pojam normalne 
rasplinute podgrupe i ispitane su neke osobine ovog novog pojma. 


Received by the editors October 10, 1986. 
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WEAK CONGRUENCES AND HOMOMORPHISMS 


Branimir Šešelja and Andreja Tepavčević 
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Trg Dositeja Obradovića 4, 21000 Novi Sad, Yugoslavia 


Abstract 


The necessary and sufficient conditions under which a weak con- 
gruence lattice of a factor algebra is a sublattice of a weak congruence 
lattice are given. 

Some classes of algebras satisfying this condition are described (any 
variety of coherent algebras , U-algebras, etc.). 


AMS Mathematics Subject Classification (1980) : 08A30, 06B10 
Key words and phrases: Lattices, coherent algebras. 


| 1. Preliminaries 


It is well known that for a congruence 4 on an algebra A, ConA/8 is (up 
to the isomorphism) a sublattice [ 0) of ConA. For the weak congruence 
lattice CwA (i.e. for the lattice of all congruences on all the subalgebras of 
A, see for example [3]) it is not always the case. As an example, consider 
the four element groupoid (G, *), given by its Cayley table. 
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g = ({a,b, c, d), *), A= ({a}, +), B= ({b}, +) 
Cong = ((A,0,67),<), 9 = ((a), (0), (e. 4)), | 
SubG = ({0, A, B,G}, €). 

If 0 is the congruence determined by the partition ((a), {b}, (e, d.a 
the corresponding weak congruence lattice CwA/@ is not a sublattice g 
C wA (see Fig.1). Note that G has two subgroupoids, both one-element, 


G 
Go 
9 
A 6 
A B Ag Bo 


f g 

GG Fig.1 (PRAVA 

Algebras for which CwA/6 is a sublattice of CwA (6 € ConA) have | 

to fulfill some lattice conditions (concerning the weak-congruence lattice), | 

but also algebraic ones. To describe the former, we shall prove some pur’ 

lattice-theoretical propositions. For the latter, we shall use the well know! 
facts about the construction of factor-algebras. 

The notations, definitions, and some necessary results are from [2]; Bi | 

and from the references given there. 
An element a of lattice L is codistributive, if for all z, y € L 


& ^ (z V y) 2 (a ^ z) V (a ^ y), 


or, equivalently, if and only if the mapping m, : z > zAaisa homomorplis" 
of L into the ideal ( a]. 
A distributive element a of L is defined dually (the corresponding Ja 
momorphism from L into the filter [ a) is obvioisly z > z V a). ZY 
An element a of L is said to be modular, if for all z,y € Its 
implies a V (z A y) = (a V z) ^ y. z 
An element a of L is said to be comodular, if a < y implies 7 y(n 
(z V a) ^ y. Sas 
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The lattice CwA of weak congruences of an algebra A = (A, F) is the 
lattice of all the symmetric and transitive subalgebras of A? under the set 
inclusion. The diagonal relation A = ((z,z)| z € A) is a codistributive 
element of that lattice, [ A ) is ConA, and SubA is isomorphic with ( A] 
under p — (elep). 

Recall that A has the congruence extension property (CEP), if every 
congruence on a subalgebra of A is a restriction of the congruence on A. 

A has the CEP if and only if A is a comodular element of CwA ( [2]). 

A is said to have the congruence intersection property (CIP), if for 
p € ConB, 0 € ConC,B,C € SubA, 


(pn2)a = pA Nba, 
where pa stands for the least congruence on A extending p. Since pa = pVA 
in CWA, A has the CIP if and only if A is a distributive element of CwA. 


A is said to have the weak congruence intersection property (wCIP), 
if for p € ConB, 0 € ConA, B € SubA 


(pn0)4 = pa ND. 


Obviously, A has the wCIP if and only if A is a modular element of 
CwA. 


2. Sublattices determined by special elements 


In the following, a will be a fixed codistributive element of the lattice L, such 
that the classes of the congruence induced by ma :  ~ za have maximum 
elements, the collection of which is denote by Ma. For z € L, Z € Ma, and 
ma(z) = ma(Z). 
Since a is a codistributive element of L, we have that 
L= U([a Az, z]| z € L), 


where the interval sublattice [a A Z, 2] is a class of the congruence induced 
by ma. 

For b € [a), let La = U([b ^ 2, z]| z € D. Lb is not necessarily a 
sublattice of L, and in the following proposition we give some necessary 
conditions under which it is. 

Proposition 1. Let a be a modular and comodular element of the lattice L, 
and let M, be a sublattice of L. If bisa distributive element of the filter 


la), then Ly is a sublattice of L. 
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Proof. Let u,v € U([b A Z, z]| z € L). Then u € [b A g, yl vE(bAz , \ 
some y,z € L, i.e. bAY<u<y,andbAZ<v< z. Now "Zla S 


bAyAz=bAyAZ<uAv<yAZ=TyAz 


and uAvE[bBAYAzZ,yAz]. | 

Moreover, (bA g) V(bAZ) € uVv < JAZ = y V Z, since M, is a sublatti 
of L. 

By asumption a is modular in L and 6 distributive in [ a). Thus, ((bn 
DV ÈA Z))V a = (bAg) Va) V((bA 2) Va) = (bA (ij V a)) V (bA (zva) 
=bA(¥VZVa)=(bA(¥VZ)) Va. 

Now, since a is comodular, it follows that 


, 


(BAI) V (bA 2) = bA (FV 2) = bA (YYZ), end uv v € [bA (V2), (GTA 

D 

Proposition 2. Let M, be a sublattice of L and take b € (a). If for y,z cl | 
bA (yV z) = (b^ y) V (bA 2), 


then L, is a sublattice of L. 


Proof. As in the previous proposition, if u,v € L,, then obviously 
u vE L. IfbAY<SuK<gand bAz « z, then 


b^(yVz)-bA(gvz)- (PDAg)V(bAz)«uvVv€gyVz, 
which proves that Ly is a sublattice of L. 


3. Weak congruence lattices of A and of A/@ 


Let A be an algebra and @ € ConA. If By € Sub.A/0, then B € SubA, ant 
B = B[0], where B[0] = {z € A| 200, for some b € B). 
For the congruence lattice of B/@ we have that 


ConB/8 = [B? A 6, B), 


Al! 


Where [B? ^ 6, B?] is the interval sublattice of CwA. Consequently, CU 
is (up to the isomorphism) a sublattice of CWA, provided that 

U([B? ^ 0, B'|| B € SubA, B = B[0)) 
is a sublattice of CwA. 
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Theorem 1. Let A be an algebra, and 0 € ConA. Then, CWA/0 is a 
sublattice of CWA if and only if the following conditions are satisfied for all 
B,C € SubA, such that B = B(0), and C = C[06]: 


(i) BV C = Bv CE); 
tin | Gi) OA(B? VC?) = (8 A B?) V (OAC?) 
(iti) 0 ^ (B? v C?) = @A(BVC)?. 


)= Proof. (=) 
| Let B = B[6], and C = C[0]. If p € [B? ^ 0, B?], 6 € (C? ^ 6,C?], then 
B? A0 < p < B?, C? ^0 < ġ < C?, and (BAC) AIS pAGK< BAC? = 
[1| (B ^ C)?. For the suprema, we have that (B? ^0)v (C? ^0) € pv ó, and by 
(i), (ii). (iii) and since B? v C? < (B v C^, it follows that (B V C)?A6 < 
pV $< (Bv Cy, where B VC = B v C[6]. 


> 

| ^ CwA/6 is a sublattice of CwA, then from B? A0 < p € B? and 
C? A0 < à < C? for B = B[0] and C = C[0], it follows that D? ^06 < 
pV à € D? where D € SubA, D = D[0]. Obviously, p V ¢ € Con(B V C), and 
thus D = BVC. Hence, BVC = BVC[6]. Now, since p = B^^0, 6 = C? A0, 
it follows that 


(Bv C) ^80 < (B? ^0) v (C? ^ 6). 
Finally, since 


(0 ^ B?) v (0 A C?) < 6 a (B? v C?) S8 A (BV OY, 


the proof is complete. 


It is obvious that the collection 
(B? ^ 6| B € SubA, B = B[6]) 


) all the subalgebras of AJo (0 € ConA). 


Ic i hism 
BUE UT he following way. 


Hence, the previous proposition can be formulated in t 


Corollary 1. For an algebra A, and 0 € ConA, CwA/8 is a sublattice of 
CwA if and only if SubA/0 is a sublattice of CWA. 
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Proposition 3. Let A be an algebra for which Bm #0, where | 
Bm =N(B|B € SubA), 


and with the property that for B,C € SubA, if B = B[6] and C 30) 
then BVC = BV C[0]. Now, if 0 is a codistributive element of CwA i ) | 
CwA/0 is a sublattice of CwA. al aT 


Proof. Immediately by Proposition 2. 


ü 


Proposition 4. Let A be such that Bm # 0, and that for B,C c Subd 
B = Bf, C = Cl), BVC = Bv C0]. If A satisfies the CEP anf 
the wCIP, and if 0 is a codistributive element of ConA,then CwA/B isa 
sublattice of CwA. 


Proof. By Proposition 1. and by Theorem 1. 
U 


Proposition 4 gives some sufficient conditions under which CWA/6 isa 

sublattice of CwA (for 6 € ConA). However,these conditions are not net 

| essary. In the following example ([3])), Cw.A/0 is a sublattice of CwA, bu 

i the groupoid A does not satisfy any of the required conditions (namely, A 
has neither the CEP, nor the wCIP, and Bm = 0, see Fig.2 and 3). 


A = ({a,b, c, d), *) 


0: {{a}, (5, c), i4) 


Fig.2 
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d Cocco 


ü Fig.3 
Which known classes of algebras have a property that Cw.A/0 is a sub- 
bA, lattice of CwA? 
and Recall that a coherent algebra is the one having the property that if any 
is a subalgebra of it contains a class of some congruence, then that subalgebra 
is a union of classes of that congruence. Obviously, for a coherent algebra 
A, if B,C € SubA and B = B(6), C = C[0), then B v C = B v C[f). 

An algebra A is regular if every congruence on A is uniquely determined 
D by any of its classes. 


Theorem 2. If A is a coherent algebra and if all its subalgebras are regular, 


then, for any 0 € ConA, CwA/6 is a sublattice of Cw A. 
but Proof. Since .A is coherent, all we have to prove is that for 0 € ConA, and 
„A for B,C € Sub A, B = B[6), C = C|0), 


6 A (B? v C?) = (0 A B?) v (BA C°). 


Let ¢ = 0 A (B V C}. Obviously, ¢ € Con(BVC), and $ is a union of the 
classes of 0. On the other hand, the congruence V = (9A B?) v (8 ^ C?) also 
belongs to Con(B V C), and contains the union of the classes from 6A B? 
and 6 ^ C2. The same classes are contained in o. But p< 9, and since BVC 
is regular, Y = @. 

o 


Corollary 2. For every group G, and N 4 G, CwG/N isa sublattice of 
CuG. 


Proof. Obvious, since every group is coherent and regular. 
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Corollary 3. If A is an algebra in a coherent variety, then for every 


0 € ConA CvA|0 is a sublattice of CwA. I 
Proof.. It is known ([1]) that any coherent variety is congruence regular. 


ü 


Not only coherent algebras have the required property. 
Let A be a U-algebra, i.e. the algebra for which the set-theoretic union 
of any two subalgebras is again a subalgebra of A. 


Theorem 3. If A is a U-algebra, then for 0 € ConA, CwA/6 is a sublattice 
of CwA. 


Proof. If 0 € Con A, B,C € SubA, B = B[0] and C = C[6], then 
BVC=BUC=BVCI|0|. 
Moreover, if [x] is a 0-congruence class to which z € A belongs, then 
U([zblz€ BUC) = U([z]e| x e B) U U([z]e] z € C)e.  . 


6n(BuC) = (0n B?)u (0n C?). 
Now, 0 N (BUC)? € Con(B U C) and thus 


(60 B?) U (6n C?) = (6 A B?) v (e^ C?) 
in Cw.A. Hence, 
(A (BV CY) = (8 ^ B?) v (6 ^ C?), 


and the proof is complete by Theorem 1. 


5 is 0 
Corollary 4. If A is a unary algebra, then for 0 € ConA, CwAJ! P 
sublattice of CwA. \ 


Proof. Obvious, since A is a U -algebra. 
D 
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REZIME 
SLABE KONGRUENCIJE I HOMOMORFIZMI 
kongruencija homomorfne slike neke algebre podmreža (do na izomorfizam) 


mreže slabih kongruencija same algebre. Opisane su neke klase algebri koje 
taj uslov zadovoljavaju (varijeteti koherentnih algebri, U-algebre itd.). 
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U radu se daju potrebni i dovoljni uslovi u odnosu na koje je mreža slabih 
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ON A CONSTRUCTION OF CODES BY P-FUZZY 
SETS 


Branimir Šešelja and Andreja Tepavčević 
Institute of Mathematics, University of Novi Sad 
Trg Dositeja Obradovića 4, 21000 Novi Sad, Yugoslavia 


Abstract 


P—fuzzy sets are considered as mappings from an arbitrary nonem- 
pty set S into a partially ordered set P. The necessary and sufficient 
conditions are given under which a family P of subsets of S represents 
a collection of level subsets for a fuzzy set A: S — P. Thus the 
conditions are obtained under which a binary block-code V can be 
ordered, so that it uniquely determines a P—fuzzy set and vice-versa. 
An explicit description of a Hamming distance for such codes is given, 
and it is shown that some well known binary block-codes (BCD, Gray’s 


codes) can be represented by P—fuzzy sets. 


AMS Subject Classification (1980): 03E72, 94D05 


Key words and phrases: Decomposition of fuzzy sets, codes 


1. P—fuzzy sets 


Let S be an arbitrary set which is not empty, and (P, <) a partially ordered 
set. Any function A:S > Pisa P— fuzzy set on S. Let also for pE P, Ap i 
S — (0,1), so that for z € S, A,(z) = 1 iff A(z) > p. Obviously, Aisa 
characteristic function of a p—level subset (or, a p—cut) 


A, = (2 € S| Apl2) = 1)- 


71 
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Let A: S — P be a P—fuzzy set on S, and ~ a binary relation 


such that for p,q € P N y 


pq iff A, = A,. 
~ is obviously an equivalence relation on P. Let 
F = A(S) = {p € Plp = A(z), for some x € S) 


and for p € P, let 
[p) = (« € Plp < g). 


Lemma 1. If A: S > P is a P—fuzzy set on S, then for p,q € P 


p^ 4 iff [p) n F = [g) n F. 


iff {z € S|A(z) € [p)} = {x € S[A(z) € [q)) 
if [n F-[gn F. a 


Example 1. 


Proof. 
pq iff A,— A, iff (for z € S)(A(z) > piff A(x) > q) 
S = {a,b,c,d,e} P = {p,q,7,3,t, u,v, 2, y) 


Ti (Co OT Gc 
su v p q 


nno Ne a 


RS Ron rcc co 2 
u 0. 0g0o0oco.í9 = 
u o ooo s SCS Se o 
nn S 

| Ng o 


Suns S 
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A, = A, = {d}; A, = {e}; As = 4; = {a, d,e}; 
Au = {a,b,d,e}; A, = (ee); A, = A, = {a,b,c,d,e} 


Lemma 2. Let A:S — P be a fuzzy set. Now for every z € S, if A(z) = p, 
then p is a supremum of the class to which it belongs, i.e. p = \/[p]... 


Proof. If q € [p]., then p= A(z) 2 q. Hence, p = V[p].. O 


The following statement is a Theorem of decomposition for P—fuzzy 
sets. 


Theorem 1. If A:S — P is a P—fuzzy set on S, then for z € S, 


A(z) = V(» € PIAp(2) = 1) 


(i.e. the supremum on the right ezists in (P, <) for every z € 5, and is equal 
to A(z) ). 


Proof. Let A(x) = r € P. Then, A,(z) = 1. Now, if for any p € P em 16 
then A(z) 2 p, i.e. r 2 p. On the other hand, r € (p € P|A,(z) = 1}, and 
thus r is the greatest element of that family. Thus, 


A(z) =r = \/(elAp(z) = 1). 8 


Let Ap = (Ap|p € P), for A: S > P.This family of subsets of S has the 
following properties: 


Proposition 1. For a P— fuzzy set A:S—P, 


(1) if p,q € P and p < q, then A, C Api 
(2) if for P, C P there ezists a supremum of Py (V(plp € P;)), then 
N(4zlp € Pi) = Ayglpen 


(3) UlAplp € P) = S; 
(4) for every z € S, M(Aplz € Ap) € Ap. 
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Proof. 
(1) If p < q, then A,(2) = 1 implies Ap(z)=1, Ne A, C Ay; 
(2) Suppose that for P, C P the supremum V(p|p € Pi) exists in pa | 
for z € S, They 
iff A(z) >p for all pe P, 
iff ze N(Aplpe€ P); 


t € AV(ylpep;) 


(3) If z € S, then A(z) = p € P and z € Ap. Thus, z € U(A,|p € P) 
is 5 C U(A,|p € P). Obviously, U(Aplp € P) C S, and the equality 
olds; 


(4) Let z € S. Then, z € A, iff A(z) > p, i.e. iff A,(z) = 1. By Theorem f 
1, A(z) = V(p|Ap(z) = 1), and by (2) 


AVilzte)=1) = { |(4,14;(2) = 1). 
Hence, (\(A,|z € Ap) € Ap. o 


Remark. The converse of (2) in Proposition 1 is not true, as shown by the | 
following example. | 


Example 2. 
S = {a,b} P= {p, 9,7, s} 


Ee) 


A; aA 
A, = (a) 
A, = (0 
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In this P—fuzzy set, A, A, € Ap, but (2), (Proposition 1) is not true, 
since r V s does not exist in P. 


Theorem 2. Let S be a nonempty set, and P a family of its subsets 
(P € P(S)), such that: 
(1) UP =5; 
(2) for every z € S, N(p E Plzep)e P. 
Let A: S — P be defined with 
A(z) = (\(p € Plz € p). 


Then, A is a P— fuzzy set, where (P, €) is a partially ordered set under p < q 
iff a € p (p,q € P), and for every p € P, 


p = Áp. 


Proof. A is well defined. Indeed, by (2), for every z € § the family 
{p € P|z € p) is uniquely determined. 


A is obviously a P—fuzzy set, and we have to prove that for every 
p € P, p = A; (recall that A, = {x € S|A(z) > p)). 


Let z € S. Then, us 
zEA, iff A(z)2p iff (by the definition of A) 
Nae Plz €q)>p_ iff (by the definition of < ) 
N(q€ Pile €q)Cp_ iff z € p (since by (1), the intersection is not empty). 
O 


Example 3. S = {a,b,c} P = {0, {a}, {b}, {6,c}} g 
Conditions (1) and (2) are satisfied. Thus, we have the following P—fuzzy 


Set: 
"= a b c 
d A= ( (8 (0) wa) 
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2. Codes generated by P-—fuzzy sets 


Let S = {1,2,...n} and let (P, €) be a finite partially ordered Set, Eye 
P-—fuzzy set on S determines a binary block-code V of length in U | 


following way: 
To every class [p]. (p € P), there corresponds a codeword 


Vip) = 2122... Zn, such that z; = j iff A,(i) = j, fori € S, and jc (0,1). 


We shall use the following componentwise defined order on the set of 
codewords belonging to a binary block-code V: for z,y € V, z=21..,, 


y = y1-- 9n; 


(+) z<y iff Vi S 23,..., Un S Tn, 
where £ on the right is the ordinary ordering relation on the lattice 
((0,1), €) : 0 < 1. 

Thus, for example, 101101 < 001001. 


Theorem 3. Every finite partially ordered set (P, X) determines a block- 
code V, such that (P, €) is isomorphic with (V, «). 


Proof. Let P = (p,...p,), and let A: P > P be the identity mapping; | 
as a P—fuzzy set on P. The decomposition of A gives a family (Al? € F 
which is the reguired code, under the above defined order (+). Consider the 
mapping f : P > {Alp € P), such that f(p) = Ap. By Lemma 2 e 
(~)-class contains exactly one element, and thus f is one-to-one. lf 5,1 € 
and p < q, then A, C Ap, which by (+) means that A; < Ag, and pe | 
isomorphism. O 


Example 4. P= {a,b,c,d} 


b ,d A da E od 
ANI ZEL SES TT 
ac ce GE 
OE T] 

« Se 
(5S) a 0 0 0 1 
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Jf V is a binary block-code, and A is a P—fuzzy set, then we say that 
A corresponds to V if the block-code determined by A (as defined at the 
beginning of the paragraph) is V. 


Theorem 4. Let V = (v,,...v) C (0,1)" be a binary block-code, such that 
for every i € {1,...n} at least one codeword has a nonzero i—th coordinate. 
Then there is a P—fuzzy set which corresponds to V if and only if for every 
ie (1,...n) 

(a) \/(v € Vili) = 1) € V. 


(The supremum in (a) is induced by < in (+).) 

Proof. If we think of the codewords of V as of the characteristic functions 
of the subsets of {1,...n}, then the "if" part follows by Theorem 2, since the 
supremum in (a) is in fact the intersection of the corresponding subsets. 


The converse is true by Proposition 1. U 


Recall that the Hamming weight ||z|| of a codeword z € {0,1}” is the 
number of the nonzero coordinates in z, the Hamming distance d(z, y) be- 
tween z and y from (0,1)" is the number of coordinates in which z and y 
differ. The code distance of V C (0,1)" is the minimum Hamming distance 
between two different codewords in V, and is denoted by d(V). 

Let A: S > P be a P—fuzzy set. We say that the number of elements 
of S which are mapped into the same element p of P is a degree of the class 
[p]~, or of the corresponding codeword vy), and we denote it by s(vp)). 

In the following four propositions, let V be a code corresponding to a 
P—fuzzy set A: S > P. 

As it was done in [3] for lattice valued fuzzy sets, we shall describe the 
above-mentioned parameters in terms of P— fuzzy sets. 


Proposition 2. 
d(V) > min, ea(s)$(%p})- 


(Recall that A(S) = {p € P|p = A(z), for some z € 5).) 
Proof. If two codewords from V differ in the coordinate mapped onto p, 


they differ in at least s(vi) coordinates. O 


Proposition 3. If vp) € V, then 
lloll = Žž(s(vg))la € A(S), and vp € "tg 
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Proof. If i € S, and wj € V, then v(i) = 1 if q = Ali) > r, for every 


r € [p]... Every q € A(S) represents one class [a]. (by Lemma 2), and the J 
r 


number of these classes coincides with ||vpy}||. O 


Proposition 4. If vip] € tj), then 
dlv vg) = X (sCpj)log € K), 
where K = (vj) € Vlo] > Yp and [(v] > vig)). 
Proof. If vj > Vip), and Vel 2 Val)» 7 E A(S), then for every i € § 


such that A(i) = r, vgj() = 1, and wj(?) = 0. Moreover, every nonzero 
coordinate in Via) is nonzero in Vip) as well. O 


Theorem 5. For any vy), vij € V, 


(b) d(vty, vig) = Y (s(vg])lop] € K) 


K = {vy} € Vlo > vp) and l(w > v). 
OF Vir] = vw, and j](vpj 2 vp) 


where 


Proof. If vp) € vij, then the proof follows by Proposition 4. Now,let Up] 
and vj be uncomparable. If vj > vij, and (Yr 2 vj), then for every 
i € S such that A(3) = r, v(i) = 1 and v(i) = 0. On the other hand, if 
Ur] > V[g]; ](vgj 2 V(p)) and A(1) = T, then vig (2) = 1, and Upp] (2) = 0. 
Hence, 


dug, Va) > >_(s(vp))lv € K). 


Now, if vp] and Vig] differ in i-th coordinate, for example wig?) = land 


Vppj(t) = 0, then for A(i) = r, v, > v and v > vg). Thus, vp] € K, 
and the equality (b) holds. O ine cul lv > v) 


*okok 


isf 
Some well known codes can be represented by P—fuzzy sets, i.e. they satis!) 
the conditions of Theorem 4. 
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Example 5. a) For a BCD-code V = {0000,0001,...1001}, there is a cor- 
responding P— fuzzy set, as shown in the sequel. 


= 1 2 94 
Sum). 


S = {1,2,3,4}, P = {1,2,...9} 


um OCD OOO COCO 59 — 
Do RRR HR OO SO S» t 
SO On S on KF OOS c5 
w ONON ONO In + 


S & WA AW o b_n O/T 


The construction is based on Theorem 4. 


b) The following Gray’s code can be represented by a P—fuzzy set in a 
similar way. 
V = {0000, 0001, 0011, 0010, 0110, 0111, 0101, 0100, 1100, 1101} 
Zune 1-(; "= 
P = {0,1,...9} S d 


mm mm ODO ODO ODO o Oj% = 
Lm. e e e = DO O OI t 
oooorrrr Oo c 
moOor noone 


O IG 91 oN = om 
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REZIME 


O KONSTRUKCIJI KODOVA POMOĆU P—RASPLINUTIH 
SKUPOVA 


Posmatraju se P—rasplinuti skupovi, kao funkcije iz proizvoljnog nepraznog 
skupa S u parcijalno uredjeni skup P. Daju se potrebni i dovoljni uslovi pod 
kojima familija podskupova skupa S predstavlja kolekciju na koju se razlaže 
dati rasplinuti skup na S. Time se dolazi do uslova pod kojima se binami 
blok-kod može opisati pomoću P—rasplinutog skupa. Eksplicitno se opisuje 
norma, Hemingovo i uopšte kodno rastojanje, a daju se i primeri poznatih 
kodova (BCD, kodovi Greja) izraženih pomoću P—rasplinutih skupova. 


Received by the editors May 25, 1990. 
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Brian Fisher 
Department of Mathematics, The University, 
Leicester, LE1 7RH, England 


Li Zhishen 
Department of Mathematics, Lanzhou University, 
People's Republic of China 
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od 

že Abstract 

a This paper proves the existence of the neutrix product zio zii" 
Y | of the distributions TAI and r_""? in terms of the distribution vector 
ih | which was defined in [3]. 


1980): 46F10. 
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denotes the neutrix, see van der Corput [1], having 
N" the real numbers, with negli- 
n^n? n, In’ z for A > 0 
to zero in the normal sense 


In the following N 
domain N’ = (1,2,...,m,...) and range 
gible functions finite linear sums of the functions 
and r — 1,2,... and all functions which converge 
as n tends to infinity. 


xed infinitely differentiable function having the proper- 


Now let p be a fi 
ties 


(i) p(x) = 0 for |z| > 1, 
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Gi) p(z) > 0, 
(ili) p(x) = p(-z), i 
(iv) f! p(z) dz = 1. s 
The function 6, is defined by 6,(z) = np(nz) for n = 1,2,.... It s obvious 
that the sequence {ôn} is regular and converges to the Dirac delta-function | 
6. 
The following definition for the product of two distributions Was given 
in [2]. 


Definition 1. Let f and g be distributions and let g, = g *6n. We say that 

the neutriz product f og of f and g ezists and is equal to h on the interwal 

(a,b) if | 
N-lim(fgs, d) = (h, 4) ka 


for all test functions $ with compact support contained in the interval (a,b), 


In order to give more information about the behaviour of the product 
f o g the notion of a distribution vector was introduced in [3], where the 
following definitions, theorems and lemma were given. 
Definition 2. Let h, be a distribution for r 2 0,1,2,... . We say that 
h = (ho, k1,...,h;,-..) 
ts a distribution vector. 
If a is any real number we define ah to be the distribution vector 
laho,ah,, cao ,ah;, oO .] 


and if k = [ko,ky,...,k 


- k 
r,::-) is a second distribution vector we define ht 
to be the distribution vector 


[ho + ko, hy APB nooagltle dedo 


Jf hz 4; = 0 for i = 1,2,... we write 


h = [ho;h;,...,h,,0,0,...] = (ho,h1,..-,h;) 


and if h; = 0 fori=1,2,... we write : 
h = [ho] = ho. 
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Definition 3. Let h = (ho,h1,...,h,,...) be a distribution vector and let > 
be an arbitrary test function with compact support. We define (h, 4) by the 
sequence of real numbers 


(h, $) = ((ho, 0), (hi, 9), ..., (Ar, ),...). 


Definition 4. Let h = [ho,hi,..., h,,...] be a distribution vector. We de- 
fine the derivative h' of h by 
h’ = (BB. BI 


DX 


Definition 5. Let f and g be distributions and let gn = g+6,. We say that 
the neutriz product f og of f and g ezists and is equal to the distribution 
vector h = [ho hi, .. . , hz, ...] on the interval (a,b) if 


N -lim n= (fgn, 9) = (Its) 


forr = 0,1,2,... and all test functions ¢ with compact support contained in 
the interval (a, b). 


Definition 6. Let f and g be distributions and suppose that the neutriz 
product f o g exists as the distribution vector h — [ho, ha, . . hr: --] on the 
interval (a,b). We say that ho is the finite part of f og on the interval (a,b). 
If h, £ 0 for some r > 1 we write 


pf. fog= ho 
on the interval (a,b) and if h, = 0 for r = 1,2,... we urite 
fog= ho 
on the interval (a,b). 


h,,...] be a distribution vector and let ó 


Th 2 = [ho, his 
eorem 1. Let h = (ho, ħi, t. Then 


be an arbitrary test function with compact suppor 


(hi, o) = —(h, 6). 
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Theorem 2. Let f and g be distributions and suppose that the neutri; 
ucts f og and f'og (or f o g') exist as distribution vectors on the Es 
(a,b). Then the neutriz product f o g' (or f'o g) exists as a distri 


erval 
utio 
vector and ; : 
(fog) 2 f'ogt fog 
on the interval (a,b). 


Lemma 1. 
1/n 
] | 959) de = (-1)P ppg ps 
0 


forp=0,1,2,...,g—1 and q = 1,2,... , 


1/n 1 
J 2P6(P)(z)dx = =(—1)Pp! 
0 2 


forp=0,1,2,... and 


1/n 
[ 127600 (2)| dz = o(n?^?) 
forq=0,1,...,p-landp=1,2,..., where 


por = p"D(0), parr = 0 
JOP P= (053159 so c 


eee 3. The neutriz product GA oz >! erists as a distribution vector 
an 


A =A= 
(1) vy 0 2_ "= h(A, q) = [ho(A, q), (A, g), cee fg, 9) 
for q=1,2,... and A X Wyse so)... , where 


— 1 COSeC(zA) c(q— : 
hi(A,g) = Soo), 120, 
deseci) (a=i-1) : 
DOF): =) Pi-10" , 15144. 


In particular i 
A —A-1 1 
TOT = —97cosec(rA)ó 
for AZ 0,51,52,.... 
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Proof. The distribution z4 is defined as a locally summable function for 
\> —1 by 
x = zà, T> 0, 
t 0, «<0 
and is defined for A < —1 and A Æ —2,—3,... inductively by 
a= (A +1) (t. 
The distribution zà is defined by 


a = (—-z)} 


for A £—1,—2,.... 
We will first of all suppose that p — 1 < A < p, for some non-negative 


integer p. Then 


-aq _ TA—p+1) Pt! atp- 


a = TO) dm 
and so 
CN a 6,(z) 
_ TO-P+1) Jaki — 2)-4P-1g(P+9- (4) dt 
T T(A+q) Jz 


for -1/n < z < 1/n. Thus 


TAD) [7 (sjeda = 
T(A =D + 1) —oo 


= fae [Porti itis = 

- [^os 

Buc (sa r= 
0 5 9 


1 i: 2 
a ba eigen) | sU gt. sjete 1 dv di, 
= b Ü 
0 


Where the substitution z — tv has been made. Since 
T(A jt DI(-A t» 
1 y M EA Ed Eum a 
/ o — v) Mr du = (p4- 4)! 
0 
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T. 
it follows on using the lemma that | 
al 
(2) rs Die), dz. — e 
—oo 
(APO Fe ose p, sf _ont- j- L 0 < j < đu 9 
A C- D rcosec(r), j=q-1 
and = 
(3) jl EA na] dz = o(n-!). u 
—oo 
Now let 6 be an arbitrary test function with compact support. Then 
o 


é(z) = oS 240) + T Ez), 
where 0 « € « 1. It follows that 
290) ; 
> 


af s SETA dz = 


(23, (227-94) 


x D» nA +3+ DA) cuf i-1(66), o) + 


j=0 T(A ar q)j! 
A 
Oe?) + o(a) 


on using equations (2) and (3). Thus 


N=limn='(z},(s2377),$) = 


Cosec(rA = = 
=4į r m 2 1-1 Qu 0,9), o est) 
—1)7CO; T i j 
"reci T Mpi-1007i-0, 1<i<a-! 


and equation (1) follows for p—1< À < p and p = 0, 1,2,- 


Now assume that puce ne holds forp—1<A<pP and 9 E 
where p is now some negativa integen. Rhen éhe.nentgks products ^* 


a 
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] and zlog exist and so by Theorem 2 the neutrix product zA oz_ 277 
exists and 
detox? = i (eX oae) a (A Fae ore 
= h'(à,g)- (à +g)h(A,g+ 1) 
= [ko(A, q), ki(A,g), +") ha(A, g)), 
where 


ko(A,q) = ho(A,g) — (A+ a)ho(à,q + 1) | 
TAcosec(TA) (g) 
2g! 
= dho(A-1,¢+1), 

k(A,q) = hue) - (à + g)hi(à,g + 1) 

AT(A + q — i)rcosec(12) 6079) 
m TO*9(-)! ^ 
= Ah(A-1,q* 1) 


for i= 1,2,...,g— 1 and 


AT(A)reosec(7A), 6 
r = \h(A-1,4+ 1). 
= ... Eguation (1 
Equation (1) follows for p — 2 < A«p-1 = % ke e ps 
now holds by induction for p — 1<A< pu 21,2... 
This completes the proof of the theorem. 
M E TM. t 
Corollary 1. The neutriz product I) OT 8 9 exists as a distribution vector 
and 
glory 5 - (21) h(, 9) 
for q =1,2,... and AZ 0, Sl, £2... 
í In particular 
1 
poz}. = -reose (n) 
Z 


for \ £0,+1,+2,..-- 
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Proof. The results follow from the theorem on noting that Pi = Oty s I 


odd i and A te E 
(72) =g (E "= va UE 


6@(—2) = (-1)'60(2). o 
Corollary 2. (x) 
A 
sio TCosec(T 
pet 2(q — 1)! 
\-a _ (7 1)fzcosec(7A) 
= (s. 1)! 


ju) 


pf. 22 oz; §(9-1) 
for q=1,2,... and A £ 0,+1,+2,.... 
The results of this corollary are immediate. i 
Corollary 3. 
(A + 1)x} o 2282 = (—1)(A +q + 1)z2 oz 9? = žgrcosec(TA)6' 
YOR GF = sell, 3:2)... and àA £ 0,1, 2,.... 


Proof. The result follows on noting that 


A o p-A-2 _ Tcosec(TA) 
e504 oi], 
Mag pa? L _ (=1)"rcosec(TA 
og U m = 30 * a D, poô). D 


Corollary 4. 

-1 | 
721 064) — Qc qd 1) (a1)! sin(rA)a3 1941-2 m Ine) 

= 2 
for q — 1,2,... and A £ 0,+1,+2,. 
Proof. It was proved in [3] that 
-1 
e 060) = (19 (5— 1) [2 95', pof] 

and the result follows on noting that 


(Ata+1)(g-1)!sin(TA)z} 0721-2 _ (—-1)tr(g— yeah 
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REZIME 


DISTRIBUCIONOG VEKTORA 


Koristeći pojam distribucionog vektora iz [3], ispituje se proizvod distribu- 


cija zA i Toon gde je A realan broj koji nije ceo, a p prirodan broj. 
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Abstract 
In the paper the example is given of the process {X(t),t > 0) 
defined by X(t) = IH f(t; u)dW(u)({W(t)} is Winer process), having 
an arbitrary finite multiplicity N and a maximal spectral type which 
is absolutely continuous. 
AMS Mathemetics Subject Classification (1980): 60G12 
Key words and phrases: Spectral type and multiplicity of second order 
process. 

The notions of the spectral multiplicity theory in the time-domain S 
ysis of continuous second-order processes used in this paper are form the 
classical papers [1] and [3]. Also, we shall refer to (6). 

Let the process {X(t),t > 0} be a linear non-anticipative zada 
tion of a standard Wiener process (considered as a wide-sense marting e) 
{W(t),t > 0) i.e. 

t 
(1) x( = | SOJA (i), f) € tn. 
0 


It is stated in [5] that for the arbitrary chain 
(2) m(t) E A(t) = «<< © Ful) (Nmay be o9) 
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of distribution functions ordered by absolute continuity, there exists ke 
process (X(t),t > 0) for which (2) is its spectral type for t > €, vied 
€ > 0 is arbitrary and fixed. We cannot see a way to remove the Testriction 

t > e. Paper [2] (according to [7]) contains the example of the Process 
(X(t),t > 0} with the multiplicity N > 1, but the spectral type of {X(t)} 
involves discontinuity points. 


In this paper we shall give one construction of the process {X (t)} with, 
arbitrary finite multiplicity M and all of whose functions F4(1),k = 0,N -1 
in (2) are absolutely continuous. 


Let a partition of (0,00) on disjoint sets So, S1,...,SN—1 be defined by 
Sk = Uf? (211, 2FHENIJ and let (u), u > 0, be the indicator function 
of S. Let I(2-*t;u), u > 0, be the indicator function of (0,2-^t]. We 
define the processes (Z;(t),t>0),k =0,N —1 by 


Proposition 1. The processe (Z,(t)),k = 0,N — 1 are mutually orthog- 
onal wide-sense martingales. Continuous functions F(t) = IZG) = 
EZž(t),t > 0, (linearly) increasie on So only. 


(3) Z(t) = f (2755; a) (u)dW (u). 


Proof. Let 0 < s < t,then < Zk(s), Z(t) >= EZ,(s)Z,(t) = 
= Jo 1(2~*s; u)I(2-*(t); u)I}(u)du = fg 1(2-*s; u)Tx(u)du is a function of 
s only. This means that {Z;(t)} is that wide-sense martingale. Also for k fl " 
and arbitrary s,t > 0 we have (Zk(s), Zi(t)) = fg I(2-ks; u)I(27*t; BIROU 
0 because J,(u)lh(u) = 0 for k # l. Finally, from the fact that t € 50 
is equivalent to 2-^t € Sj, k = 1, N — 1, we conclude that if t € 50 then 
I(2-*t; u)Ik(u) = 1 for u € (0,2=*t] n Sp. Hence, F,(t) linearly increase for 
t € So. If t ¢ So, then 2-*t ¢ S, and I(2-*t; u)I,(u) = 0 for all u > 01e 
Fk(u) is constant on each interval (1-1 (2**Ni 9kt1*Ni] ; = —00,09. 


There are several constructions of the continuous process (X (0) having 
{Z; (t)), k = 0, N = 1 as its innovation process: 


N-1 t 
(4) X(t)- » f 9x(t; u)dZ,(u) 
k=0 
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the Cramér-Hida representation (4) H(X;t) = GE H(Z,;t). Since 
H(Zk;t) C H(W;t), we conclude that ?t(X;t) C H(W; t) or X(t) € H(W;t). 
So, {X(t)} is the non-anticipative transformation (1) of (W(t)). 

One the simplest constructions of {X(t)} is in [4]: Let q(t),t > 0, be 
a continuous function but not absolutely continuous in any interval. Then, 
(X(t),t » 0) defined by X(t) = NE y*(t)Z(t) is the N-ple Markov 
process of the multiplicity N. In our construction, (X(t)) is the following 
non-anticipative transformation. 


Let H(Y;t) be the mean-square linear closure of (Y(u),u € t). In 


€ N-1 
x)= [ 435 AOW). 
k=0 


Remark. For the sake of simplicity let N = 2: 
(5) X(t) = Zoli) + «(02.0 = | Us) Onda). 


Relation (5) defines a linear transformation A of H(W;t) onto H(X;t) 
by X(t) = AW(t). But A is unbounded. Indeed, ||A(W(t + h) - W(t))I|? = 
llX (t - h) — XO? = IZ (th) — Z COUP + e" (t4 h)Z +h) — ZD + 
[e(t -- h) - e(t) || Za (Oll? = Fut 8)— Fi) e" C e+ h) = FAO + 
[e(t + h) — e(t)? F(t), or, for h => 0 


| [ACHE + A) = WO? L, oy 49% FA (OF) im PEH PEE er 
| —0 
up 


|W(t + h) - WII? 


The last limit is oo for some t. We would mention, in connection with the 
above remark, the hypothesis in [6], p.46. The simplified Ne oe 
hypothesis is the following: Let B be a regular linear transformation \ 1-8- 
B and B-! are linear and bounded) defined by Y(t) = BW(t). Then, the 
Process {Y(t),t > 0} has the spectral type equivalent to the spectral type 
of {W(t),t > 0} i.e. the ordinary Lebesgue measure dt. 


Sa) 
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REZIME 


PROIZVOLJNOST MULTIPLICITETA ZA JEDNU LINEARNU 
i NE - ANTICIPATIVNU TRANSFORMACIJU WIENEROVOG 
i PROCESA 


dW 


| U radu je dat primer procesa (X(t),t > 0} definisanog sa X(t) = fo f(tu) 
E (u), ({W(t)} je Vinerov proces) koji ima proizvoljni konačni multiplicitet 
i apsolutno neprekidni maksimalni spektralni tip. 
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\ R"-VALUED FUZZY RANDOM VARIABLE 
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Abstract 


A new metric and structure in the space of integrably bounded 
fuzzy random variables is introduced and the notion of conditional ex- 
pectation for fuzzy random variable in R” is defined. 


AMS Mathematical Subject Classification (1980): 28A45,60G45. — 
Key words and phrases: Conditional expectation, fuzzy random vari- 
able, integrably bounded. 


1. Introduction 

T 

N The concept of a fuzzy set was introduced by Zadeh (1965). Subsequent 
developments focused on applications of this concept to pattern recognition 
and system analysis among other areas. Puri and Ralescu [9] studied fuzzy 
random variables as a generalization of random sets. The purpose of this 
generalization was the introduction of statistical techniques. The notion of 
conditional expectation is one of steps in that direction. 


After some preliminaries on random sets introduced in $ 2, we introduce 


a new distance on the set of integrably bounded fuzzy zada Ee d 
$3. The main purpose of this paper is to present a theory of condition 


expectation for fuzzy random variable and it is done in $ 4. 
Nobile qe ER 


3 ugh 
1 This research was supported by Science Fund of Serbia, grant number 0401A, throug 


Matematicki institut 
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2. Preliminaries 
on the base space R”, adapting in what follows definitions and result 


Feron [3] and Puri, Ralescu [9]. A fuzzy set u € F(R") is a functi 
R" — (0,1) for which 


S from 
On q 


1. uo = co(z € R”; u(x) > 0) is compact, 


2. the a-level set u, of u, defined by 


uso ET el pada MNA us M S] 


[1 
In this paper we restrict our attention to the set of fuzzy random Variabl 
es 
Ua = {x E R":u(z) > a) 


is nonempty, closed and convex subset of R” for all œ € (0, 1]. 


A fuzzy random variable is a function X : Q > F(R”) such that 


((%,2):2 € (X(v)).) € A x B, for every o € [0,1], 
where B denotes the Borel subsets of R”. 


It is obvious that the function Ka: Q — 28" defined by Xa(v) = 


(X(w))a is the R"-valued random set. If H is Hausdorff metric defined on 


Let (Q,.4, P) be a probability space where P is a probability measure. 
P( 


R”) (the space of all compact and convex subsets of R”) 


H A,B =m 1 TE Q n 
(A D) = max{sup inf Ile — yll, sup int lje — yl}, A,B € PLR) 


then (P(R"), H) is a complete metric space. 


For any multufunction P: Q — P(R") we can define the set 


Sr = (f €1(0,A): f(u) e Fw). P — ae.) 


where L(Q,.A) = L denotes the set of all functions h : Q — R” which = 
integrable with respect to the probability measure P. 


The set Sr C L is closed With respect to a norm in L defined by 
Ihli= f Aap, hez. 
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Lemma 1. ([7]) Let M be a set and let {Ma :a E (0,1]) be a family of 
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Using Sr we can now define an integral for F (first introduced by Aumann 


P(R") is integrably bounded if there exists integrable real valued function 
h: Q — R such that super ||z|| < hw) P — a.e. The fuzzy random 
variable X : Q — F(R”) is integrably bounded if X, is integrably bounded 
for all a € [0,1]. Let £ = £(Q,,.4) denote the set of all integrably bounded 
multivalued functions F : Q — P(R”) and let A = A(9, A) be the set of all 
integrably bounded fuzzy random variables X : Q — F(R”). 


We shall close this section, by recalling a lemma which we shall use in 
the sequel. 


(1]) 
jE ie = ud. f(v)dP(v): f € Sp). 
The integrals fo f(w)dP(w) are defined in the sense of Bochner. F : Q — 


subsets of M such that 
1. Mo= M 
2. a € b > Mg € Ma 
3. a, € a2 € ...,lims oo On = A = Ma = ffe Man: 


Then, the function +: M > [0,1] defined by $(x) = sup{a € [0,1]: 
z € Ma} has the property that (ze M : G(x) 2 a} = Ma for every 
a € (0,1). 


3. Space of fuzzy random variables 


For all X,Y € A we can define the function D: AxA>R 
D(X,Y) = sup A(Xa; Ya): 
a20 


are considered to be identical if 


i NE a : 
Tuo duy varians etric in A since A is metric 


D(X, Y) = 0. It is obvious that D is a m 


in £ (Th. 3.3 [4]). 


Theorem 1. (AD) isa complete metric space. 


ave that D is metric too. Let {X"}nen 


. G . . e h : 
Proof. Since A is metric in Lw me 0 Fike eain] 


be a Cauchy sequence in A, that is, 


i 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


— In n— "O7O— — 2222222222222 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


98 M.Stojakov; 


such that D(X”, X") < & for all n,k > no(e). For every a € 
sequence (X7),en is a Cauchy sequence in complete metric spa 


b, 1) the 


ó n E (LA) 
and limn—oo X = Xa € £. Let 55 = Sx» and Sa = Sx. We can define 


the random set X by 
KEO S= S) = f E Sa}. 


It is obvious that A(Xa, Xa) = 0 which implies that limno X, € L. Let 
X(w)(z) = supgso (2 € Xa(w)}. We shall show that for every w c Q al 
the conditions of Lemma 1 are satisfied which will mean that X is a fuzzy 
random variable. 


l. By X$(w) we denote the set {z € R” : X™(w)(x) > 0). Since 
X (w) = R” forall n € N and all w € Q we have that limps% X3 (w) = 
R” for all o» EQ. 


2. For every w € Q and every n € N,X"(w) is a fuzzy set. The in 
equality a < f implies Xw) € XZ(o), that is, Sg C Sq. Sine 
Sg = limps $5 C limno S? = Sq we have 

Xow) = cl{f(w) : fE Sa} C {f(w) : f € Sg) = Xp(0), 
for allw EQ. 


3. Let {ai}iew C (0,1) be a nondecreasing sequence and let limi, “ti = 


a. In order to prove that for every w € Q X,(w) = NE Xa;(u) 
we shall prove that S, = E $a;. As it was already proved, from 


Gi < a we get Sa © Sa; Sa C N£ Sa; Using the Hausdorff semimet- 
ric r (r(A,B) = SUPaea iMfsep ||a—b||, A,B C L) we get 
oo e» eo ES 
f) 32552) < «(P S. (| Senf] 84,5593) + roi) 
i= i=1 i21 ae 


for a fixed 7. But, "(NE 


i=1 S2,,51) = 0, consequently, for every € > 0, there 
exists Jo such that sude | u vo y 


T( Sa, S < ^ 3 j 
(15.5) < erf] Sa, Si) 


for j > jo, since $2 — Sa uniformly in a € [0,1]. 
Now : 


co co i co 00 . 
(C) Sea ANE DET | Saiyan) +1(S2,51,) + 4r(Shar (0 5 


1=1 i=1 i=1 
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d 


for any n > 1. Since (122, Sa; C San, we obtain 


se“ 


(O) Sais (| É) < San Si) + Sin () 81). 
== = i=1 ; 
Now r(Sa,> $i.) < € for j > jo. Note that (since the convergence Si — Sa 


is uniform in a) jo does not depend on n. Since $2, decreases to %2; 52 
when n — oo, it follows that ' 


= | 
y "(S no ; f $2.) < € for some no (depending on j). | 
i=1 f 
| 
: Thus j 
r(() S4,,52,) < 2€ for j > jo, that is, 
1=1 
|- EA bo 
: HE cesse ( Sai E Sa- 
i=1 i=1 
So we have proved that Sa = [Niži Sai: 
Now we have to prove that Xalw) = (12; Xa;(w) for all w € SANE know 
that Xg(w) is compact for all 6 € [0,1] and w € Q. Let Z(w) = (NE, Xa;(u), 
z w € A. Since the family of sets Xa;(w) has the finite intersection property 
) (every finite subsystem has a non-void intersection), Z(w) #0 and Zw) 
1 is a compact set. Further, we have the next implication 


a > o; > Xo(w) € Xa (9) > Xa(») € [] Xai), 


i=1 


that is 
(1) X4(w) € Z(w) for all w € 2. 


Since Z € £ it follows (Lemma 1.1 [4]) that there se ps sequence 
{fn} C L such that Z(w) = d (fn(w)) for all w € Q and we g 


Z(w) € Xa, (v) > (fa) € Sai > {fa} € (1 Sa; = Sa > 


i=1 


à (falw)} € d bole):g€ Sa} HENNA 1 


| = d (fi) =B fee” 
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which means that 
(2) Z(w) € Xa(v). J] 


Lemma 1 is applicable and there exists fuzzy random variable X with 
[X(w)la = Xo(w) for every a € [0,1]. From the completness of (£ A) í 
it follows that X4 € £ for all a € (0,1), which shows that X € A. } 
It remains to show that X" — X in (A, D). For € > 0 there exists mofe) 
such that D(X", X^) <€, n,k > no(s). Let n > no be fixed. Then | 
A(X2,Xe) = lim A(X2,XÀ) < 
+00 ‘ 
lim sup A(X}, XP) = lim D(X",X*) <e. i 
ko? a>0 k-00 f 
Hence supgs9 A(X%, Xa) < € for all n > no(e), implying that X^ 5 X : 
in the metric D. That completes the proof. 
f 
LJ LJ . i 
4. Conditional expectation 
Motivated by definition of conditional expectation for random set we intro- 
| duce the notion of fuzzy conditional expectation for fuzzy random variable. | 
Let (N, A, P) be a probability space and F a sub-o-algebra of A and 
Hr IE, The conditional expectation of F with respect to F, which is in 
L(Q, F), is determined by setting 


SE(F|F) = cl(ge L(Q,F) : g = E(f|F), f € Sr) | 


Finally if X is a fuzzy random set we can define the conditional expectation 
of X € A in such a way that the following conditions are satisfied: 


E(X|F) € A, F), 
{z E R" : E(X|F)(v)(z) > a} = E(Xalw) |F). 


The next theorem shows that there exists a unique fuzzy random variable 
satisfying these requirements. The proof is based on Lemma 1. 


Theorem 2. If X € A(Q, A), then there exists a unique fuzzy random co AS 
, , ZU ra d 
able Y € A(Q,F) such that D 
Yo(w) = E(X,(w) |F). 
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Proof. 


1. Since Xo(w) = R” for every w € Q then Sx, = L(9,A) and 
SE(XolF) = 50 = L(2,F), which means that (f(w) : f € L(Q,F)} = R” = 


Y (w) for all w € Q. 
2. If a < B, then, clearly, Sx. = Sa DA) = Sx, which implies that 
Sa = SE(XalF) 2 SE(xgz) = Sg, and Yo(w) 2 Yg(w) for allw € N. 


3. Now, we suppose that o; < ag...,limzio a, = a. We denote 
SXa,19Xos SE(Xa;lF) and SE(XalF) by Si, 5,5; and § respectively. Our aim 
is to show that $ = NE, Ši. Since $ C S; it follows $ E NZ, $;. But, 
from the nonexpansivity of conditional expectation for every € > 0 there 
exists io(£) such that h(S;,$) < h(S;, S) « € for alli > to(€). 


: In order to prove that Ya(w) = (2, Yo;(w) for all w € €? we proceed as 
follows. If w € Q, then Yg(w) € Yo(w) € Ke.(X) wich implies that Yg(w) £ 0 
is compact for all 6 € [0,1]. Let 


Z(w) = N Ya;(w) forall wE Q 


1=1 


(that is H(Yo,(w), Z(w)) — 0 for all w € € ), and let {fn} € SZ(F) be the 
sequence (Lemma 1.1 [4]) such that 


Z(w) = cl (fn(w)) forall w € Q. 
Since Z(w) € Ya, (w) for all w € Q, we have that 
{fn} € S4, for all ¿E N, 


that is 


The 
Z(w) = d {fn(w)} € d (g(w):9 € 5} = Yale). 


< On the other hand, from a > o; for all i € N, we get 


Ya(w) € Yo;(w) > Y,,(w) € fićo) = Z(w). 
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From last two relations we get that . gl 
Yq(w) = (Ya, (©) for all w € 0. T 
i=1 
Since Y, = E[Xa|F] we have ( Th. 5.6. [4] ) that Ya € £(Q, F,) which [5] 
implies that Y is integrably bounded. The uniqueness of Y follows from the | 
uniqueness of conditional expectation of random sets. | [6] 
| 
The fuzzy random variable Y € A(Q,F,) defined below is fuzzy condi- | 
tional expectation of X € A(Q,A,). We shall use notation Y = E(X|F). 7) 
Theorem 3. The fuzzy conditional expectation has the following properties: NO 
1. D(E(Xq|F), E(X2|F)) < D(X, X2) for all X1, X2 € ^. 
2. If 1 CF CA and X € A, then E(X|Z1) taken on the base 9] 
space (N, A, P) is equal to E(X|F,) taken on the base space (Q,F, P). 
3. If Fic FCA and X€A, then E(E(X|F)|F,) = E(X|7i). | iU 
10 
4. If X,:N— F(R") are uniformly integrable bounded and X,, P X, 
then E(X,|F) > E(X|7). 
RE: 
This theorem is a fuzzy generalization of Th. 5.2. (1), Th. 5.3. [4] and 
Th. 6.2. [8]. The proof is quite similar to the case of random sets so it is RA 
omited. | 
Nad 
lar 
| 6 os 
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| REZIME 


RASPLINUTA SLUCAJNA PROMENLJIVA SA VREDNOSTIMA 
U R” 


Nad skupom integrabilno ograničenih fazi slučajno promenljivih je definisa- 
là metrika i dokazano je da je prostor kompletan. Dalje se definiše i ispituju 


se : E eerie AP ME ARE y 
osobine uslovnog matematičkog očekivanja fazi slučajne promenljive. 
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| REMARK ON THE PAPER OF CHITRA AND 
| SUBRAHMANYAM ABOUT THE SECTION 
THEOREM OF KY FAN 


G. Isac 
Département de Mathématiques, College Militaire Royal 
St - Jean, Quebec, Canada JOJ IRO 


Abstract 


| In 1961 Ky Fan proved in [2] an interesting result with important 
applications to the variational inequality theory and the minimax the- 
ory. 

This theorem is known now as "the Section Theorem" and it has 
been the subject of several papers [4], [5] etc. 

Recently in paper [1] Chitra and Subrahmanyam proved a general- 
ization of this theorem and proof is based essentially on Brouwe's fixed 
point theorem. 

Now, we show in tis note that, this generalization is, in fact, a direct 
consequence of Section Theorem. 


| 
| AMS Mathematics Subject Classification (1980): 4TH10 
| 


Key words and phrases: Section Theorem, variational inegualities 


We recall that in 1972, in paper (3, pg. 105), Ky Fan reformulated the 
“ction Theorem as the following result. 


Theorem 1. [Ky Fan][3]. Let X be a nonempty compact convez set in a 
n C) topological vector space. Let D be subset of X x X having the 
"Wing properties: 


105 
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(a) for every z € X,(z,z) € D, 
(b) for each fixed y € X, the set Dy = {x € X|(z,y) g D) 
convez (possibly empty), 


(c) for each fied x € X, the set Dz = (y € X|(z,y) e D) is 
closed. 


18 


Then there exists a point yo EX such that X x (yo) C D. 


The generalization of Section Theorem proved in [1] by Chitra and Sub. 
ramanyam is the following. 


Theorem 2. Let K be a nonempty compact convex subsets of Hausdorff 
topological vector space E. 


Let ACK XK and g:K — K such that the following conditions 
are satisfied: 


i. for every ye K, (zc K|(g(z),y) € A) is closed, 
ti. for every z € K, (g(z),z) € A, 


iti, foreach z € K,(yc K|(e(z), y) Z A} is empty or convez. 


Then there exists zo € K such that (g(zo) x K c A. 


We prove now that Theorem 2 is an immediate consequence of Theorem 


Indeed, if we denote X = jr and D= (21,22) € K x K|(g(z2),21) € 
A) we constat that the all assumptions of Theorem 1 are satisfied. 
Obviously, DC X x x and we have: 


(a) for every ze X, (zoz) € D by assumption (ii), 
(b) for every y€ X the set 
Dy = (zc X|(z,y) g D} is empty or convex since, 


D, — (zc XI(a(y),z) g A) and the second part is an empty or 
convex set by assuption (iii), 


(c) for each fixed z € X the set 
closed since, D, 
a closed set by 


D. = {y € X|(z,y) € D) is 


-(ve XI(9(y), z) € A} and the second part is 
assumption (i). 


[5] 
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Hence from Theorem 1 there exists zo € X such that (y,zo) € D, for 
every y € X,thatis (g(ro) y) € A for every y € K and Theorem 2 is 
proved. O 


In conseguence Theorem 2 is a corollary of Section Theorem. 
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REZIME 


PRIMEDBE NA RAD CHITRE I SUBRAHMANYAMA O 
TEOREMI O SECENJU KY FANA 


1961. godine Ky Fan [2] je dokazao zanimljiv rezultat sa važnim primenama 
Ta varijacione nejednakosti i minimaks teoriju. 


Ova je teorema poznata kao "Teorema o secenju" i bila je predmet 
| mnogih radova [4],[5]. 


M Nedavno su u [1] Chitra i Subrahmanyam dokazali uopštenje ove teoreme 
okaz je u osnovi zasnovan na Brauerovoj teoremi o nepokretnoj tački. 


te U OVoj noti je pokazano da je ovo uopštenje zapravo direktna posledica 
Oreme o sečenju. 


Res 
“ceived by the editors September 20, 1988. 
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ON POWERS OF HEAVISIDE'S FUNCTION 


Brian Fisher 
Department of Mathematics, The University, 
Leicester, LE1 7RH, England 


Abstract 


We show that the non-associativity of the distribution product must 
be taken into account when differentiating powers of Heaviside's func- 
| tion. 
| 


AMS Maihematics Subjeci Classification (1980): 46F10 i 
Key words and phrases: Product of distributions, Heaviside's function. 


Heaviside’s function is the locally summable function Y defined by 


7 I, & 2» 
"ee i z<0. 


It follows that 
(1) Y^ =Y. 


Formal differentiation of equation (1) appears to give 


ae) nY"-16 = 6 = nY ô 
| and so 
l 1 
Yô = =ô 
i n 
| ESO 3,... , which is clearly impossible. 
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However, it is well known that the product of distributions is in genera] 
non-associative and taking this into account, equation (2) is false, Bin 
(y"y £ nY"-16 for n = 3,4,.... It is desirable and indeed possible for 
equation (1) to hold for n — 2,3,... and for formal differentiation of the 
product Y? to give ô. Indeed, if dis an arbitrary test function with compact 


support, then 


(Y*,9) = (Y. 9) 
for n = 2,3,... and so equation (1) follows. 


A definition for a commutative product of distributions was given in [1] 
and a definition for a non-commutative product of distributions was given 
in [2]. Both definitions lead to the result that 


(3) Y6=6Y = ô 


and so we will accept equation (3). 
It is easily seen that both of these definitions lead to a non-associative 
product since with either definition we have 
1 1 
Y(Y6) = -Y6 = - 
(Y6) Y 6 19 
whereas 
(YY)6 = Y6 = ô 


The non-associativity of the product must therefore be taken into account 
when differentiating Y”. 


We will now consider a product of n distributions f1,...,f,. We will 


further suppose that the product exists and is taken in the form 


(4) Bl. (n-1fn)...). 


If the resulting products exist, formal differentiation of (4) gives 


[A (2... (fn-1fa)...) = fia. sifa)...) + AU)... 


noia). ) +o. fif s. fafa) + 
th(f.. (fai fL). .). 


In particular, when 


asa. 


For 


whe 
the 


for 
Cert 
thre 


Whe 


Whi 
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we have 
Inr). Jr &(Y ...(YY)..)-Y(5. (YY) oe eee 

| XY (Y ...(8Y)2::) HB VAY (70088) 

= 6Y+Y(6Y)+Y(Y(6Y))+...+Y(Y... 

| s (bY) a6) 4: Y (V (68) 59) 

= E (PE (SPRAT i crypts 4 (18 
LAE D 2 er. 2 

= 6=Y'. 


| We therefore see that it is equation (2) that is false. 


| Notice that in the above, the product Y” has been taken in the form 


(5) Y* - Y(Y ...(YY)...) 


— o 


to obtain the result 
| (6) Y= 6. 


However, the product Y” could have been formed in many different ways. 
For example, we could have 


| y” = YY 

where 1 < r < n and Y" and Y?-" are of the form (5), but whichever way 
| the product Y" is formed, equation (6) will always hold. 

| To see this, assume that for some n > 1 

(vy - 6 


for r = 2,3,...,n for whichever way the product Y" is formed. This is 
certainly true when n = 2. The product Y"H must be of one of the following 
three forms 


Y(Y?), ONY, YYY), 


oMeel<r<n By our assumption, 


(Y?) = (YY = (ay = 6, 


| Whichever way the products Y”, Y", Y"-" have been formed. Thus 


(Y(Y") = 6(Y") + Y (Y^ = 6Y +Y6=6, | 


4 
l 
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112 er | vi 
D n Wo | Zb 
o = (Y")Y +(Y")6 = oy y. Y6 — 6 Se 


and 


(Qro om» 


(KIK) + AAY) + HTK (ry) 
6Y + Y(6Y)+Y(Y6) 


NA TC RE MA 
= — — 6 = 6 — 6. 
58+ 6 (5) 


It follows that however the product Y"+! has been formed 
(yon, =ô 


and our result follows by induction. 
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REZIME 


O STEPENIMA HEAVISIDEOVE FUNKCIJE 


Autor pokazuje da se neasocijativnost proizvoda, distribucija mora uzeti U 
obzir kod diferenciranja stepena Heavisideove funkcije. 
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CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar dis 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


| Univ. u Novom Sadu Review of Research 
| Zb. Rad. Prirod.-Mat. Fak. Faculty of Science 
| ger. Mat. 20, 2 (1990), 113-120 Mathematics Series 


REGULAR BOREL t-DECOMPOSABLE MEASURES 


Endre Pap 
Institute of Mathematich, University of Novi Sad, 
Trg Dositeja Obradovica 4, 21000 Novi Sad, Yugoslavia 


Abstract 


The aim of the present paper is to study the regularity of Borel 
t-conorm decomposable measures. 


AMS Mathematics Subject Classification (1980): 28B10, 28C15 
| Key words and phrases: t-conorm, Borel sets, order continuous, regular 
| Borel L -decomposable measure. 


1. Introduction 


| In this paper we shall investigate the regularity property of the L-decompo- 
| sable measure with respect to a t-conorm .L. We have considered such mea- 
| Sures in previous papers [6]- [8] (see also [1] and [10]) on families of abstract 
|, Sets. In this paper we shall restrict ourselves to the -L.-decomposable mea- 
| Sures defined on the class B of Borel sets of a locally compact set X. Among 
| Other results, we shall prove the singleton characterization of atoms of the 
, Tegular Borel 1-decomposable measure - Theorem 1. We shall also give some 
| Conditions which ensure the regularity of the 1-decomposable measures with 
Tespect to continuous at zero t-conorms -Theorem 4. We shall prove the 
ae continuity of L-decomposable measures which are decomposable with 
Spect to t-conorm L, which have a series property - Theorem 5. 
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2. Consequences of the regularity | z 

| t 
Let X be locally compact Hausdorff topological space and let K be the | d 


lattice of all the compact subsets of X. Borel o-ring B is the smallest o-ring 
containing X. We shall denote by O the class of all the open sets belonging 


to B. 


A function 1 : (0,1) x [0,1] — [0,1] will be called t-conorm, if it is ; 
asociative, commutative, monotone and has 0 as a neutral element (see [1], 
[6] - [8], [10]). A set function m : B > [0,1] with m(0) = 0 will be caled a 
(Borel) L-decomposable measure if T 
m(AU B) = m(A).Lm(B) 
holds for all A, B € B, such that AN B = 0. K 
A L-decomposable measure m is regular, if for each set A € B and each | 
€ > O there exist K € K and V € O, such that K C A C V and | 4 
m(V X K) « e. 
A set function m : B — [0,1] is order continuous if 
H 
lim m(B,) = 0 
for any sequence (Ep), E, € B (n EN), such that E, \ 0. | N 
A set function m : B — (0, 1] is exhaustive, if | 
im m(En) = 0 | T 
: tr 
for any sequence (En) of pairwise disjoint sets from B. 7 
A set A € B is an atom of 1-decomposable measure m iff m(A) > 0 ds 
MEL m(An B) = 0 or m(AY B) = 0 for any BE B | at 
e have in the following theorem as an i ; f 
m t f toms o ; 
regular Borel 1-decomposable Measures. Sing n Du s 
Theo 4 : 
SR pam Let m: B > [0,1] be a regular Borel | -decomposable measure 
spect to an arbitrary but fized t-conorm 1. If A € B is an atom of 
m, then there ezists a point a € A such that | 
pes 
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. Proof. Let A € B be an arbitrary, but fixed atom of m. We denote with K' 
| the family of the compact sets K C A, such that m(A \ K) = 0. Since for 
| of any fixed K € K', 


KNBCANB and K\BCA\B 
hold for any B € B, we have by the monotonicity of m 
M(KNB)-m(K\B)=0. 
Then, since we have 
mK) = m(A\ K) 1 m(K) = m(A) » 0, 


K is an atom of m. 
| Further, for each Kı and K? from K' we have by the monotonicity and 
| 1-subaddivity of m 


m(A \ (K1 n K2)) = m((A\ K1) U (AV K2)) < 


< m(A \ Ki) JE m(A \ Kə). 
Hence, by m(A \ K;)=0 (i= 1,2) we have 


m(A\ (Kı n K2)) = 0, ie. Kı N Ka € K’. 


Now, let 
Ko= () K. 
KEK'! 

Then Ko is a non-emty compact set. Indeed, if we would suppose the con- 
trary, i.e. Ko = 0, then, since X is a Hausdorff topological space, there would 
exist some finite subcollection of {K}xex with an empty intersection. This 
55 imposible, since this finite subcollection would belong to K', but it is an 
atom as an element of K', which is non-empty. We shall show that Ko € X“. 

amely, for an arbitrary but fixed K € K’ there has to be m(K V Ko) = 0. 

We suppose that this is not true, then, since for any B € B, we have 


Bn (K\Ko)C An B and 
(K\Ko)\BCA\B, 


We obtain 


ma 


ee Ba (d dead uml KMS, 
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ie. K XV Ko would be an atom of m. We have 
(1) m(A) = m(A\ K) L m(K \ Ko) L m(Ko). 


Since we supposed that m( V Ko) > 0 and A , K are atoms of m (which 
implies m(A) > 0 and m(Ko) = m(K n Ko) = 0) , we obtain by (1) 


m(A) = m(K \ Ko). 


Hence, 


m(A\ (K \ Ko)) = 0 


These facts imply that A’ V Ko has to contain an element of K’. Since Ko is 
non-empty, this is a contradiction. So, we have m(K \ Ko) = 0. Then, by 
(1), we obtain m(A) = m(Ko), ie. m(A\ Ko) = 0. That means Ko € K'. 
We shall show that Ko reduces on a set with one element. If we suppose the 
contrary that Ko contains at least two distinct elements a; and az, then, 
since X is a locally compact Hausdorff topological space, there exists an 
open neighbourhood V of a, such that V does not contain a2. Then, we 
have 


Ko = (Ko \ V) U (Ko N V). 


Since one of the sets Ko VV, Ko NV has to belong to K’ , but Ko is the 
least element from K', we obtain a contradiction. So, we have for some 
acA m(A) = m(Ko) = m((a)). 

In the special case X = R, we have 


Theorem 2. Each continuous from abov 
measure m: B(R.) — (0,1) with re 
on the Borel a-algebra B(R), 


e regular Borel -decomposable 
spect to an arbitrary but fized t-conorm L 
Which has the property 


m((a,b)) = gb- a) ((a, b) c [0, 1]) 


for some continuous at 0 function g with 9(0) = 0, is non-atomic. 
Proof. Suppose the contrar 


y. Then, there exist R) of m. 
Then, by Theorem 1, there sts an atom A € B(R) 


exists a € A, such that m(A) = m({a}). Then, 


oo 


m({a}) S m((\(a— 2,24. Dy. 


n=1 


T 1 1 
= lim m((a— = DNE 
RS Taie lute c yy 
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= li 2 oh 
= ,lim_g(=) = 0 i.e. m({a}) = 0. 
Contradicton. 


Theorem 3. A regular Borel -L-decomposable measure m with respect to an 
arbitrary but fized t-conorm L is exhaustive on the family of open sets O. 


Proof. Let (On) be a sequence of open sets from O which are pairwise 
disjoint. Since U7?.,O, is an open set, for any € > 0, there exists a compact 
set K such that X C U2_, 0, and 


malj On\ K) « e. 
n=1 


Since (On) is an open cover of K, there exists a natural number ng such that 
| K C U;2,0,. Then, we have by the monotonicity of m for k 2 ng +1 


m(Ox) € m(Ox LJ U On V K)) < m( Ü On V K) 
n=1 n=1 


3. Regularity and continuity 


We have in the following theorem conditions which ensure the regularity of 
the Borel t-conorm decomposable measure. 


Theorem 4. Let m: B > [0,1] be a .L-decomposable measure with respect 
to a continuous at zero t-conorm 1, which is exhaustive on the family of 
compact sets K and satisfies the condition 


(2) m(A) = sup{m(K): K € K,K C A) (A € B). 
Then m is a regular Borel | -decomposable measure. 


Proof. Suppose that m is not regular. Then, there exist a set A from B and 
Uba € 2 0 such that 
(3) : m(V\K)>e 


for each KEK,V €0O,K CAC V. Let us fix such sets Kg and Vo. Then, 


; ob : 
| Y (2), there exist Cı, Dı E K, C C Vo \ A, Di C A \ Ko, such that 


| m(C1) > 5m(Vo \ A) and m(D;) > j(A \ Ko). 
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If we denote by V; = Vo VC: and Kı = Ko U Di, then we have V; € O and 


Ki € K and 
Kı C A C Vi. 


Hence, by (3), we have 
m(V, V A1) > €. 


Now, we are going to repeat the preceding procedure. After n-steps we have 
Ca, Dr EK, C5 C Va-1 \ A, D, C AN Kn-1, 
such that 


(4) m(Cn) > 2m(W13VA); m(Dn) > 


1 1 s 
5 2 mA \ Ka). 


So, we have two sequences (Cn) and (Dn) of pairwise disjoint sets from K, 
whice are subsets of Vo . Since m is exhaustive on X we obtain by (4) 


Jim. m(V, V A) = 0 and dim m(A\ Kn-1) = 0. 
Hence, by continuity at zero of t-conorm L, we have 


sig, CVa Vis) = lim (Vs V A) U (AV Kn) = 0. 


Contradiction with (3). 


Now, we are going to introduce an important condition for the t-conorm 
alo; 


A t-conorm L has the series property if for some kg € N 


LG.) <2 (e€[0,1]) 


holds. It is obvious that t-conorm w 
at zero. 


Many important known t-conorms have the series property. For ex 
ample: l5(z,y) = min(z + 9,1), Ux(z,y) = min(z + y + Azy,1) for 
A>-1,5,(2,9) = (a? 4 yP — 2" y^)*, for fixed p > 0, etc. 


Theorem 5. Each regular Borel 1-decomposable measure m with respect t0 
a t-conorm L which has the series pro, 


ti perty is order continuous and ezhaus- 
twe. 


ith the series property is also continuous 


> 
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| Proof. Let (An) be a sequence from B such that A, N Band lete > 0. 
) Since m is regular, we can choose Ky € K (k € N) such that 


| m(Ax V Ky) < XUI (k € N). 
| Hence, by the series property of 1 and 1-subadditivity of m, we obtain 
"s Vua) < 
=1 
£(..((m(An\Ka)Lm(An-1\Kn-1))Lm(An—2\Ku-2))L...1m(A;\K1)) < 
£ (onc gane sera) = 


€ € 
€ (...(—— L 
S (oem AGE 
_ We have 0, A; € K and NK; C An. Since An N 0, we obtain NL, K; N 
| 0. Then, there exists a natural number no such that 12, K; = 9 for n > no. 
Hence, for n > no 


An = An \ N K: = UA, \K;)C UG) K;). 
i=1 


a i=1 


€ 
JL.. Lz) SE 


Then, by the monotonicity of m, we have 


n 


m( An) < m(|J(A; \ Ki)) <e 
i=] 
| for n > no, i.e. m is order continuous. If (En) is a sequence of pairwise 
disjoint sets from B, then the inequality 


m( En) < m( U Ep) holds 


k=n 
Since U, Ex N 0, the preceding inequality implies the exhaustivity of m. 
Remark 1. Theorem 5 implies that the set function m(A) = supzeAf(z), 
from Ezample 2.4 of [8], is not regular, although it is a-sup-decomposable 
and the sup has the series property. 


Corollary 1. Each regular Borel 1-decomposable measure m with respect 


to an Archimedean t-conorm L, which has the series property, is a — L- 
additive. 


Remark 2. For L-decomposable measure with respect to continuous (spe- 
Cally Archimedean) t-conorm, we can apply the results of H.Weber [9] and 
- Morales [5] on uniform semigroup valued measures. 
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Abstract 


The aim of the present paper is to study the extensions of the L- 
decomposable measure m, with respect to a continuous f-conorm L, 
from a ring R to the o-ring X generated by R and to the class Rg of 
sets which are limits of increasing sequences from R. 


AMS Mathematics Subject Classification (1980): 28A10, 28B10 
Key words and phrases: f-conorm, L-decomposable measure, order 
continuous, exhaustive, L-subadditive set function 


l. Introduction 


This Paper is a continuation of investigations on L-decomposable measures 
| With respect to a t-conorm i, which were considered in the papers [5] - [8]. 
| The interest for these non-additive set function (non-additive with respect to 
the usual addition of the real numbers) is growing. We have proved in pre- 
“ious papers [5] and [6] the analogies of classical measure theory theorems: 
Ebesgue decomposition, Saks decomposition, Darboux property, compact- 
Ress of the range. In this paper we shall investigate the extension of the 
i nue continuous .|-decomposable measure m, with respect to a continuous 
| -conorm L, from a ring R to the o-ring X generated by R - Theorem 3.2. 


121 
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The unique extension is monotone order continuous 1-subadditive set func. 
tion m. It is interesting that without the supposition of the order continuity T 
of m we lose the uniqueness of the extension - Example 3.3. We have proved J 
in Theorem 3.1. that there exists a unique s .L-decomposable extension of j 
the ø 1-decomposable measure from R to the class Re of sets which are 
limits of increasing sequences from 7. | } 
^ 
2. L-subadditive set functions 2h 
Definition 2.1. A function 1 : [0, 1] x [0,1] > [0,1] will be called t-conorm ian 
if it satisfies: ia 
| [/ 
(A) 1 (2,0) =L (0,7) = z (zE [0, 1)); 
(B) if Ti < z3 and 2, < v4 for 1T1,22,23,24 € [0,1] 
then 1 (z1, T2) <L (23, 24); 
(C) L(z,y) 21 (9,2) (z,y € [0,1]); 
D = 
(D) 1 (4 (2,9), z) =L (2,1 (y, z)) (z,y,z € [0, 1]). | 
A t- i i 
conorm 1 will be called continuous at zero if it satisfies the condition 
E) f à 
(E) for all sequences (25) and (yn) such that Ta, Yn € [0,1] 
and lim z, = li = i i 
ph Um nim, Yn = 0, lim. L (25,94) = 0 holds. 
There are many im = | 
min(z + y 4- n D me dm (2,9) = min(z+y,1), UX(m9)7 | 
, "IE P) = | 
P > 0, etc. (see [5], [8]). BEER ay?) saa fos fixed | 
a 
There exist t-conorms hi i 
ar" E se Which are continuous at zero but they are not i 
8 
mazíz | 
1 (z,y)= mae Mares hus | 
i , for z € [0,1/2) | 
otherwise | ] 
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| In the whole paper, R always denotes a ring of subsets of the given 
nonempty set X. 
| Definition 2.2. A set funclion m : R — [0,1] with m(0) = 0 will be called 
| | -subadditive, if 
| m(AU B) € m(A) L m(B) 
| holds for all A, B € R, such that AN B = 0. 
| If in the preceding inequality equality holds, then m will be called L-decomposable 
measure. 
A set function 7 : R — [0,09] is called a submeasure if it is monotone 
nondecreasing, subadditive and 7(@) = 0. 
Theorem 2.3. If m is a monotone 1-subadditive set function on a ring R 
of sets, then the following hold 


(i) m(AU B) € m(A) L m(B) for arbitrary A, B ER, 


(ii) if L is continuous at zero, then m(A,) + m(B,) — 0 as 
n — co, for An, Bn € R (n € IN) implies 


m(A4 U B4) > 0 


Proof. 


(i) For An B = 0), the inequality is true by Definition 2.2. Let A,B € R 
and AN B £ 0. Then, we have 


m(AU B) = m(AU((AUB)\A)) € m(A) L m((AUB)\A) € m(A) L m(B). 


(ii) Follows by property (i). 

| A set function m : R — [0,1] is order continuous (continuous from 
| above at 0), if limp—oo m( En) = 0 for any sequence (En), En € R (n € IN), 
Such that E, N 0 


A set function m : R —> [0, 1] is exhaustive, if limn—oo( En) = 0 for any 
Sequence ( E.) of pairwise disjoint sets from R. 


t-conorm 1, which is not order continuous. 
| Xample 2.4. Let X be the Borel c-algebra of subsets of the set of real 
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numbers and let f be a continuous function on JR such that f(0) £ 0 and 
0 < f(z) <1 (n € IR). Then, the function 


m(A) = sup f(z) (A € X) 
TEA 


is a o— 1-decomposable measure with respect to the continuous {-conorm 
1= sup, but it is not order continuous. Namely, if we take the sequence of 
open intervals (0,+), n € IN, then 


1 
Mr bu 

lim m((0, 2)) = lim sup f(z) = f(0) £ 0. 

n—oo n n—oo ze(0, 1) 


We have the following generalization of Theorem 3.2. from [5]. 
Theorem 2.5. Let m: R — [0,1] be a monotone 1 -subadditive set func- 
tion with respect to a continuous ai zero t-conorm 1. Then, there exists a 
submeasure n on R such that 


lim m(En)=0 iff lim s(E,) = 0. 


The proof is quite analogous to the proof of Theorem 3.2. from [5], using 
Theorem 2.3. instead of Theorem 3.1. from [5]. 


Theorem 2.6. A 1-decomposable measu 


re m on R is exhaustive iff for 
every monotone sequence (An) for R holds 


mA, ^ Aj.) — 0 as n,m — oo, 
where AA B = (A\B)u (B\A). 
Proof. » >" Suppose that the theore 


creasing sequence (An) there exi 
natural numbers, such that 


m is not true, i.e. that for nonde- 
st € > 0 and an increasing sequence (in) of 


m(A;,,, A Ai)»e (nc IN). 
Since (Ai. A Ain) is a sequence of Pairwise disjoint sets from R, we have 
a contradiction with the exhaustivity of m. 
u <=" Suppose now that m is not exhaustive. 


irwise dis Then, t i uence 
(Ex) of pairwise disjoint sets from R and e > en, there exists a sed 


0 such that 
m(E,) > € (n € IN). 
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Let An = Uk-1 Er- Then, the sequence (Aj) is nondecreasing and since m 
is monotone, we have for m > n 


m(A, AA,,) = m( U Ex) > m(E,) > e. 


k=n 


Contradiction. 


3. Extensions 


Let Ro be the class of sets which are limits of increasing sequences from R. 
Theorem 3.1. Let m: R — [0,1] be a o— 1-decomposable measure with 
respect to a continuous t-conorm L. Then, the function m+ : R, > [0,1] 
defined by 


(3.1) _ m*(A) := limao m(An) (A € Ro), 


where (A4) is any sequence in R such that A, / A, is a unique o L- 
| decomposable extension of m on Rg. 


Proof. First we shall prove that m+ is independent from the choice of 

the sequence (An) in (3.1.). Let (A!) and (A;) be two increasing sequences 

| from R such that A, Z A and A" ZA. Since m is continuous from below 
| (Theorem 3.2 (iii) from [8]), we have 


| (3.2) lim, soo(limp_,oo m(A; N Az)) = lim,_.oo m(A;) 
| and 
(3.3) lim, , o (lim, oS m(A; N Az)) = limpo m(Ar). 
On the other hand, by the monotonicity of m we have 
(3.4) lim, sco(limpsoo M(A!N 47)) € limes m(Az) 
and 
(3.5) lime o (lim, ei m(A A A 


Then by (3.2) and (3.4) we have 
| (3.6) lim,—oo m(A,) < lim, os m(A;), 
“nd by (3.3) and (3.5) we obtain 
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(3.7) limu cs m(A;) < limn—oo m(A,). 
(3.6) and (3.7) imply 


lim, m(A,) = lim, m(A,,). 
It is obvius that m? is an extension of m to Re. We shall prove that m+ 
is 1-decomposable. Let A,B € Ra, such that AN B = 9. Let (An) and 
(Bn) be two sequences from such that A, 7 A and B, / B. Hence, 
An N Bn = 0 (n € IN). Since the t-conorm L is continuous, we have 


m*(AU B) = 
= lim m(A, U B,) = lim (m(A,) L m(B,)) = 
nco nNn-—>00 


= lim m(A,) 1 Jim m(Bn) = m*(A) L m*(B). 


mt is continuous from below, i.e. if A, An € Ro (n € IN) and A, ZA, 
then m*(A) = limp4oom*(An). Hence, by Theorem 3.2 (iii) from [8] fol- 
lows that m* is c— 1-decomposable. 
Theorem 3.2. Let m: R — (0, 1] be an order continuous L-decomposable 
measure with respect to a continuous t-conorm and let X. be the o-ring gener- 
ated by R. Then, m can be extended to a unique monotone order continuous 
1 -subadditive set function m : X; — (0,1), iff the following conditions hold: 


(a) If (An) is a sequence from R such that m( An AAm) > 
0 as n,m — oo, then there exists the limit of the sequence 


(m(Am)), 


(b) m is erhaustive. 


Proof First we shall prove that conditions (a) and (b) are sufficient. By 
Theorem 2.5. there exists an order continuous submeasure 7 or R, such 
that Mm(A,) > 06 MAn) > 0. By 7.2. from [3] there exists an order 
continuous extension 7 of n to X. 

We define the required extension 
A € X we choose a sequence (A 
n — oo and we take 


(3.8) 


m of m to X in the following way: for 
n) from R such that 7(A AA,) > 0 35 


m(A) = lim,—x m(A,). 


| 


Q 
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The function 7 is independent of the choice of the sequence (An). It is 
obvious that m extends m. We shall prove that Tī is L-subadditive. Let 
| A,B € X, such that AN B = 0. Let (An) and (Bn) be two sequences 
from R, such that B(A A An) — 0 and 7(B A B4) > 0. Then we have 


m(A) = lim,—oo m( A) and m(B) = limes m(B,). 
Using the inclusion 


(AU B)A(A, U Bn) C (AAA) U (BAB,), 
we have 
TAU B)A(As U Bs)) < (AAA) U (BAB,)) < 
< 7((AAAn)\(BABn)) + 7((BAB,) < 


| < T((AA As)  0(BA Bs), 


where we have used that 7 is monotone and subadditive. The preceding 
inequality implies 


"((AU B)A(A,U B,)) —0 as n — co. 
By the definition of the set function m (3.8), we have 
| m(AUB) = lim m(An U By). 
Hence, using the continuity of the t-conorm L 
m(AU B) = lim m(An U Bn) < lim (m(A,) L m(B,)) = 
= dim, m( An) L dim, m(B,) = m(A) L (B). 


The set function m is monotone. This follows by the fact that m* (for the 
definition see (3.1)) is monotone on Ro and that for every A € © there exists 
a sequence (An) from Ro, such that A C An (n € IN), An N and 


H(AAA,) = MAn\A) — 0. 


Since m is monotone and L-subadditive, by Theorem 2.5., there exists an 
Order continuous submeasure y on X such that 7(An) — 0| & m(A,) > 0. 


——— u 
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Hence, the restriction of y to R, 7|R, satisfies (1[72)(A,) > 0 S m(A,) > 
0. This implies by 7.3 from [3] 


y(A,) -0e 7 (An) - 0. 


So, we have y ~ 7). Since R is dense in the complete space (2,77) (see [3], 
3.1, 5.2 and 7.1), the set function 77 is by the condition (a) a continuous 
(unique) L-subadditive extension of m from (R, 7) to (2,73). 


Since m is 7-continuous, mM is order continuous. 


Using the preceding facts about submeasures we can prove that condition 
(a) is also necessary. 


If we suppose that m is the extension of m to 2, then by Theorem 2.5 
there exists an order continuous submeasure 7 on X such that 


m(E,) > 0 & 7( E.) > 0. 


Since each order continuous submeasure on c-ring is exhaustive, there fol- 
lows by the preceding equivalence the exhaustivity of m. 


The assumption of the order continuity of the set function m in the 
preceding theorem is important. Namely, if we drop this assumption, then 
it can happen that the extension is not unique, as the following example 
shows. 

Example 3.3. We are taking the sup-decomposable measure on the algebra 
R generated by closed intervals [a,b], where a and b are rational numbers. 
We have for special functions f, and fa, Which are defined in the following 


way 
? for x € [0,4] 1 for z € (0,1) 
A()-4 $ fr  ze(i, oe pr. ues 
0 otherwise 0 


otherwise 


w .. . . 
here i is some irational number from (0, 1), the corresponding measures 


A)= 
mi(A) sup f(z) and ™M2(A) = E fa(2) (AE R). 
Measures my and M2 are e 


qual on R. inimal 
c-algebra Y, Bore] c-alge The algebra R penerates Chern 


bra. m, is extended by my defined by 


mi(A) = $up(z) (Ae x) 
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and mz is extended by mz defined by 
| ms(A) = sup fo(z) (A € X). 
| TEA 
| 


Although the sup-decomposable measures my and m; are equal on the alge- 
bra R, they have different extensions to the c-algebra X. Namely, we have 
my({i}) = " and m2({i}) = i. As in Example 2.4, we have that 77; and mz 
are a-sup-decomposable, but they are not order continuous. 
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REZIME 


PROŠIRENJE NEPREKIDNO t-CONORMA DEKOMPOZABILNE 
MERE 


U radu se ispituju proširenja L-dekompozabilne mere (u odnosu na neprekidnu 
t-konormu L) sa prstena skupova R na o-prsten X generisan sa R i na klasu 
Ra koja se sastoji od skupova koji su granice rastućih nizova skupova iz R. 
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Abstract 


Some properties of K-bounded sets and N-bounded sets in sequen- 
tial convergence linear spaces are proved and some criterions for N- 
boundedness are obtained. Examples of K-konvergent, (N-konvergent) 
and K-bounded (N-bounded) sets are presented. 
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Key words and phrases: Convergent linear space, K-convergence, N- 
convergence, K-boundedness, N-boundedness. 


1. Introduction 

A kind of summable property of convergences in topological vector spaces 

Was orginally introduced by S.Mazur and W.Orlicz in 1953 [12]. Recently 
"Partially supported by NSF and SMCI for Research of SAP Vojvodina through funds 
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this property was rediscovered by members of the Katowice Branch of the 
Mathematical Institute of Polish Academy of Scince. Many authors de. 
veloped the theory of A-convergent spaces (K-Katowice) for example in 
[1,2,3,6,9,13-17,20]. The notion of K-convergence has proven to be quite 
useful and interesting in studying various topics in functional analysis. This 
is particularly true in the case of the uniform boundedness principle, where 
the notion of X-boundedness has led to versions of the uniform boundedness 
principle which are valid in the absence of any completeness assumptions 
([1,2,3,20]). 

Recently it has been applied in the theory of Adjoint Theorem ([15],(16],[17]), 
which has an application in the theory of Closed Graph Theorems. 


Another kind of summable property of convergences, the so-called N- 
property (N = Novosibirsk) has been introduced in [19]. In this paper we 
shall introduce the notion of N-boundedness. We shall also prove some 
properties of K-bounded sets in convergences linear spaces. We shall obtain 
some criteria for N-boundedness. We shall present an example which illus- 
trates the relationship between the notion of K-convergent (N-convergent) 
sequences and X-boundedness (N-boundeness). 


2. Convergences, K-sequences and N-sequences 


The convergence of sequences of elements in topological spaces is well known. 
It can be seen as a function which to some sequences assigns elements called 
limits. It can be also seen as a set of pairs ((z5),z) such that z is a limit 
of sequence (z,). In analysis we also deal with c 
sequences is introduced directly without using to 
are pointwise convergence, convergence almost e 


ases when convergence of 
pology. Examples for this 
Verywhere and others. 


In this paper by a convergence in a set X we mean a set G of pairs 
((z5),z), where z, for n € N and z are elements of X. The meaning of 
expression ((z4),z) € G is that the sequence (75) converges to z, or equiv- 
alently, "a a limit of (z„). Instead of ((tn),2) € G we shall equivalently 
write Tn > 2, or simply, 2, > z ([4],[14] 
a convergence, or theorems concerning 
we have to postulate some properties 


). To be able to prove properties of 
Notions defined by the convergence 
as axioms of the convergence. In this 


<= Ga 


el 
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In the seguel we shall be concerned with convergences in Abelian groups 

| and linear spases. We start with recalling the notion of K-sequences and N- 

| sequences. Assume that X is an Abelian group endowed with a convergence 

G and (£n) is a sequence of elements z, in X. It will be convinient to say 
that a sequence (z,) is series convergent to r and write 


oo n 
bara =a if ĐE Tk > T. 
ned k=1 


It may happen that there is no series convergent sequence when no prop- 
erty is required from G. However, we have the following evident proposition. 


Proposition 1. 


| (a) If G satisfies the condition 
| (S!) z, — 0 whenever z, = 0 for n € N, then 
Zero sequences are series convergent to zero. 


(b) If G satisfies the conditions 
(F)z, > 2 implies tm, > z 


and 
(Li) 2, > z and Yn — y implies tn — Yn — 
t—yY, 


then series convergent sequences converge to zero. 


It is well known that the completness of metric spaces is of great impor- 
tance. The procedure of completion makes sense in the case of metric spaces 
but this is not the case when we deal with convergence spaces. It apears that 
n many cases the completeness property may be successfully replaced by 
à summable property of sequences ([1], ,[2]). This was first noticed by Or- 
tcz and Mazur in their paper [12] and independently it was rediscovered and 
Studied at the seminar at Katowice ({1],[2],[5],[9]) conducted by J.Mikusinski 


and P.Antosik. To be more exact we adopt the following definition. 


| Definition 1. A sequence (rn) of elements in an Abelian group X endowed 
i ag 9 convergence is said to be a K-convergent sequence or shorter K- 
“quence if each subsequence of (zn) has a series convergent subsequence. 
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If (S^) holds, then zero sequences are K -seguences. Seguences converging 

to zero may not be a A-sequence. For instance, if X is the group of rational 
u —107\ : 

numbers with the usual convergence, then the sequence (10 ) is not a 


K-sequence. 


Proposition 2. If a convergence in X satisfies (F), (Lı) and the condition 
(U) az, 7 0 implies that there exists a subsequence (tm) of 

(Zn) whose no subsequence converges to zero, 

then K -sequences converge to zero, 


If 2, — 2 implies (1, — z) is a K-sequence we say that X is a K- 
convergence group. In [9] is given an example of a X-normed linear space, 
but not complete. In [6] it is proved that A’ metric groups are of the second 
category. There are examples of X-topological groups but not of the second 
category (see [8]). 


The more restrictive summable property of sequences has been intro- 
duced and studied by S.L.Sobolev in his monograph [19]. 


Definition 2. A sequence (2) of elements in an Abelian group X endowed 
with a convergence is said to be an N -sequence, if each subsequence of (Zn) 
has a subsequence (yn) which is subseries convergent, i. e. for each subse- 


quence (zn) of (yn) the series 
oo 


oH 
“m 


n=l 


converges to an element in X. 


Obviously, N-sequences are Á-sequences. The converse is not true (see [9]). 
If z, — zin X implies (Zn — 2) is an N-sequence, we say that X is an 
N-convergence group. Recently Burzyk [5] has constructed an N-normed 
space ( a dense subspace of c, ) wich is not complete. 


3. Boundedness, -boundedness and N-bounded- 
ness 


a pagent Analysis we deal with theorems on uniform bounded ness of 
amilies of continuous and linear mappings on bounded subset of the domain 


[ 


| 


DG i = = Domain. Gurukul Kangri Collection, Haridwar = 
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of mappings. The theorems are valid under the assumption of completness 
| or Baire category or barelledness type. From the results of paper [2] (see, 
| Theorem 1, p.4), it folows that pointwise boundedfamilies of linear and 
| continuous mappings from a convergence linear space to a topological vector 
space are uniformly bounded on so-colled A’-bounded sets. Bearing in mind 
to above mentioned result, it is interesting to now the conditions under 
which bounded sets are K-bounded. 


Throughout this section we assume that X is a linear space endowed 
with a convergence G. We assume that the field of scalars is equipped with 
the usual convergence. So, the field of scalars is an N convergence field. 


Definition 3. A subset Bof X is bounded, (K-bounded, N -bounded), if for 

each sequence (xn) of elements £n in B and for each sequence (an) of scalars 
; Qn tending to zero the sequence (a,z,) is convergent to zero (K -sequence, 
| ox -sequence). 


Obviously, N-bounded subsets of X are K-bounded. The converse is not 
true even for normed spaces ([9]). In general, N-bounded sets may not be 
bounded. Take, for instance, the space of measurable function on [0,1] with 
the almost everywhere convergence. 


This can be true even in the case of N-convergence space. 
Example 1. Let R be the field of real numbers endowed with convergence G 
such that zp Š z if Yu ln —2| < oo. Then (R,G) is an N-convergence 
space in which the sequence (1) is N-bounded but not bounded. The reason 

| for that lies in the fact that i i 0, but condidion (U) does not hold. 

A K-bounded sequence can be not N-bounded even in a K-normed 
Space. 
Example 2. We shall take the spaces from the Corollary of Theorem 3 from 
[11]. Let e, (n € N) be unit vectors from 12. Let Y = lin(e,,n € N}. 
Then there are two K-subspaces X; and X of 12, such that Xy N X2 2 Y 
and for each linearly independent sequence (zn) tending to zero in /? there 
are two subsequences (zın) and (Zon) of (zn), such that 


oo oo 
S tim € X, but x € X5 and 


n=1 n=1 


oo oo 
| Se Tan g X; but 25 Ta € Xz 
n=1 


| n=l 
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Then (en) is a K-bounded sequence in X;, but it is not N-bounded. Namely, 
if we take a sequence (an) of scalars an (n E N)tending zero, then the 
sequence (a, en) is a K-sequence in X, and it is linearly independent anq 
Qn €n — 0. Then , each subsequence of (an en) has a subseguence whose 
sum belongs to Xz and does not belong to Xi, i.e. (en) is not N-bounded. 


If X is a FLUSH linear convergence space (S - stacionarity and H - 
Hausdorff property,see [4],[14]), then each X'-sequence is convergent to zero, 
Hence, each K-bounded set is bounded but the converse is not always true. 
But, there are a lot of important spaces for which the converse is also true, 
Example 3. A topological vector space (X, 7) is said to be an A-space, if ev- 
ery T-bounded subset of X is r--bounded ([10],[17]). There are many inter- 
esting A-spaces (see [10]). For example, if X is a B-space, then (X,o(X, X’)) 
is an A-space which is not barrelled and not even infrabarrelled (Theorem 


5. from (10)). There exist A-spaces which are not K-spaces. For example 
(IP, weak), 1 < p < oo. 


Proposition 3. 


(a) If the convergence in X satisfies (S"), then the set (0) is 
bounded, (K-bounded, N-bounded). 


(b) If convergence in X satisfies (F), (Lı) and (U), then 
K -bounded sets are bounded. 


(c) Subset of X are bounded (K -bounded, N -bounded) if their 
countable subsets are bounded, (K -bounded, N -bounded). 


(d) Finite unions of K-bounded (N-bounded) sets are K- 
bounded (N -bounded). 


(e) Products by scalaras of bounded (K -bounded, N -bounded) 
sets are (K-bounded, N -bounded). 


Under additional conditions im 


further properties similar to 
vectors. 


posed on the convergence in X we ge 
properties of bounded subsets od topological 


Proposition 4. 
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(a) If G satisfies the condition (Ma) ax — 0 implies 
| anz > 0 for each z € X, 
then finite subsets of X are K -bounded (N -bounded). If, addi- 
tionally, (U) holds,then finite subsets of X are bounded. 


(b) Finite algebraic sums of N -bounded subsets of X are N- 
bounded, whenever G satisfies the condition 
(Lg) tn > zandyn > y implies tn + Yn > T + y. 


We note that (S) and (L1) imply L2, but (S) and (Z2) do not imply 
(Li). 


Proposition 4(b) is not valid for K bounded sets. This is due to the fact 
that Cartesian products of K-convergence groups may not be K-convergence 
| groups. This can be shown in the following way . 
Example 4. Let e; for i € N be unit vectors in I? and let E = spanfe; : 
ic N}. E is a dense linear subspace of 12. Following the proof of Theorem 
2 in [9], we find K-subspaces E! and E? of J? such that E! n E? = E. We 
note that E! x E? is not a K-space. In other words, the Cartesian product 
of K-spaces may not be a K space. In fact, consider 1, = te, forne N. 
Then, zn € E for n € N, an — 0 and (z,,Zn) — 0. Suppose that 
there exists a summable subsequence (2,n,,, Tm,), and X? (Tams Tam) = 
(Seer Za I Tnm) = (z,y). This implies that z = uje E, 
z € E?. Consequently, z € E, since E! N E? = E. On the other hand, 
z = (sap) £ E. This contradiction shows that E! x E? is not a 
K-space. 

We note that the sequence (z,,0), (0,zn) (n € N) are K-bounded 
in E! and E?, respectively. But (z4,0) + (0,2n) = (n,n) and so 
(24,24) (n € N) is not K-bounded. This shows that the algebraic sums of 
K-bounded sets may not be K-bounded. 


Proposition 5. 
(a) If X is a K-convergence group and Y is an N -convergen- 
ce group, then the Cartesian product X x Y 1s a K -convergence 


| group. 


(b) If A is a K -bounded subsets of X and B is an N-bounded 
| subsets of X, then A + B is a K-bounded subsets of X. 
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Example 5. It is interesting to note that the weak convergence in |? je 
not a X-convergence. The sequence (en) converges weakly to zero, but it is 
not K-convergent. At the same time, the sequence is weakly bounded and 
K-bounded. Moreover, from the results in [3] (see Proposition 1), it follows 
that weakly bounded subsets of 12 are K-bounded. 

In what follows we shall study the conditions under which bounded subsets 
of linear space X equipped with a convergence G are K-bounded. To do 
this we adopt the following definitions. 


A sequence (zn) of elements in X is said to be Cauchy, if for each in- 
creasing sequence (pn) of positive integers Tp, — Zp, — 0. Under 
conditions (L4), convergent sequences are Cauchy. A subset A of X is com- 
plete, if each Cauchy sequence of elements in A converges to an element in 
A. Closed subsets of a complete topological group are complete. 


A sequence (zn) of elements in X is said to be convex convergent if 


for any sequence of finite systems of positive integers p,,, ... »Dnk,, Such 
that min(pp,, ++ >Pnk,) > oo and for any sequences of finite systems of 
nonnegative scalars a,,, ... 3%pnk, Such that ap, + .. + Opak, < 1, the 


sequence of sums 
OpniTpa Fo. + QPnkn TPnkn 
converges to zero. 


Proposition 6. Subseguence of conver cconve 


rgent sequences are Conver 
convergent. 


lete subsequentially 


conver con nee in a linear 
space X, then bounded subsets of X are N-b ts 


ounded. 


00 6 


fo 


fo 


We 


TI 


is | 
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. forn € N and (an) is a sequence of scalars tending to zero. We should show 
| that (antn) is an N-sequence. To this end we take a subsequence (Ban) of 
(anZn) and, next, we take a subsequence 44, of (Bryn) such that 


oo 
DU mao Sil 
n=1 


m = yh«l 


for n € N. We note that (77 !4,1,) is a subsequentially convex convergent 
sequence. We may assume that the sequence is convex convergent. Other- 
wise, we would take a convex convergent subsequence of the sequence. We 
assert that the series 


io ae 


with 


for n € N. We have r,u, = Intn for n € N. We put 


n 
o = 53 TkUk 
k=1 


: Let (pn) be an increasing sequence of positive integers. We have 


Pn41 


Spn41 -= Sm = DE TkUk 
k=pn 


for n € N. Since (uk) is a convex convergent sequence and 


We have 
Spn41 Si Spn 0 


A Shows that (1) is a Cauchy series. Since X is complete, then sum of (1) 
_ “lm X. Hence, by Proposition 6, each subseries of (1) is convergent, which 
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means that (05,74) is an N-convergent sequence. 


| bc 
Consequently A is an N-bounded set. 5 
Under the same assumptions as in the Theorem, the conclusion of Propo- m 
sition 2 in [2] is that bounded subsets of X are K-bounded. So, our Theorem ra 
is a stronger result than Proposition 2 in [2]. a 
It is well known that a continuous linear map between topological vector fo} 
spaces is bounded, i.e. preserves bounded sets. It is easy to prove 
Proposition 7. A continuous linear map between convergence linear spaces 
preserves K -bounded (N -bounded) sets. E 
els 


Taking the identity map in the preceding proposition, we obtain 
Corollary. If G; and G2 are two convergences on a linear space X such Th 
that G2 C Gi, then each subset of X which is bounded, K-bounded or N- j 


dei 
bounded in G2 is also bounded, K-bounded or N-bounded, respectively in 
Gi. 
4. Convergence and Boundedness 
i se 
We note that in case of the topological vector spaces, convergent sequences | A 
are bounded, more exactly, sets of members of convergent sequences are Y 
bounded. We assume that X and G are as in the section 3. 
If G satisfies the condition aliz 
(M) e, > 0andz, > z implies a,z, > 0, MCG 
then convergent seguences in X are bounded. 
, . . KI 
It is interesting to note that if G is induced by a group topology on X 
and the multiplication by scalar az is separately continuous, then (M) holds 
(see |1|). In light of the definitions of K-boundedness and N-boundedness vex 
natural questions which suggest themselves are: RD 
n Ex, 
(Qi)Are K — convergent sequences X — bounded? by , 
(Q2)Are N — convergent sequences N — bounded? m 
Pr 


Of course, in a metrizable se 
the answer to Q1 and Q; is ob 
are generally: no. 
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| First, we present an example of K-convergent sequence which is not K- 
| pounded (see [3]). 
Example 6. Let /°° be the space of all the bounded real sequences. Let 
mo be the subspace of 1% which consist of those sequences (ti) with a finite 


range. Pick an element = (z;) in ! such that z; # .0 for each j (for 
example, z; = zz) Define a norm on mo induced by z, by means of the 
formula, 


KEI = Mlle = S 14251. 
j=1 


Let e; be the element of mg which has a 1 in the j^^ coordinate and 0 
elsewhere. 


We first claim that the sequence (e;) in (mo, ll |lz) is N-convergent. 
. This is immediate, since for any subsequence (ek) ify = (u) € mois 
| defined by y; = lifi = k; for some j and y; = 0 otherwise, we have 


ly - želi = Y [ze] > 0. 
j=1 


j=n+1 


The sequence (ej) is not K-bounded in (mo, ll |x), since if (t;) is any 
Sequence of scalars which converges to 0 with lj Æ tj for i Æ j, then no 
subseries of 22 th; ek; will converge to an element of mo. (Any subseries 
Ut; ek; will converge coordinatewise to an element of 1%\mo). 


i The method used in the construction of the example above can be gener- 
alized to yield a large number of examples of K-convergent sequences which 
àre not K-bounded (see [3], p.15). 


m The above example 6 shows that even N -convergent sequences are not 
-bounded. This gives negative answers to both questions. 


" K-bounded sets are also ipmortant in the construction of the locally con- 

n X topology which is used in the theory of the uniform Boundedness Prin- 

‘Ple ([2],(3],[20]) and in the theory of the Adjoint Theorem ((15],(16],(17]). 

NJE T. Let X be a locally convex space and X", its dual. If we denote 

is (X, X^), the topology of uniform convergence on o(X’, X) - K-bounded 

Sets of X^, then K(X, X^) is stronger than the Mackey topology r(X, X") 
"oposition 1 from [20]), but still have same bounded sets. 


We have to express our gratitude to prof. P. Antosik for his valuable 
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REZIME 


O SUMABILNOJ OGRANICENOSTI U KONVERGENTNOM | 
VEKTORSKOM PROSTORU 


U radu su dokazane neke osobine X -ograničenih i N-ograničenih skupova u 
nizovno konvergentnom vektorskom prostoru. Dobijeni su i neki kriterijumi 


za N-ograničenost. Dat je primer K-konvergentnog (N-konvergentnog) niza 
koji nije K-ograničen (N-ograničen). 
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ON THE BEHAVIOUR OF THE STIELTJES 
TRANSFORMATION AT THE ORIGIN | 


Danica Nikolić-Despotović and Stevan Pilipović | 
Institute of Mathematics, University of Novi Sad f 
Trg Dositeja Obradovića 4, 21000 Novi Sad, Yugoslavia 


Abstract 


The behaviour of the Stieltjes transformation at the origin is inves- 
| tigated for a function f from L},., supp f C [0, co) with the asymptotic 
| expansion of the form 

oo 
»» ajt!, t — 0. 
i=p 


This new result follows from the known one for the asymptotic ex- 
pansion at oo. Since the notion of the quasiasymptotic expansion of 
distributions is used, the result can be formulated for the distributional 
Stieltjes transformation of distributions. 


AMS Mathematics Subject Classification (1980): 46F12, 44A15. 
Key words and phrases: Stieltjes transformation of distributions, quasi- 
asymptotic expansion of distributions. 


1. Notations and known results 


By S and S’ we denote the space of rapidly decreasing functions and tem- 
Pered distributions, respectively. The space J'(r), r € R \(—N) is defined 
in [2] as a subspace of S = (f € S’; supp f C [0,09)) consisting of all f of 
the form 

(1) f = F0") for some m € No = NU (0), 


a 
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Pe Lh, supp F C (0,00), 


| (1 
such that | 
p UU NNNM do. a 0. (6 
(2) f (t+ ry tmt y 
I'(r) is the subspace of J'(r) consisting of all f € J'(r) for which (1) holds 
and instead of (2) there holds 
(3) IFO < CO +t) t"~*, t > 0, for some C = C(F), g = e(F) » 0. U 
The distributional Stieltjes tansformation S, of index r,rER\ (-N), 
a F(t) 2 Pi 
(4) A= HDn f (14 zyr tmt 0b z € CV (—oo,0]. 
| where (a)m = a(a -- 1)...(a +m- 1), MEN, (ab = 1. ) 
| It is easy to see that S, f is a holomorphic function of the complex variable 
| z on the domain C \ (—oo, 0]. TI 
By L we denote a slowly varying function at oo (0*). For the properties of 
such a function we refer to (5] . 
| In our investigations of the distributional Stieltjes transformation, the notion 
| of quasiasymptotic behaviour at oo (0*) plays a fundamental role ( [1]). 
Recall, f € S4 has the quasiasymptotic behaviour at oo (0*) with re- 
spect to k^ (Kk) ((1/k)9 L(Y/k)) with the limit g € S4 if 
; f(kt) 
jim < ke (ky’ P(t) >=< g(t), e(t) >, oe S 
(5) 
(lim < poe CIE) M 1)s= 
k—oo (1/k)e L(1/k)" e( )>=< 9(t), e(t) >, PES). 
It is well known that g in (5) must be of the form g = C fa+1, where 
H(t)te 
Tai)? au > il 
fe+1(t) = = (te R) v 
fotnHll), a € —1 for some n € N with n +a > —1 i 
where # is Heaviside’ s function. | (7) 


We shall need the following relation from [4]. 
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Let f € J'(r) have the quasiasymptotic behaviour at 0+ with 
tt 
| (1/k)2L(1/k). Then, respect to 


(6) (z/k)"*™41(S, f)(z/k) = (7 + 1)m(S+4m%)(k/z), 
where (t) = t" *^-! F(1/t) for t > 0 and (t) = 0 for t < 0. Obviously, 


lim — Usa TN 
too t7-0-1[,(t) I(a+m+1) 


(Zi(k) = L(1/k) is slowly varying at oo) and & is locally integrable on R. os 


We also need the following proposition from [3] P 


Proposition 1. Let f € L} (0,00) and let 4 
j f Ys t e 


Then for r € No and n » 2 we have the asymptotic ezpansion at infinity 


P am(T -- 1), Ink 
) )n-1]n x 


1 n-1 "n 
(S. f)(k) ^ pun Bı +T+ anmo) sk Dy l l = 1)!kr+m 


m=1 ( 


c Gu 12» air + Di 
pre £Q-ir(-1-iT(rri(i-1!) o 


E- j)T(r l+ j) (/— 1)! 


CD T(r+n-1) 5 : ai(r + 1); 


r 4 1) T+1)8 
m + EA JE matita Q 


krtn-l 2 (n=1-iỌ (n-i (r +i) (+1) 


n—3 
ul I Go a i 
izo T(n - 1 - j)r(r +9) (c mE n-i(r + 1)n—2] + 


ucen Su (7 + 1)n-1 In k/k"+" + o(Ink/k"*"), 


Where 


(7) Tts) 
+ ff Inu/(14- u)'**-!du sEN 


By = 1/(r+s)B,, 


i —1)rts—1 
| B,= GY (1/zinz/(1 + 2) toy + 
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a3 dn-1 
Nn=%4+7T Grea) i ' 
- a3 ag ney An-1 | 
oS oy verre + =e 
| ds im. Ona 5)! 
Salo jamom U (m2)! 
T » Q5,—1 
ero (j=)! 
and ( 


a= Pr ne 
0 


7 5 Qm deoa ne 


2. Application 


We shall investigate the behaviour of the Stieltjes transformation at the 
orgin for a function f, supp f C [0,00) and f € LI (A,co), A > 0, with 
the ordinary asymptotic expanion of the form 


C9 H 
Y ait, t—>0 
i=p 
using (6) and Proposition 1. 
Let m = 0, z = 1, then from (6) we obtain 
(8) (1/5) (Ss fk) = (5,8)(k), 


where 


(t) = t! f(1/1). i 


Let r € No, supp f C [0,09), fe Ll. (A,00) for some A » 0 and 


then i 


oo 
$(t) = 777! a; = hse j 
? CDD »3 D 1 t>o ! 
5s J=p+1—r t 
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. and 9 € Lj,,(0,1/A). If p > r then the integral of 6 over (1/A,09) is finite. 
| From Proposition 1 we have: 


Proposition 2. Let supp f C (0,c0), f € Li,.(A, co) for some A > 0 and 


f(t) ~ M ait, t 0. 
= 


Then for n 2 p+2-r, 


(9) (5. f)(s) Pad Ti zs an+r—1M0— 
n-1 2: 
EDI Eel Uu omic 
1 m=p-r+1 (m— 1)! 
SC vse Iren s EEC i na) nn 
i=2 zu 0- m1 - DT x) =1)! 
1-1 - 
=: (r+1);7541 B; E 
> T(! — j)T(r +1435) + dl+r-i(T + iq SE m_i(r + 1)i-1| + 
n—2 Fe 1); 
Ao WON a= past UU Guess pe 
(-1) (r+n—1)s Es (n — 1 — i)T(n - )T(r + 1)(i 4 1)! 
| S (+É 
| lm iE an+r—2(T + 1)n-1 x 
| O FRKE EN TE e- destra sp = 
Zane) (n—1)! Mn-1(T + 1)n-2 
e nod ws 
mou + 1),-1s" Ins + o(s" Ins), s— 0 
where 
ao Cp gp Zn+r-2 
I PEE (n—2)' 
[ g Ontr— 
Ge et ob n+r—2 i 
= Gpor+dp-9 t (n—2)(n—3) 
(10) — 7; 4p+2 reges dn+r-2(n — 5)! 


S o Gera) =u 


a 
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na Minna 
Pod (= 2)! | 
Es ti n-1 : | 
(11) iu = | IE Pe aj+r-1 H(t = 1)/U | dt, 
0 è j=p-r+1 


i=0,1,...,n—2 and B},s € N, is introduced by (7). 


Proof. From (8) it follows that 


(1k) * (S, f)(1/k) = ($,P)(k) ~ 


n=] 


ET Ub anpra) + J 


m=p-r+1 


1 
n-2 (=1)! l-1 i 


i digr—1(7 + 1); 
pne | om, (UE WEE IESU CERTE YN 


(DP amer-i(r + l)m-ilnk 
(m — 1)!kr+m 


+ 


I-1 (r+ 1); Tyo (r + 1), BF 


PEMO= 906 Frog ay tete Ds + 


(—1)"2I(r+n—-1) | = eun IDE 
t=p-r+1 ^5 J = i) (r + 1)( + 1)! 


n-3 ~ 
-5 ee Ga ee 
izo T(n=1—j)P(r +3) CZ e tn + | 


(ERS Ink Ink 
mesne Veen [0] rrn) 
where 7;, i — 0,1,... P= cae E 
ae «15 given by (10) and mj is given by (11). If we 
put 1/k = s, then we obtain the Proposition 2. Sis : |, 
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REZIME 


PONAŠANJE STIELTJESOVE TRANSFORMACIJE U NULI 


Dokazano je tvrdjenje o ponašanju Stieltjesove transformacije u nuli, funkcije 
f sa osobinom supp f C [0,00), f € LI (A,co) za neko A > 0 ako f ima 
asimptotski razvoj oblika 

co 

». a;t', t—0. 


i=p 
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O s > 


Abstract 


In this paper we shall give a generalization of Theorem A from [3] 
in convex metric spaces. 


AMS Mathematics Subject Classification (1980): 47H10 
Key words and phrases: Common fixed point theorems, convex metric 
spaces. 


| 1. Introduction 


In [1] Assad and Kirk have proved the following theorem: Let (X,d) be 
a complete and convex metric space, C a nonempty closed subset of X,T 
a contraction mapping of C into CB(X). If T(@C) € C then there exists 
u € C such that u € Tu. 


In this theorem the convexity of X means that for each z,y € X with 
z Æ y, there exists z € X, z £ 2, y £ z, such that d(z,z)+d(z,y) = 
d(z, y). 


There are many fixed point theorems and common fixed point theorems 
in convex metric spaces for singlevalued and multivalued mappings and fam- 
ily of mappings. 
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T.Taniguchi generalized in [3] Theorem 1 from [2] . In this Paper we E 
shall prove a generalization of Theorem A from [3] in the case of a convex | 
metrics space E. 


2. The common fixed point theorem 


Theorem 1. Let (X,d) be a complete, conver metric space, K a nonemply 
closed subset of X, B;: X > X (ie N) and A;: K > X continuous 
mappings so that OK C B(K)C K, AiK n K C Bi44K and 


Biz € OK > Aixe K for every ic N. 


| Suppose that the following conditions are salisfied for all m,n € N and all 
r,yEK: 


a) there ezists a constant k < 1, such that 
d(Aon-12, Ang) € kd(Bon-12, Bony) 1 
d(Aonz, Arm4iy) € kd( Banz, Bom41Y), for all m 2 n» 1. 
b) 
| Ao Bamt = BamAmr and A2n-1Bom-12 = Bom—1A2n_1T 


c) 
Bon B» z = Bom Bont and Bom-1B2n-12 = Bon-1B2 12,- 


Then there ezists a uni 


que common | 
arid (EN fized point for two sequences {An}neN e 


Proof. Let p € OK and Po € K such that p — 
such an element follows from the ER 


follows that A,pg € K and so fro 
it follows the existence of an ele 


d Bipo. The existence of 
condition OK C BI. Since Bypo € OK it 
m the condition A1po c ALK N K C BK 


ment pj € K such th = Let 
/—A dp, = 2n at Bop; = A1po- 
D eee pole K it follows that Asp, € AKNK C Bsk 


and so the exists p; € K such that Bap, — i 
p2 € K such that B3p € OK and Mcd. If p? £ K then there exists í 


d( B2p1, B3p2) + d(B3p2, A2p1) = d(B2p1, A2p1). 
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If we proceed in this way we obtain two seguences {Pn}neN and {Ph }neNn 


į such that for every n € N, pn € K, phi; = Anyipn and the following 
implications hold for every n € N : 


(i) Pon ek = Pon = Bon+1P2n { 
Pon ¢ K > B2n+1P2n € OK and 


d( BanPon-1, Bon+1P2n) + d( Ban+1P2n, A2nP2n-1) = 
= d(Bo,P2n-1, A2nP2n-1). 


(ii) D5n41 eh => Pon+1 = Bon+2P2n+1 
Ponti £ K => Bont2pmn41€ OK and 


\ d(Bon41P2n> Bon+2P2n+1) + d( B2n+2P2n+1; A2n41P2n) = 
= d( Bon+1P2n, A2n+1P2n). 


We shall prove that there exists z € K such that z = limn+oo BnPn-1. Let 


Po = (P2n; Pon = Bon+1P2n), 


Py = (Pon; Pon # Bon+1P2n), 
Qo = (P2n+1; Ponta = B2n+2P2n+1}, 


| 
Qi = {Pont1; Pongi É Bon+2P2n+1)- | 
| 
| 
| 


| 3 If pon € P, then Ban+1P2n € OK which implies that A2n+1P2n = p2444 € 
K. From this it follows that Ponti = B2n+2P2n+1 and so pzn+1 € Qo. It is 
easy to see that we have the following posibilities: 


(P2n,P2n+1) € Po X Qo; (P2n>P2n+1) € Po X Qv; 


(P2n>P2n+1) € P1 X Qo; 
a) (P2n>P2n+1) € Po X Qo 
d( Ban+1P2n, B2n+2P2n+1) = d(A2nP2n—1, A2n+1P2n) < 
< qd( BonP2n-1, B2n+1P2n)- 
| b) (P2n>P2n+1) € Po X Qi 
l d( Bon+1P2n, B2n+2P2n+1) = d(B2n+1P2n) A2n+1P2n)— 
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d( Ban+2P2n+1; A2n+1P2n) € d( Bon+1P2n, A2n+1P2n) 
= d(AonPon-1, A2n+1P2n) < qd( BonPon-1, B2n+1P2n) 
c) (P2n,P2n+1) € Pr X Qo 
d(Bon+1P2n) Ban+2P2n+1) < d( Bon+1P2n, A2nP2n-1)+ 
4+d(AonP2n-1) B2n+2P2n+1) = 
= d(Ban+1P2n, A2nP2n-1) + d(AonD2n-1; A2n+1P2n) < 
< d(Bon+1P2n, A2nP2n-1)  qd(Bon pn 1; B2n+1P2n) < 
< d(BonPan-1> B2n+1P21) + d(B2n+1P2n, A2nP2n-1)+ 
= d(Bos pan 1; A2nD2n-1)- 


Since p, € Pj implies that p2,—1 € Qo it follows that B2,P2n-1 = A2n-i1P2n-2 3 
and so 


d(B2n+1P2n, B2n2P2n41) € d(Banpon-i, ArnP2n-1) = 
= d(Aon-1P2n-2 A2nP2n-1) € qd(Bos -1p2n 2, Ban pan 1)- 
Similarly we can prove the following implications: 

(Pan-1,P2n) € Qo X Po > d(Bospos 1, Bon 41224) < 
< qd( Bon-1P2n-2, BonP2n-1); 

(P2n=1,P2n) € Q1 X Po > d(B2nP2n-1, B2n+1P2n) < j 

S q4(Bon—-1P2n-2, Bon—2P2n—3); 

(P2n-1, Pan) € Qo X Pi > d( BonPon-1, Bon+1P2n) < 

< qd(Bon-1P2n-2, BonP2n-1). 


It is easy to prove that 


d(B2n+1V2n, Bon+2Pon41) € q'.r 


d( Bos. k2pa5 41, Bon+3P2n42) € q^ -r 


where r — max (d( Bsp», B4p;), d( B3p2, B. me, xistence 
of z € K such that (B3p2, B2p1)}, which imply thee 


e 


z= li 
Zana BrPn-1. 


si 
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There exists at least one sequence { Bon, +41P2n, }keN OF (Bam ,42P2m 441) keN 
such that pon, € Po(k € N) or Pam,+1 € Qo(k € N). 


Suppose that there exists (nx) such that 
Ban, +1P2n, = A2n,P2n}—1, for every ke N. 


We shall prove that 
(1) jim Aon, +1P2n, = Z. 


Relation (1) follows from 
d( A2n,41P2n4 B2n,+1P2n,) = d(A2n,+1P2n,, A2n,P2n,—1) 


= gd( B2n,+1P21,, B25n,P2n,—1) 


since 
jim d(A2n,+1P2n}; Bony +1P2n, ) 
<q “dim d(B2n,+1P2n,> B2n,P2n,—1) = 0 
and 


lim B,Pn-1 = z. 
k—oo 

Further, for every m € N 

(2) Bmz = Bn+12. 


In order to prove (2) we shall prove that Bamz = Bom41z, and Bomz = 
B2m-1z for every m € N. 


Since 
z — lim Aon,D2ny-1 = lim Aon, +1P2n, 
k—oo k—oo 


it follows from the continuity of B, that 
d(Bomz, B2 412) = d(Bom (lim Aon. P2241), Bom+1( lim A2ny+1P2nx)) = 


= lim d( Bam Azn,P2n,—1 Bom +1 A2ny+1P2n,.) 
= lim d(A2n, BomP2n;-1> Aon, +1 B2m+1P2n,) < 
< q lim d( Bon, BamP2n,-1) Bony +1 B2m+1P2n,) 
= qim d( Bam Bon, P2n,-1) B2m41 Bon, +1P2n,) = 
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= qd( Bamz, Bom+12). 3 
Since q < 1 it follows that Bomz = Bam+12, for every m € N. We shall prove 1 
that Bomz = Bom-12Z, for every m € N. Since z = liMmk—oo Aon Pana = a 
limk—oo Aan, +1P2n, it follows that 
d(Bom2, Bom-12) = d( Bag, ( lim. A2nxP2nx-1), Bin-i( lim Aon +1P2n,)) 
= jim d( Bom A2n,P2nx-1> Bam—1 Aan, +1P2n,) = 
= lim d(A2n, Bom p2n,—1; Aon, +1 Bam-1P2n, ) : 
< q lim d( Bon, BamP2n,—1) Bon, +1 B2m—1P2n, ) 
= q lim. d( Bam Ban, pon, —1, Bom—1 Bang +1P2n,) J { 
= qd( Bomz, B2m-12) 
and so BomZ = Bom—1z. Further, we have that A = 
, nz = B 2, n€N. 
Indeed for n, Z n we have that E Ski 
d( Brant Aon, Pan, s A2n2) = d(A2n,+1 B2n+1P2n,, A2n2) Ww 
< qdl Ban, +1 Bon pam, Bonz) = 94( Bons 1 Bony +1P2n4 Bonz) 
and so 
i F 
lim (Bani An, aan, , A2n2) < 
s dami ex Bon+1 Bon, ki pan, , Bonz). I] 
Hence 
d(Bzn+12, A52) < gd( B2.+12, Bonz) | 
and since we can prove easil 
y that B2,,,2 = E 
Aznz, n € N. From the inequality Toe] Bonz we have that Bon412 | 


d(A»,. 12, Anz) < qd(B», Az, Bonz) 


we conclude that A2,_,z = Amz, for every n € N 


Be By Git followslthat Avge KO} EN and 
MAan-12,ArnAanz) < qd Ban-1z, Brn (45,2) 


= gd( A,..1z, Azn(B2,z)) 
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= gd( A2n-12, A2n(A2nz)). 
This implies that A2,—12 = Amz = Axn(A2n2) = A2n( Banz) = Bon(A2nz) 
and similarly 


d(A2n2, Ažzn41 A2n412) € qd( Bonz, B3541(A422412)) 


= gd(A2nzž, A2n+1(B2n+12)) 
= gd(A2n2, Azn41(A2n412)) 


A2nž = Azn4i(A2n412) = Azngi(A2nz) = Aongi( Bongiz) = Bzn+1(A2n+1Z) = 
B2n+1A2n2. 


Hence u = A2,z is a common fixed point for the families {An}nen 
and £B,),eN- The uniqueness of the common fixed point of the families 
{An}nen and {Bn}nen follows immediately since from u = Apu = Bau 
and w = Anw = Baw for every n € N we have: 


d(u, w) = d( Az, 1u, Ao, w) € kd( Bon U, Baw) < 


< kd(u, w) 


which implies u — w. 
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Some properties of multivalued contractions in probabilistic metric 
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1. Introduction 


For singlevalued mappings there are two types of contractions in prob- 
abilistic metric spaces. The first one is introduced by V.H.Sehgal and 
A.T.Bharucha-Reid in [9] and the second one by T.L.Hicks in [5]. 


Definition 1. A mapping f : S — S, where (S, F) is a probabilistic semi- 
metric space, is a B—contraction if there is a k € (0,1) such that for every 
D,q E S and all z > 0 


Ffp,fa(k2) > Fax). 


a SI we RET et Bor e. ure 
4 u "This research was supported by Science Fund of Serbia, grant number 0401A, through 
atematički institut 
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Definition 2. A mapping f : S — S, where (5,7) is a probabilistic sem; . 2 

metric space, is an II — contraction if there is a k € (0,1) such that for every i 

p,q € S and every z > 0 i 
S 


Fyq(z) > 1- T > Fjpga(kz) > 1— kz. 


b 
Let (5,7) be a probabilistic sersimetric space and for every P,gE S ib 
B(p,q) = inf(h; F,,(h*) > 1— A). 
t 
If (5, 7,1) is a probabilistic metric space with € > t, (im(z,y) = 
max(z + y — 1,0), (z, y) € [0,1]2) then A is a metric on S [6] . L 
In [6] the following Theorem is proved . i 
Ne A. The mapping f : S — S is an H — contraction on prob- 
abilistic metric space (S, 7,1) with t > tm if and only if f is a meiric 
contraclion on the metric space (S p) 
p). T 
A B—contraction need not be an H i 
—contract — i 
need not be a B—contraction [8]. racuon and an H —contraction i 
In (8] some sufficient conditions fo i | | 
: rF D 3 
traction on (5,7) is an H —contraction. CORPER Need pen 
PUE ee 2 (5,7) be a probabilistic semimetric space such thal 
€o(z) — 0 for z « 1 =}: e M co) is strictly increasing on [0,1], where 
= = €o(z) = 7 
pe c dM Jor z > 0. Then every B— contraction on 
T 
In general, it is not true that ev 
D ery B— 1 i i 
and some examples are given in [8]. ty B— contraction is an // —contraction 
For multivalued mappings up to now there are three definitions of mul- E 


tivalued probabilistic cont 
Definitions 1 and 2. The ai 


iven below. 
5 T 
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2. Preliminaries 


Let (5, 7) be a propabilistic semimetric space and A a nonempty subset of 
S. The function D,(-), defined by 


D = i + 
ab) = sup inf, Bralo), wem 


is called the probabilistic diameter of the set A and the set A is probabilistic 
bounded if and only if 

sup Da(u) = 1. 

ucR+ 


For every two probabilistic bounded subsets A and B from S 
; Fa B(u) = sup inf sup F; (s). 
s<u TEA yeB 
Definition 3. Lei (5,7) be a probabilistic semimetric space, f : S — 


nB(S) (nonempty, bounded subsets of S) and there ezists k € (0,1) such 
that 


Fip po (Iu) > FyQQ4(u) for every pq € S and every u » 0. 


Then f is a B — contraciion type mapping . 


Definition 4. Let (5,7) be a probabilistic semimetric space, f : S > n(S) 
| and there ezists k € (0,1) such that the following condition is satisfied: 


For every p,q € S and for every v € fp 
there ezisls w € fq such that for every u > 0 
F, (ku) > Fp,q(t)- 


Then f is a C — contraction type mapping. 


Definition 5. Let (5,7) be a probabilistic semimetric space, f : S > n(S) 
and there exists k € (0,1) such that the following implication holds for every 
P,q€ S andu 0: 


Fp au) >l1l-u> F;psa(ku) > 1— ku. 


Then f is an H, — contraction type mapping. 
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Definition 6. Let (S, F) be a probabilistic semimetric space, f : S > n(S) 
and there ezists k € (0,1) such that the following implication holds for every 
p,q € S and z > 0: 


F,g(2) > 1— z > for every u € fp there ezists 
v(u) € fq such that Fu,y(u)(k2) > 1- kz. 


Then f is an H5 - contraction. 


The Hausdorff function of noncompactness 4a(-) (A is a probabilistic 
bounded subset of S) is defined in the following way [10]: 


Balu) = sup(e» 0; there exists a finite 
subset Ay of S such that Faa (u) > e). 
The function đ has the following properties: 
(i) Ba € A, where A is the set of distribution functions. 
(ii) Ba(u) > Da(u), for every u € R. 
(ii) 0# AC BC S = palu) > belu), for every u € R. 
(iv) Baup(u) = min{Ba(u),Bg(u)}, for every u € R. 
(v) Ba(u) = Ba(u)(u € R), where A is the closure of A. 
(vi) B4 = «o > A is precompact. 
If (5, F) is a probabilistic semimetric space , K a probabilistic bounded 
subset of S and T a mapping from K into n(S) (nonempty subsets of 5) 


we say that T is densifying on K with respect to B if T(K) is probabilistic 
bounded and for every B c K : Wilh respect to B if T(K) is proba 


Brey) S Bp(u) foeevery u» 02 B is precompact. 


A mapping f : K ^ n(S)isa k 


- Set probabilisti ion if T(A) € 
BS), fon every A CGE probabilistic contraction if T(A) 


Brra)(ks) > Bals), for every s > 0. 


The first result is a generalization of Theorem 3.1 from [8] . 


TT 


ky, 2 
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Theorem 1. Let (S,F) be a probabilistic semimetric space and f : S — 
Com(S) (nonempty compact subsets of S) be a B- contraction type mapping. 
If Ran(F) is finite and each element of Ran(F)\{eo} is strictly increasing 
on [0,1] then there ezists y € (0,1) such that 


1 


De(fp,fa) < 18(P,q), for every p,q E S 
where Dg is defined by: 


Dg(A, B) = max inf 19); inf ,q)). 
g( A, B) a (sup int A q) sup ini DU? q)) 


First, we shall prove the following Lemma. 


then; 


Lemma 1. Let (9,7) be a probabilistic semimetric space and f:S— 
Com(S) be a B - contraction type mapping such that each element of Ran(F)\ 
{eo} is strictly increasing on [0,1]. Then 


Da(fp, fa) < B(p,q), for every p,q € S. 


If (S,F,t) is a Menger space such that t > tm then Dp(fp, fa) < B(p,a) for 
every p £ q. 
Proof. Let r > 0 be such that 0 < r < Lc A(p, q) where k is the 
| contraction constant and f(p,q) > 0. Then (p,q) > k[B(p,q) +7] and since 
Ma is strictly increasing we have that 


P;;,fa(B(p,a)) > F;p,ga(k(B(p,a) + r)) > Fpa(B(p,a) +r) > 1 — B(p, a). 


From the Definition of Ffp,q it follows that 


sup inf sup F,,,(s) > 1 — (p,q) 
s<B(p,a) "€f? ve fa 


Which implies 
(1) inf sup Fu,v(B(p,q)) >1- B(p, q) 
u€fP ve fq 


TT 


and similarly 
(2) inf sup Fu (B(p,q)) > 1 — B(p, a). 
v€fqucfp 
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From (1) it follows that for every u € fp i and 
sup Fyv(8(P,9)) >1- B(p, q) 
SE Thi 
and from (2) that for every v € fq 
sup F4,,(B(p.q)) > 1 — Bp. a). E 
| uEfp 
This means that for every u € fp there exists v(u) E fq such that 
(3) Fav(u)(B(p,8)) 2e B(p, q) 8) 
and similarly for every v € fq there exists u(v) € fp such that (7) 
(4) Foy, (B(p. 9) >= B(p, q)- 3 
(5, 


Relation (3) implies that B(u,v(u)) < B(p,q) and relation (4) implies 


that B(u(v), v) < B(p,q). Hence s 
inf - Ra 
umne) < B(p,q), ime) < B(p.a) 
which implies that me 
(5 sup inf < 
) sup. dnf B(u,v) < (p,q) 
(6) sup inf < 
5 p int pluo) < D(p.q). f 
From (5) and (6) we have that He 
De(Sp, fa) < B(p,q), for every p,q € S. Pr 
H(S,7,1) is a Menger space such that t > fm then B(-,-) is a metric on s) 
S and v(u) = in veza Blu, v) and o(v) = inf ef blu, v) are continuous a 
function ~:fp—R*, o: fq— Rt. Since fp and fq are compact there € 
exist ug € fp and vo € fq such that 
V(uo) = sup (u), (v) = sup (v). hay 
“Cle ve fq 
Hence g Pr 
: E | va 
sup tnt Plesna inf B(uo,v) < B(p,q) | tha 
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. and | 

1 sup inf B(u,v) = inf B(u,vo) < B(p,q). b 
ve fq u€ fp u€fp 


This means that Dg( fp, fq) < B(p,q) for p Z q. 


Proof of Theorem 1 . As in [8] for every (p,q) € S x S, p # q there 
exists Yp, € (0,1) such that 


D(fp, fa) € toa (p, a). 


Since the set Ran(F) is finite there exists y such that Max{7p4; p,q € 
S) « y< 1. Hence, for every p,q € S 


(7) De(fp, fa) < YA(p, a). 


ab FA 


Remark 1. If (5,7,t) is a Menger space such that t > tm and that 
(S,8) is a compact metric space using the Lemma we can obtain a fixed 
point result for f : S > CI(S) (the family of nonempty closed subsets of S) 
which is a continuous B—contraction and 7 is such that every element of 
Ran(F) \ (eo) is strictly increasing. 


Namely, the following result is well known [2]: Let (S,d) be a compact 
metric space and f : S > CI(S) a continuous mapping such that 


D(fp, fa) < d(p,a), P Z «- 


| Then f has a fized point. 
Hence, we have the following result: 


Proposition 1. Let (S,F,t) be a Menger space such that t > tm and (5,6) 
is a compact metric space, f : S — CI(S) a continuous B— contraction 
and every element of Ran(F) \ (eo) is strictly increasing. Then there exists 
TE S such that x € fa. 


Remark 2. Using the well known Nadler’s fixed point theorem we 
have the following result. 


1 Proposition 2. Suppose that all the conditions of Theorem 1 are satisfied 
and that (S,B) is a complete metric space. Then there exists z € S such 
that z € fr. 
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Remark 3. Suppose that (7) holds for every p,q € S and that 


Fp a(z) > 1—z. This implies that (p,q) < z and (7) implies that Dg( fp, fa) < 1 (1: 
ya. Using the definition of Dg we have that sup,¢ y, infvefa B(u,v) < yz and 


SUPye sg infu sp P(u,v) < yz. Hence infye fy B(u,v) < yz, for every u € fp an 
and infuesp B(u,v) < yz, for every v € fq. Since fp and fq are compact for 
every u € fp there exists v(u) € fq such that (1 


Fuv(a)(Y2) >1l-yz 


1 
and similarly for every v € fq there exists u(v) € fp such that ( 
Fy(v) (ya) >1-yz. 
ks 
From this we have that f is an H2 — contraction. ITI 
4 
Theorem 2. Let (5,7) be a probabilistic semimetric space and f : S > 
nB(S) an Hi - contraction. Then f is an H- contraction and 
C 
(8) Dg(fp,fa) < k-B(p,q) for every p,q c S. JE 
th 
Proof. Let B(p,q) < s. We shall prove that ` 
T! 
(9) Dol fp, fq) < ks tir 
which implies (8). 3 
From B(p,q) < s it follows that F pals) > 1— s. Since f is an Hi- | Pı 
contraction we have that TI 
Fp ga(ks) > 1 — ks 
and so (1 
10 
"a elei rep, selu) > 1— ks a 
(11) sup inf sup F, (u)>1-k s 
uxks Vf ve fp Sun ed wl 
Relations (10) and (11) implies that 4 th 
| sh 
(12) um sup Fulks) > 1— ks 
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inf su Ey ks)» 1— ks 
(19) v€fq m ( ) 


and so for every u € fp and v € fq we have that 


(14) Sup Fu,v(ks) >1-ks 
v€fq 

(15) sup Fuv(ks) »1-ks. 
u€fp 


Hence, for every u € fp there exists v(u) € fq such that F,,,(u)(ks) > 1— 
ks and for every v € fq there exists u(v) € fp such that Fy ,(,y(ks) > 1— ks. 
Thus, B(u,v(u)) < ks and B(v,u(v)) < ks which implies that 


Dal fp, fa) € ks. 


Corollary 1. If (S, 7,t) is a complete Menger space such that t > tm and 
f : S — CB(S) (closed and bounded subsets of S) an Hı- contraction then 
there exists x € S such that x € fz. 


Theorem 3. Let (S,F,t) be a probabilistic bounded Menger space with con- 
tinuous T-norm t and f : S > Com(S) a C - contraction. Then f is a 
k—set probabilistic contraction. 


Proof. The proof of this theorem is in fact given in a part of the proof of 
Theorem 1 from [4] but we shall give it here for the completeness. 


In order to prove the inequality 
(16) Br(ay(ks) > Bals), for every s» 0 
and every A C S we shall prove that for every € € (0, s) 
(17) Bals — €) € Bruy(ks) 


which implies (16), since Ba(:) is a left continuous function. If Ba(s) = 0 
then (16) follows and suppose that Ba(s) > 0. In order to prove (17) we 
shall prove the implication: 


(18) T< Bals -e)=>r<Bra(ks) 
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since (18) implies (17). From r < Ba(s— €) it follows that there exists a 
finite set Ay = (z1,22,..., 24) C S such that 


inf max F,w(s—€) S r 
ZEA weAy 


and so for every z € A there exists w(z) € Ay so that Fz w(z2)(s— €) > r. If 
y € fz (z € A) then there exists z € f(w(z)) so that 


Fy s (k(s TX €)) Ž TS = €). 
Let 6 € (0,r) and A(6) € (0,1) be such that (t(r,1) = r) 
IZŽu31—A(6) 5 t(r,u) S r— 6 


and for every i € {1,2,...,n} let 


n(i ke 
fai C URU, ME) 
where 
U,(€,A) = (p; pE S, Fp,w(e) > 1— A}. 


It can be proved that 


(19) 


apr ur) ety lks) S ró 


and (19) implies Pr(a)(ks) > r—6. Hence Breal 


ks) > r since 6 is an arbitrar 
element from (0, r) )2 y 


Remark 4. It is obvious th 


at f is densifyin ; to 8 if 
S is complete . ying on S with respect to f 
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REZIME 


O VIŠEZNAČNIM KONTRAKCIJAMA U VEROVATNOSNIM 
METRICKIM PROSTORIMA 


Neke osobine višeznačnih kontrakcija u verovatnosnim metričkim prostorima 
Su ispitane. 


1 Received by the editors June 12, 1990. 
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